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Abstract

Minimizing a convex function of matrices regular-
ized by the nuclear norm arises in many applica-
tions such as collaborative filtering and multi-task
learning. In this paper, we study the general setting
where the convex function could be non-smooth.
When the size of the data matrix, denoted by m xn,
is very large, existing optimization methods are in-
efficient because in each iteration, they need to per-
form a singular value decomposition (SVD) which
takes O(m?n) time. To reduce the computation
cost, we exploit the dual characterization of the
nuclear norm to introduce a convex-concave opti-
mization problem and design a subgradient-based
algorithm without performing full SVD. In each it-
eration, the proposed algorithm only computes the
largest singular vector, reducing the time complex-
ity from O(m?n) to O(mn). To the best of our
knowledge, this is the first SVD-free convex op-
timization approach for nuclear-norm regularized
problems that does not rely on the smoothness as-
sumption. Theoretical analysis shows that the pro-
posed algorithm converges at an optimal O(1/v/T)
rate where 7' is the number of iterations. We also
extend our algorithm to the stochastic case where
only stochastic subgradients of the convex function
are available and a special case that contains an ad-
ditional non-smooth regularizer (e.g., ¢; norm reg-
ularizer). We conduct experiments on robust low-
rank matrix approximation and link prediction to
demonstrate the efficiency of our algorithms.

1 Introduction

Low-rank matrices are preferred in real applications for dif-
ferent reasons. For instance, collaborative filtering uses low-
rank matrices to model the fact that preferences of users are
limited [Candés and Recht, 2009; Abernethy et al., 2009].
Multi-task learning uses low-rank matrices to enforce differ-
ent tasks to share a common structure [Argyriou et al., 2008;
Pong et al.,, 2010]. To yield low-rank solutions, the fol-
lowing nuclear-norm regularized problems have been widely
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adopted:

Jlin - F(A) = f(4) + Al Al (1)

where f(-) is a convex loss, A > 0 is a regularization param-

eter, and || A||. = trace(vV AT A) denotes the nuclear norm
of A (i.e., the sum of all the singular values), which is also
referred to as the trace norm. Without loss of generality, we
assume m < n.

The optimization problem in (1) can be solved by first-
order optimization methods such as subgradient descent
[Nesterov, 2004], proximal gradient descent [Duchi and
Singer, 2009; Nesterov, 2013]. Although these methods are
guaranteed to converge, they are inefficient because a singular
value decomposition (SVD), which takes O(m?n) time, is re-
quired at each iteration. To reduce the computation complex-
ity, many efficient solvers have been developed by replacing
the full SVD with a partial SVD. However, those approaches
either require the function f(-) to be smooth [Dudik ez al.,
2012; Hsieh and Olsen, 2014] or are designed for nuclear-
norm constrained problems instead of regularized problems
[Jaggi et al., 2010; Jaggi, 2013].

In this paper, we study the general setting of (1), where the
function f(-) could be non-smooth, and develop a series of
SVD-free optimization algorithms. First, based on the dual
characterization of the nuclear norm, we reformulate (1) as
a convex-concave optimization problem, and solve it by the
subgradient method. In each iteration, we only need to com-
pute the largest singular vector instead of a full SVD, thus re-
ducing the time complexity from O(m?n) to O(mn). As far
as we know, this is the first SVD-free convex optimization al-
gorithm for general nuclear-norm regularized problems. The-
oretically the proposed algorithm converges at an O(1/v/T)
rate, which matches the optimal rate of non-smooth optimiza-
tion under the first-order black-box model [Nesterov, 2004].
Second, we extend our algorithm to stochastic composite op-
timization, where only stochastic subgradients of f(-) are
available, and show that an O(1/+/T) rate of convergence is
still attainable. Finally, we study the case where an additional
non-smooth regularizer such as the ¢;-norm is presented, and
propose a proximal subgradient method that solves the prob-
lem at the same rate.



Applications As mentioned above, nuclear norm regular-
ization occurs in many machine learning applications. To
motivate this work, we list some applications which involve a
convex but non-smooth loss function:

e Robust Low-rank Matrix Approximation: The goal
is to fit a target matrix Y with a low-rank matrix A in a
robust way [Baccini et al., 1996; Croux and Filzmoser,
1998; Ke and Kanade, 2005]. For this problem, the ob-
jective function f(A) = >, |Ai; — Yij|/mn, which is
non-smooth.

e Sparse and Low-rank Link Prediction: The goal is to
discover links from a partially observed adjacency ma-
trix Y such that the link matrix is both sparse and low-
rank [Richard et al., 2012]. The objective function is
defined as f(A) = ¢(A,Y) + 7||Al|1, where £(A,Y) is
the empirical average of hinge loss over observed entries
and thus non-smooth.

2 Related Work

In this section, we provide a brief review of existing meth-
ods for nuclear-norm regularized problems, as well as related
work on nuclear-norm constrained problems.

2.1 Nuclear-norm Regularized Problems

Owing to the non-smoothness nature of the nuclear norm, the
conventional approach for solving (1) is the subgradient de-
scent (GD):

A1 = Ay — e (V(A) + 0| Aell4)

where 01| A;||. denotes a subgradient of || - || . evaluated at A,
and n; > 0 is the step size. It is well-known that GD con-
verges to the optimum at an O(1/+/T) rate, which is already
optimal for first-order optimization of non-smooth functions
[Nemirovski et al., 1982; Nesterov, 2004]. When the function
f() is smooth, proximal gradient descent (PGD), defined as

1
Apyr = argmin - [|[A — (A — 0V F(AD) |5 + M| Al
AeRan

is preferred and achieves an O(1/T) rate of convergence
[Nesterov, 2013]. Following the Nesterov’s method for accel-
erating the gradient method [Nesterov, 20041, an accelerated
version of PGD that converges at an O(1/7?) rate has been
developed [Ji and Ye, 2009; Toh and Yun, 2010]. Although
GD and PGD are guaranteed to converge, they need to calcu-
late the SVD of A; or Ay —n;V f(A;) in each iteration [Cai et
al., 2010], which takes O(m?n) time. Due to the high com-
putational cost of full SVD, GD and PGD do not scale well
to large-scale problems.

To reduce the computational complexity, many efficient
nuclear norm minimization solvers have been developed. In
[Dudik et al., 2012], the authors lift the non-smooth convex
problem into an infinitely dimensional smooth problem and
apply coordinate descent to solve it. In each round, the al-
gorithm only needs to calculate a partial SVD instead of a
full SVD. In [Hsieh and Olsen, 2014], the authors propose
the active subset selection (ASS) algorithm, which selects an
active subspace by approximating SVD and then cast (1) to a

small-size problem that can be solved easily. Although these
algorithms are efficient in solving nuclear-norm regularized
problem, they are restricted to the case that f(-) is smooth. In
contrast, we only assume the function f(-) is convex and it
could be non-smooth.

To avoid computing full SVDs, some methods rely on the
following variational characterization of the nuclear norm

. 1 2 2
4l = min S0+ 1VIE)
where the size of the matrices U and V' is not constrained.
In [Srebro et al., 2005], the authors formulate the prob-
lem as semi-define programming and solve it with standard
SDP solvers. However, it can not scale up to large datasets.
To deal with this, some authors [Rennie and Srebro, 2005;
Signoretto et al., 2013] propose alternating direction meth-
ods, which decrease the objective between different variables
alternatively. However, these approaches break the convexity
of the original problem and ensure no global convergence.

2.2 Nuclear-norm Constrained Problems

In [Jaggi er al., 20101, the authors consider a constrained ver-
sion of (1), i.e.,
Aerﬁglxn f(A) s.t. ||All« < 7.

They transform it to the problem of optimizing a convex
function over the set of positive semi-definite matrices with
unit trace, and then use the approximate SDP solver [Hazan,
2008], which in each iteration only calculates an approxi-
mate largest eigenvector of the gradient. A similar greedy
algorithm has been developed for convex optimization with a
low-rank constraint [Shalev-Shwartz et al., 2011]

min  f(A) s.t. rank(A) <.
AcRmxn
Recently, the Frank-Wolfe Algorithm has been applied to the
nuclear-norm constrained problems [Jaggi, 2013], and also
avoids the full SVD operation.

Finally, we note that moving the constraint function into
the objective function - a technique utilized in this work, has
been leveraged for developing stochastic gradient methods
with only one projection [Mahdavi et al., 2012]. However,
the differences include (i) we do not need to perform any pro-
jection at the end; (ii) their algorithm is to handle the con-
straint on the primal variable and our algorithm is to handle
the constraint on the dual variable.

3 Main Results

In this section, we introduce the details of our SVD-free
convex-concave optimization algorithm and several exten-
sions to the basic version.

3.1 The Basic Algorithm

We first recall the dual characterization of the nuclear norm,
ie.,

max

4l =,
ER™X™ ||[U]]2<1

tr(UT A)



Algorithm 1 SVD-freE CONvex-ConcavE Algorithm
(SECONE)

1: Initialize: A; = U; = 0 € R™*"
2: fort =1to T do
3:  Update A;y; by

A1 = A — (0 (Ay) + AUy)
4:  Update U4 by
Uir1 = Up + 1 (ANAs — p0[||Utll2 — 1]+)

5: end for
6: Output: Ar = Zle AT

where ||U |2 represents the spectral norm of U. Then we can
cast (1) to the following problem

f(A) + Mr(UTA) )

min max

AER™*n UER™ X", ||U|2<1
Since the above optimization problem is convex-concave, we
can apply the standard subgradient method to solve it. How-
ever, due to the presence of the spectral norm constraint of
U, we have to project the intermediate solution onto the unit
spectral norm ball, which again requires a full SVD opera-
tion.

To address this issue, we propose to remove the constraint
[IU|l2 < 1, and introduce an additional term into the objective
function to control the spectral norm of U:

. T

yloin - omax f(A)+ (U A) = p[[U]l2 — 1]+ )
where p > 0 is a parameter whose value will be specified
later and [s]+ = max{s, 0} is the hinge operator. To solve the
above problem, we can use the standard subgradient method,
which iterates as follows:

A = A — Ut(af(At) + )‘Ut)a
Uip1 = Us + e (ANA — pO[||Utl2 — 1]4).

Note that the subgradient O[||U||2 — 1]+ can be computed
efficiently. To show this, we denote o, the leading singular
value of U, and u;, v the corresponding left and right singu-
lar vectors. Then, we have

wvy 1oy > 1] € 9[|U]|2 — 15

This implies that in each iteration, we only need to compute
the leading singular vectors of U; with O(mn) time. By con-
trast, a full SVD takes O(m?n) time. The detailed procedure
is summarized in Algorithm 1.

To present the theoretical guarantee of our algorithm, we
make the following assumptions of f(-):
Assumption 1. Assume that f(A) > 0 for any A € R™*"
and there exists C > 0 and G > 0 such that f(0) < C and
10f(A)llr < G.!

We have the following theorem regarding the optimization
error.

'To ensure the gradient is bounded, we can add a norm constraint
on A if necessary.

Theorem 1. Let p > C and run Algorithm 1 withn; = c1/\/t
and 7y = co/\/t. Let /TT = Zthl Ay /T be the output and
Ur = argmaxy,<1 tr(UT Ar). Under Assumption 1 and
max{||A¢||F, |Utl|r} < o, we have

R 2
F(Ar) — F(A,) < \% <§c11 +e(G+ )\a)2>

1 (D3 )
+ﬁ E‘FCQ(ﬂ‘F)\O’)

where Dy = ||Ai||F + 0 and Dy = ||UL||F + 0.

The above theorem implies the proposed algorithm has an
O(1/V/T) convergence rate. And the upper bound is mini-
. . o D1 _ D2
mized by choosing ¢; = VaC ) and ¢y = Tooire)’

3.2 The Stochastic Setting

In this subsection, we extend the basic algorithm to the
stochastic setting: f(A) = E¢[f(A;&)], where ¢ is a random
variable. In this case, the optimization problem becomes

ylin e [f(A;6)] + AllAll.-

Although existing algorithms for stochastic composite opti-
mization [Lan, 2012; Lin et al., 2014] can be applied to the
above problem, they are inefficient because a full SVD oper-
ation is required in each iteration.

Following the derivation of (3), we convert the above prob-
lem to the unconstrained convex-concave optimization prob-
lem

i E:[f(A; TA) - -1
yluin max Eelf(4; )] +Mr(UA) - pl|Ull2 — 1]+
4)

Generally speaking, it is impossible to compute the gradient
of E¢[f(A;€)] w. r. t. A, thus the subgradient algorithm in
Algorithm 1 cannot be applied here. Instead, we will first
sample a random variable &; and use the stochastic gradient
Of(As; &) to update the intermediate solution. Specifically,
the updating rules are as follows:

Apy1 = Ar — i (Of (Ag; &) + AUL),
Uy1 = U + (A — p0[||Utl2 — 1]4).

The complete procedure is summarized in Algorithm 2.
Before presenting the convergence rate, we make the fol-
lowing assumption.

Assumption 2. Assume that f(A) > 0 for any A € R™*"
and there exists C > 0 and G > 0 such that f(0) < C and
Ee [||[of(4:9)]lF] < G.

The above assumption requires that the stochastic gradient
is bounded in expectation, which is different from Assump-
tion 1 in the deterministic setting. Then, we have the follow-
ing theorem.

Theorem 2. Let p > C' and run Algorithm 2 withn, = cl/\/f
and 7, = co/\/t. Let A = ZZ;I Ay /T be the output and
U = argmaxy,<1 tr(U " Ar). Under Assumption 2 and



Algorithm 2 Extension to Stochastic Setting (SECONE-S)

Algorithm 3 Extension to Proximal Variant (SECONE-P)

1: Initialize: A; = U; = 0 € R™*"
2: fort =1to T do

3:  Sample &

4:  Update A;y1 by

A1 = A — i (0f (Ass &) + AUy)
5. Update Uy by
U1 = Up + (A — pO[||Uell2 — 1]4)

6: end for
7: Output: Ap = S2" | A,/T

max{||A¢| 7, |U|r} < o, we have

E[F(A\T)] —F(A,) < % (5011 +ec1(G+ )\U)2>
1 (D3 2
+\/T<202+02(P+)\0')>

where D1 = ||A||p + 0 and Dy = ||U%||p + 0.

The above theorem implies the stochastic version of our al-
gorithm shares the same O(1/+/T) rate of convergence with
the deterministic version. Given the non-smoothness of the
objective function, this rate cannot be improved in general.

3.3 Problems with an Additional Regularizer

In this subsection, we consider the case that besides the nu-
clear norm regularizer, there is an additional non-smooth reg-
ularizer. The optimization problem is given by
min f(A) +7¢(4) + Al All. )
AERmxn

where ¢(+) is a non-smooth regularizer such as || A||; and v >
0 is a regularizer parameter. Note that the proximal gradient
descent [Nesterov, 2013] can not be directly applied to (5),
because there are two regularizers and there is no closed-form
solution to the proximal mapping.

To address this limitation, we propose to solve the follow-
ing problem

FA) +vo(A)+Atr(UTA)=p[| U2~ 1]+

min  max
AeRm Xn [JeRmMXn

In this way, we only have one regularizer y¢(-), which can be
handled by proximal mapping. To be specific, we define the
proximal mapping of the convex function A(-) as:

Prox,],h(.)(/i) = argmin h(4) + i||A — AH%
AcRmxn 2
We let h(A) = v¢(A), and introduce the updating rules as:
Appr = A = ne(Of (Ar) + AUy),
A = Proxm’w(.)([ltﬂ),
Usr = U + (A — pO[||Utl2 — 1]4).
The detailed procedure is presented in Algorithm 3.

We establish the convergence rate of Algorithm 3 in the
following theorem.

1: Initialize: A, = U; =0 € R™*"
2: fort =1to T do
3:  Update A;11 by

Appr = Ay = ne(OF(Ar) + AUy)
4:  Update Asy1 by

: 1 i
sy = argminy6(4) + 5|4~ Ava |}
AERmxn T}t

bed

Update Uy by
Uit = U + 1(AAy = p0[[| U]z — 14)

6: end for
7: Output: Ap =S A,/)T

Theorem 3. Under the same condition as Theorem 1 and
assume ¢(0) = 0, we have

- 1 (D} 2
FAr) = F(A) < = (201 + 1 (G + Ao) )

+ 1 (D3 + ca(p + Ao)?
JT \2¢, T RVPTAC
where Dy = ||A,||p + 0 and Dy = ||Uz||F + o.

The theorem proves that the proximal variant of our algo-

rithm also converges at an O(1/+/T) rate. Though the con-
vergence rate is as same as the one of SECONE, the proximal
mapping for /; norm usually gives us sparse solutions. Also,
it is trivial to extend this method to the stochastic optimiza-
tion algorithm by following the derivation in Section 3.2.

4 Theoretical analysis

In this section, we provide proofs of the main theorems.

4.1 Proof of Theorem 1

We start with the unconstrained convex-concave optimization
problem (3) by denoting the objective function as

L(AU) = F(A) + Mr(UT A) = p[| U2 — 1]

For clarity, we divide the proof into two individual parts.

Part I: Recall that A;;, is the update of subgradient de-
scent applied to L( A, U;), according to the standard analysis
of subgradient descent update, we have for any A € R™*"

L(Aw,Us) < L(A, U + Z05 (A1) + N
1

+ T(HA — AllF = A = A ||7)
ui

Similarly, U, is the update of subgradient descent applied
to L(A¢, Uy), hence for any U € R™*"
T
L(A:,U) < L(A:, Up) + é”/\At = pO|Utll2 = U411

1

+ 7(||U — U3 — U = Upa|17)
Tt



With the assumption max{||A¢||F, ||U:l|lr} < o and

|0f(Ap)||lF < G, we combine the above inequalities

L(A:,U) < L(A,Uy) + %(G + o) + %(p + \o)?

1
+27(HAfAtII%* A= Apall3) (6)
U
1
+ 5= (10 = Uill3 = U = Ve [})
Tt

Letn = c¢1/ V', then simple mathematics shows that

|
Z* (1A= A% — 1A — A |17)

2n;
t=1

T—1 1

A—A + <—> A—A

H 117 Z o | I
1 1 1 1 T

<—D?4 ( - ) D? < —D?= £D2

2m 2nt  2m 2nr 2¢y

where Dy = ||Al| + 0 > maxy ||[A — A¢||r.
We can apply the same analysis for 7; = c,/+/t and obtain

T
> L(AnU
t=1

202

Z (A,Up) + f +@D§
+C;\F(G+)\J) +02\/T(p+/\0)2

where we use the fact 3"/, \[ <1+ [0, Jedt < 2T
and the notation Dy = ||U||r + 0 > max; | U — Uy .

Denote that Ay = ZtT:l A;/T and Ur = Zthl U/T.
By the convexity of L(A,U) in terms of A and concavity in
terms of U, we obtain

L(Ap,U) — L(A,Up) < % (221 +c1(G + Ao) )
1 D3
+ﬁ (2 - +ca(p + Ao) >

To summarize what we have proved, the gap L(A\t, U) -
L(A,Uy;) decreases at an O(1/+/T) rate, which indicates the

solution (A, Ur) converges to the optimal solution of the
unconstrained convex-concave optimization problem in (3).
Part II: In the rest of the proof, we will show that the ob-

jective value F (ﬁt) also converges to F'(A,), where A, is an
optimal solution of the original problem. To see this, what we
need to prove is that

F(Ar) -
Let U be U; = arg maxy|,<i tr(UT Ar) then
L(A7,U) = f(Ar) + N|Ar|. = F(Ar).
Thus it remains to show that

A Al = Mr(U7 A.)

F(A,) < L(Ap,U) — L(A,, Ur).

—ollUrl2 =14 @D

Note that t7(AT B) < || A||2||B||+ for any matrices A and B.
When ||Ur||2 < 1, it is easy to verify that (7) holds. In the
following, we focus on the case || Ur||2 > 1.

Let UT have the SVD ﬁT = PYQ", where the diagonal
matrix ¥ = diag(oy, .. 1Oy Orgds - om). The sequence
of singular values {O’z} is non- 1ncreasmg and satisfy o, >

1 > o,41. Denote UT the projection of UT onto the unit
spectral norm ball. Specifically, it has the form Ur = PZ‘Q,

where ¥ = diag(1,...,1,0,41,...,0m). It follows that

tr(Uf A.) < || Adlls,
|Ur ~ Urlla < 01 — 1= |[Ur]l2 1.
We are now in a position to prove that (7) holds. From As-
sumption 1, it is easy to verify A||A.||. < C. We have
Mr(UF A = A Asls < Mtr((Ur — Ur) T A,)
<\|Ur = Url2||Asll« < C(|Tz]l2 — 1)
<p(|Ur|l2 — 1)

which is due to the inequality A|| A.||. < C and the parameter
p > C'. This completes the proof of Theorem 1.

4.2 Proof of Theorem 2

We may abuse some notations. Denote vy, ve, - - - , v be the
sequence of stochastic subgradient 0 (A, &;). For short, let
v1.7 denote this sequence vy,vs, - ,vp. Let L(A,U) =
Ee[f(4;€)] + Mr(UTA) = pl|U ]z — 1]

Due to the linearity of expectation, we shall adopt the same
procedure as in the proof of Theorem 1 and we have

T

T T
ZL(At,U < \FDQ \FDQ
t=1

=96 1 g
+ VT (G + A\o)? 4 coVT(p + Ao )?

where Dy = ||A||r + 0 and Dy = |U||r + 0. The remaining
proof is similar to the part II of Theorem 1 and we conclude
the proof by following the same analysis.

4.3 Proof of Theorem 3
We may abuse some notations from the previous section. Let
L(AU) = f(A) + Mr(UTA) +7¢(A) = pl||U]]2 — 1]+
Denote that
gi(A) = f(A) + Atr(U] A), h(A)
and Gt = 8915(141») = af(At) + )\Ut
From the convexity of g:(A) and h(A), we have
Nt(9e(Ar) + h(Ap1) — 9:(A) — h(A))
<(Ar — A, mGr) + (Aprr — A, niOh(Arya))
=(A— A1, Ay — Appr — Gy — 1m:0h(Ag11))
+(A— A1, A — A) + e (Ar — A, Gy)
From the optimality of A;; in Algorithm 3, we have

<A — At+1, At+1 — At + nth + ntﬁh(AtH)) Z 0.

L(A,Uy)

v1:T

=7¢(A)



By combining the above two inequality and choosing A = A,
which is the optimal solution, we obtain

Ne(9:(Ae) + h(Ary1) — g1 (Ax) — h(AL))
(A = Apyr, Appr — Ag) + (A — Aigr, Gy)

1
§§ (1A = Al — [ Ax — A7 — At — Adl)
1
t3 (1As = A1 l|F + 07| Gell7)

2
<3 (14— A~ 1AL~ AcnllF) +
The second inequality follows from Cauchy-Schwartz in-
equality. Let’s consider L(A;, Uy) — L(A., Uy), which is
L(A¢,Ur) — L(As, Uy)
=gt(Ar) + h(Ar) — g (As) —

1 B
<5 (14, = Ad: = 14 = Acal3) + 216Gl
Mt

+7(0(Ar) — ¢(Ary1))
Note that the trailing term y(¢(A;) — ¢(Az41)) has little im-
pact on the convergence as we assume ¢(A;) = ¢(0) = 0.
Using the same argument as in the proof of Theorem 1, we
can then easily carry out the rest proof of this theorem.
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Figure 1: Results of robust low-rank matrix approximation

Table 1: Statistics for matrix approximation

Method 1 Co T Total CPU time
SECONE 1e8 1le4 8000 6.73e5
PGD le6 80 6.26e5
GD le6 90 6.62e5

5 Experiments

We present numerical experiments on real datasets to demon-
strate the efficiency of the proposed algorithms.

5.1 Robust Low-rank Matrix Approximation

We consider the robust low-rank approximation problem
[Baccini et al., 1996; Croux and Filzmoser, 1998; Ke and
Kanade, 2005]:
) 1 m n
PP — Z Z Yi; — Aij| + Al Al

i=1 j=1

where Y is a given data matrix. Due to the non-smoothness
of the objective function, we compare our method with two
classical methods: subgradient descent (GD) and proximal
subgradient descent (PGD) [Duchi and Singer, 2009]. We use
the News20? dataset, which contains n = 11269 instances,
each of which has n = 20302 features (we filter the features
which appear less than 7 times). According to Theorem 1, we
set step sizes in Algorithm 1 as ; = ¢1/v/t and 74 = co/V/1,
where ¢, co are some constants. The same step size 1y =
c1/ V/t is also used for GD and PGD. We tune the value of ¢;
and cy in a range of {107°,107%,...,10'°} and report the
best results based on the objective value.

In Fig. 1, we plot the objective value versus the running
time for A = 1 x 106, We choose this value of X because it
can produce a low-rank output, and the convergence behavior
is insensitive to A. As can be seen, SECONE decreases much
faster than GD and PGD. This is as expected as SECONE is
SVD-free and time-efficient, which is also convinced by the
statistics shown in Table 1. As can be seen, each iteration of
SECONE takes much less time than other two methods.
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Figure 2: Results of sparse and low-rank link prediction

Table 2: Statistics for link prediction

Method cqorf Co T Total CPU time
SECONE-P 1 le-5 2000 6.43e5
IPD 0.1 50 6.57e5
GD 1 40 6.25e5

5.2 Sparse and Low-rank Link Prediction

Given the adjacency matrix Y of a graph with 0/1 filled en-
tries, we consider the sparse and low-rank link prediction
problem:
i 1—(2Y;;,—1)-4;;,0 A Al A«
min_ ;max< (2Y3—1)- Aij, 0) +71| A1 + A A]
Following the setting in [Richard et al., 2012], we perform
experiments on the Facebook100 dataset which contains the
friendship relations between students. We select a single uni-
versity with 41,554 students and keep the first m = n =
15000 users only with the highest degree. We flip 15% of

“http://qwone.com/ jason/20Newsgroups/



randomly chosen entries and the goal is to learn a sparse and
low-rank matrix from the noisy adjacency matrix Y.

We compare Algorithm 3 (SECONE-P) with subgradient
descent (GD) and Incremental Proximal Decent (IPD), which
is an iterative algorithm designed for the above problem but
with no theoretical guarantees [Richard er al., 2012]. The
step sizes in SECONE-P and GD are set in the same way as
in Section 5.1. The parameter 6 of IPD is searched in the
range of {1072,1,...,100}.

In Fig. 2, we plot objective value versus the running time
when A = 10 and v = 0.4. As can be seen, SECONE-P
converges much faster than other methods. The tuning of
IPD is somewhat tricky since it does not converge to the op-
timum. The statistics of different methods are shown in Ta-
ble 2. Again, the running time per iteration of SECONE-P is
much smaller than other methods.
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