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A Proof of Lemma 1

Following the standard analysis of gradient descent methods, we have for any x ∈ B,

‖xt+1 − x‖22 − ‖xt − x‖22 ≤ ‖x′t+1 − x‖22 − ‖xt − x‖22 = ‖xt − ηt(∇̃f(xt, ξt) + λt∇g(xt))− x‖22 − ‖xt − x‖22
≤ η2

t ‖∇̃f(xt, ξt) + λt∇g(xt)‖22 − 2ηt(xt − x)>(∇̃f(xt, ξt) + λt∇g(xt))

≤ η2
t ‖∇̃f(xt, ξt) + λt∇g(xt)‖22 − 2ηt(xt − x)> (∇f(xt) + λt∇g(xt))︸ ︷︷ ︸

∇xL(xt,λt)

+2ηt (x− xt)
>(∇̃f(xt, ξt)−∇f(xt))︸ ︷︷ ︸

ζt(x)

,

Then we have

(xt − x)>∇xL(xt, λt) ≤
1

2ηt

(
‖xt − x‖22 − ‖xt+1 − x‖22

)
+
ηt
2
‖∇̃f(xt, ξt) + λt∇g(xt)‖22 + ζt(x)

≤ 1

2ηt

(
‖xt − x‖22 − ‖xt+1 − x‖22

)
+ ηt‖∇̃f(xt, ξt)‖22 + ηtλ

2
t‖∇g(xt)‖22 + ζt(x)

≤ 1

2ηt

(
‖xt − x‖22 − ‖xt+1 − x‖22

)
+ 2ηt ‖∇̃f(xt, ξt)−∇f(xt)‖22︸ ︷︷ ︸

∆t

+2ηt‖∇f(xt)‖22 + ηtλ
2
t‖∇g(xt)‖22 + ζt(x)

By using the bound on ‖∇f(xt)‖2 and ‖∇g(xt)‖2, we obtain the first inequality in Lemma 1. To
prove the second inequality in Lemma 1, we follow the same analysis, i.e.,

|λt+1 − λ|2 − |λt − λ|2 ≤ |λt + ηt(g(xt)− δλt)|2 − |λt − λ|2

≤ η2
t |g(xt)− δλt|2 + 2ηt(λt − λ) (g(xt)− δλt)︸ ︷︷ ︸

∇λL(xt,λt)

.

Then we have

(λ− λt)∇λL(xt, λt) ≤
1

2ηt

(
|λt − λ|2 − |λt+1 − λ|2

)
+
ηt
2
|g(xt)− δλt|2.

By induction it is straightforward to show that λt ≤ C2/δ, then we get the second inequality in
Lemma 1, i.e.,

(λ− λt)∇λL(xt, λt) ≤
1

2ηt

(
|λt − λ|2 − |λt+1 − λ|2

)
+ 2ηtC

2
2 .

B Proof of Lemma 2

Since Lt(x, λ) is convex in x and concave in λ, we have the following inequalities

L(x, λt)− L(xt, λt) ≥ (x− xt)
>∇xL(xt, λt),

L(xt, λ)− L(xt, λt) ≤ (λ− λt)∇λL(xt, λt).

∗Please send email to tianbao-yang@uiowa.edu if you have questions.
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Using the inequalities in Lemma 1, we have

L(xt, λt)− L(x, λt) ≤
1

2ηt

(
‖x− xt‖22 − ‖x− xt+1‖22

)
+ 2ηtG

2
1 + ηtG

2
2λ

2
t + 2ηt∆t + ζt(x),

L(xt, λ)− L(xt, λt) ≤
1

2ηt

(
|λ− λt|2 − |λ− λt+1|2

)
+ 2ηtC

2
2 ,

where ζt(x) = (x− xt)
>(∇̃f(xt, ξt)−∇f(xt)) as abbreviated before. Since η1 = · · · = ηT ,

denoted by η, by taking summation of above two inequalities over t = 1, · · · , T , we get

T∑
t=1

L(xt, λ)− L(x, λt) ≤
‖x‖22
2η

+
λ2

2η
+ 2ηT (G2

1 + C2
2 ) +

∑
t

ηG2
2λ

2
t + 2η

T∑
t=1

∆t +

T∑
t=1

ζt(x).

By plugging the expression of L(x, λ), and due to ‖x‖2 ≤ 1, we have

T∑
t=1

(f(xt)− f(x)) + λ

T∑
t=1

g(xt)−
(
δT

2
+

1

2η

)
λ2

≤ 1

2η
+ 2ηT (G2

1 + C2
2 ) +

∑
t

(ηG2
2 − δ/2)λ2

t +
∑
t

λtg(x) + 2η

T∑
t=1

∆t +

T∑
t=1

ζt(x).

Let x = x∗ = arg minx∈K f(x). By taking minimization over λ ≥ 0 on left hand side and
considering η = δ/(2G2

2), we have

T∑
t=1

(f(xt)− f(x∗)) +
[
∑T
t=1 g(xt)]

2
+

2(δT + 2G2
2/δ)

≤ G2
2

δ
+

(G2
1 + C2

2 )

G2
2

δT +
δ

G2
2

T∑
t=1

∆t +

T∑
t=1

ζt(x
∗)

C Proof of Lemma 3

Since F (x) is strongly convex in x, we have

F (x)− F (xt) ≥ (x− xt)
>∇F (xt) +

β

2
‖x− xt‖22.

Following the same analysis as in Lemma 1, we have

(xt − x)>∇F (xt) ≤
1

2ηt

(
‖x− xt‖22 − ‖x− xt+1‖22

)
+
ηt
2
‖∇̃f(xt, ξt) + p(xt)λ0∇g(xt)‖22

+ ζt(x)− β

2
‖x− xt‖22

≤ 1

2ηt

(
‖x− xt‖22 − ‖x− xt+1‖22

)
+ ηtG

2
1 + ηtλ

2
0G

2
2 + ζt(x)− β

2
‖x− xt‖22,

where p(x) = exp(λ0g(x)/δ)
1+exp(λ0g(x)/δ) . Taking summation of above inequality over t = 1, · · · , T gives

T∑
t=1

F (xt)− F (x) ≤
T∑
t=1

1

2

(
1

ηt
− 1

ηt−1
− β

2

)
‖x− xt‖22

+

T∑
t=1

ηt(G
2
1 + λ2

0G
2
2) +

T∑
t=1

ζt(x)− β

4

T∑
t=1

‖x− xt‖22.

Since ηt = 1/(2βt), we have

T∑
t=1

(F (xt)− F (x)) ≤ (G2
1 + λ2

0G
2
2)(1 + lnT )

2β
+

T∑
t=1

ζt(x)− β

4

T∑
t=1

‖x− xt‖22

We complete the proof by letting x = x∗ = arg minx∈K f(x).
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D Proof of Lemma 4

The proof is based on the Berstein inequality for martingales [1] which is restated here for com-
pleteness.
Theorem 1. (Bernsteins inequality for martingales). Let X1, . . . , Xn be a bounded martingale
difference sequence with respect to the filtration F = (Fi)1≤i≤n and with ‖Xi‖ ≤ K. Let

Si =

i∑
j=1

Xj

be the associated martingale. Denote the sum of the conditional variances by

Σ2
n =

n∑
t=1

E
[
X2
t |Ft−1

]
,

Then for all constants t, ν > 0,

Pr

[
max

i=1,...,n
Si > t and Σ2

n ≤ ν
]
≤ exp

(
− t2

2(ν +Kt/3)

)
,

and therefore,

Pr

[
max

i=1,...,n
Si >

√
2νt+

√
2

3
Kt and Σ2

n ≤ ν

]
≤ e−t.

Proof of Lemma 4. Define martingale difference Xt = (x− xt)
>(∇f(xt)− ∇̃f(xt, ξt)) and mar-

tingale ΛT =
∑T
t=1Xt. Define the conditional variance Σ2

T as

Σ2
T =

T∑
t=1

Eξt
[
X2
t

]
≤ 4G2

1

T∑
t=1

‖xt − x‖22 = 4G2
1DT .

Define K = 4G1. We have

Pr

(
ΛT ≥ 2

√
4G2

1DT τ +
√

2Kτ/3

)
= Pr

(
ΛT ≥ 2

√
4G2

1DT τ +
√

2Kτ/3,Σ2
T ≤ 4G2

1DT

)
= Pr

(
ΛT ≥ 2

√
4G2

1DT τ +
√

2Kτ/3,Σ2
T ≤ 4G2

1DT , DT ≤
4

T

)
+

m∑
i=1

Pr

(
ΛT ≥ 2

√
4G2

1DT τ +
√

2Kτ/3,Σ2
T ≤ 4G2

1DT ,
4

T
2i−1 < DT ≤

4

T
2i
)

≤ Pr

(
DT ≤

4

T
,ΛT ≥ 2

√
4G2

1DT τ +
√

2Kτ/3

)
+

m∑
i=1

Pr

(
ΛT ≥

√
2× 4G2

1

4

T
2iτ +

√
2Kτ/3,Σ2

T ≤ 4G2
1

4

T
2i

)

≤ Pr

(
DT ≤

4

T
,ΛT ≥ 2

√
4G2

1DT τ +
√

2Kτ/3

)
+me−τ .

where we use the fact 2m = T 2 (due to m = 2 log2 T ) and ‖xt − x‖22 ≤ 4 for any x ∈ B, and
the last step follows the Bernstein inequality for martingales. We complete the proof by setting
τ = ln(m/δ).
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