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Abstract. We give a fresh theoretical foundation for designing com-
prehensive SMT solvers, generalizing in a practically motivated direc-
tion. We define parametric theories that most appropriately express the
“logic” of common data types. Our main result is a combination theorem
for decision procedures for disjoint theories of this kind. Virtually all of
the deeply nested data structures (lists of arrays of sets of ... ) that arise
in verification work are covered.

1 Introduction

Formal methods for hardware or software development require checking valid-
ity (or, dually, satisfiability) of formulas in logical theories modeling relevant
datatypes. Satisfiability procedures have been devised for the basic ones—reals,
integers, arrays, lists, tuples, queues, and so on—especially when restricted to
formulas in some some quantifier-free fragment of first-order logic. Thanks to a
seminal result by Nelson and Oppen [10], these basic procedures can often be
modularly combined to cover formulas that mingle several datatypes.

Most research on Satisfiability Modulo Theories (SMT) has traditionally used
classical first-order logic as a foundation for defining the language of satisfiabil-
ity procedures, or SMT solvers, and reasoning about their correctness. However,
the untypedness of this most familiar logic is a major limitation. It unnecessarily
complicates correctness arguments for combination methods and restricts the ap-
plicability of sufficient conditions for their completeness. Thus, researchers have
recently begun to frame SMT problems directly in terms of richer typed logics
and to develop combination results for these logics [20,4, 23,14, 3,6]. Ahead of
the theory, solvers supporting the PVS system [18], solvers of the CVC family
[2], and some others adopted a typed setting early on.

The SMT-LIB initiative, an international effort aimed at developing common
standards for the SMT field, proposes a version of many-sorted first-order logic
as an initial underlying logic for SMT [15]. We see this as a step in the right
direction, but only the first one, because the many-sorted logic’s rudimentary
type system is still inadequate for describing and working with typical cases of



combined theories and their solvers. For example, in this logic one can define a
generic theory of lists using a sort List for the lists and the sort E for the list
elements. Then, a theory of integer lists can be defined formally as the union
of the list theory with the integer theory, modulo the identification of the sort
E with the integer sort of the second theory. This combination mechanism gets
quickly out of hand if we want to reason about, say, lists of arrays of lists of
integers, and it cannot be used at all to specify arbitrarily nested lists. Because
of the frequent occurrence of such combined datatypes in verification practice,
this is a serious shortcoming.

Fortunately, virtually all structured datatypes arising in formal methods are
parametric, the way arrays or lists are. Combined datatypes like those mentioned
above are constructed simply by parameter instantiation. For this reason, we
believe that any logic for SMT should directly support parametric types and,
consequently, parametric polymorphism. The goal of this paper is to provide a
Nelson-Oppen-style framework and results for theories combinable by parameter
instantiation.

The key concept of parametric theory can likely be defined in various logics
with polymorphic types. We adopt the higher-order logic of the theorem provers
HOL [7], HOL Light 9], and Isabelle/HOL [13]. It is well studied and widely
used, and has an elegant syntax and intuitive set-theoretic semantics.

Integration of SMT solvers with other reasoning tools, in particular with
interactive provers, is a topic of independent interest [5, 1] with a host of issues,
including language compatibility [8]. This paper contributes a solid theoretical
foundation for the design of HOL-friendly SMT solvers.

Finally, a striking outcome of this work is that in practically oriented (that is,
dealing with common datatypes) SMT research, the vexatious stable infiniteness
condition of the traditional Nelson-Oppen approach does not need to be men-
tioned. Its role is played by a milder flexibility condition that, by our results, is
automatically satisfied for all fully parametric theories.

Related Work. Observations that the congruence closure algorithm of [11] effec-
tively translates a first-order goal into HOL via currying, and that the solver for
algebraic datatypes of [3] actually works for lists of lists and the like, were key
to the unveiling of parametric HOL theories.

Like all other work on combining SMT solvers for disjoint theories, from [10]
on, our approach is based on inter-solver propagation of constraints over a com-
mon language. Similarly to [21], the constraints also involve cardinalities, so our
method can manage both infinite and finite datatypes. The purification proce-
dure that transforms the input query in the mixed language of several solvers into
pure parts is more involved here than anywhere else because of the complexity
brought by the rich type system.

We give model-theretical correctness arguments, analogous to those used in
other modern treatments of Nelson-Oppen combination, from [17,19] to the
recent work [6] which also tackles some non-disjoint combinations. However, in
the completeness proof, we rely on the parametricity of the types modeled by the
component theories, not on the theories’ stable infiniteness. This difference has



important practical consequences. While our results do not subsume existing
results nor are subsumed by them, they apply more widely because most of
the datatypes relevant in applications are described by theories that satisfy our
parametricity requirements without necessarily satisfying the stable infiniteness
requirements of other combination methods.

In this, our approach is closely related to the recent work of Ranise et al. [14].
They present an extension of the Nelson-Oppen method in which a many-sorted
theory S modeling a data structure like lists or arrays can be combined with
an arbitrary theory 7' modeling the elements of the data structure. The the-
ory S is required to satisfy a technical condition (“politeness”) for each element
sort. This corresponds to our requiring that the data structure be a parametric
type with flexibility conditions. (More specifically, the “smoothness” and “finite
witnessability” parts of politeness correspond to our up-flexibility and down-
flexibility, the latter being significantly weaker than its counterpart in [14].) The
results in [14] can be extended in principle to more than two theories by incre-
mental pairwise combinations. However, as we argued, many-sorted logic is not
well-suited for working with elaborate combinations of theories, while in a logic
with parametric types such combinations are straightforward. In particular, our
main result about combination of multiple pairwise disjoint parametric theories,
would be difficult even to state in the language of [14]. Yet, the important insight
that it is parametricity and not stable infiniteness that justifies Nelson-Oppen
cooperation of common solvers is already in [14]; we have given it full expression.

Outline. In Section 2, reviewing the standard HOL material, we define the
syntactic concept of signatures, and their semantic counterpart, structures. In
Section 3, we introduce the crucial (fully) parametric structures, which are es-
sentially collections of polymorphic constants with uniform behavior specified
by relational parametricity. In Section 4, we discuss satisfiability in parametric
structures and a process that corresponds to the familiar reduction of satisfi-
ability of arbitrary quantifier-free formulas to sets of literals. In Section 5, we
describe the algorithm for combining solvers and identify conditions under which
it is complete. All proofs can be found in the appendix.

Acknowledgments Thanks to John O’Leary for discussions on HOL semantics,
and to Levent Erkok, John Harrison, John Matthews, Albert Oliveras, and Mark
Tuttle for reading parts of the manuscript and commenting on it.

2 Syntax and Semantics of Higher Order Logic

We give a brief account of the standard syntax and semantics of higher-order
logic, similar to that given by Pitts for the logic of the HOL theorem prover [7].
Much of it has been formalized by Harrison in a “HOL in HOL” fashion [9].

2.1 Syntax of HOL Types and Terms

The syntactic world of HOL TYPES is built using TYPE OPERATORS and TYPE
VARIABLES. Each type operator has a non-negative ARITY. Given a set O of type



operators, the set Type, is the smallest set containing all type variables and
expressions of the form F(oy,...,0,), where F' € O has arity n and o; € Type,.
The set of type variables occurring in o will be denoted tyvar(o).

A TYPE INSTANTIATION is a finite map from type variables to types. The no-
tation [o1 /a1, . .., 0pn/@y] is for the finite map that takes aq, ..., a, to o1, ..., 00p.
For any type ¢ and type instantiation 6, §(c) denotes the simultaneous substi-
tution of every occurrence of a; in o with o;. We say that 7 is an INSTANCE of
o and write 7 < ¢ if there is some 6 such that 7 = 6(o). Clearly, 0(c) = 0'(0)
holds if and only if 6 and 6’ agree on tyvar(c). Thus, if 7 < o, then there is a
unique minimal type instantiation that maps o to 7; its domain is tyvar(o) and
it will be denoted [7/o].

A HOL s1IGNATURE X = (O | K) consists of a set O of type operators and a
set K of TYPED CONSTANTS. Each constant k7 € K is a pair of a symbol k£ and
a type o € Typeg, with no two constants sharing the same symbol. Let KT be
the set of all pairs (also called constants) k™ where k° € K and 7 < 0.

The standard boolean connectives and equality make up the signature Ygq:3

2 2
ZEq — <BOO|, = | _a :>Boo|’ trueB°°', falseB°°', _‘Boo|:>Boo|’ /\Bool :>Boo|’ N >

The constants of Ygq will be called LOGICAL. From now on we will assume that
every signature we consider includes Ygq. When—as in the following examples—
we write a concrete signature ¥ = (O|K), we will tacitly assume that the
Ygq-part is there, even if it is not explicitly shown.

Ezample 1. Here are some familiar signatures.

— Int 1Int Int Int?=>Int Int?=>Int Int?=>Int Int?=-Bool
Dine = (Int | Ot it (—1)!"t L+ ,— , X , < yee)

G Ay (@) roaAmay(end)al=f it olArray(e,) Bl Array (e, )

Yarray = (Array | mk_arr , Write

Ylist = <LiSt | Cons[a,List(a)]bList(a)’ n”List(oz)7 headList(oc)ia7 ta”List(a):>List(a)>

: i -2 .
2 Monoid = <|\/|0n0|d ‘ 1M°"°'d’ «Monoid :>Mono|d>

The ARITY of a constant k7 € K is the number m from the unique expression
of o in the form |01, ..., 0] = 7, where 7 is not a function type. If all o; are non-
function types too, we will say that the constant is ALGEBRAIC. All signatures
in Example 1 are algebraic in the sense that all their constants are such.

The set Termy, of HOL TERMS over a signature X' is defined by the rules in
Figure 1. The four rules classify terms into VARIABLES, CONSTANTS, APPLICA-
TIONS, and ABSTRACTIONS. The rules actually define the set of term-type pairs
M: o, which we read as “term M has type ¢”. By structural induction, every
term has a unique type. Non-typeable expressions like v7u? are not considered
to be terms at all.

Each occurrence of a variable in a term is FREE or BOUND, by the usual
inductive definition. We regard two terms M and N as equal if they are equal
up to renaming of bound variables. The set of free variables occurring in M is
denoted var(M). We define tyvar(M) to be the set of type variables occurring
in the type of any variable or constant subterm of M.

3 By convention, [o?, 3] = v is @ = a = 3 = ~, and = associates to the right.
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Fig. 1. Typing rules for HOL terms

2.2 Semantics of Types

Type operators of arity n are interpreted as n-ary set operations—functions
U" — U, where U is a suitably large universe of sets. Fixing such an inter-
pretation that associates with every F' € O a set operation [F], we define the
INTERPRETATION OF o € Type, in Figure 2. The interpretation of a type o in
a TYPE ENVIRONMENT (—a finite map from type variables to U —is a set [o] ¢,
“the meaning of o in ¢”. The set [o] ¢ is defined when tyvar(s) C dom(:) and
will be unchanged if ¢ is replaced with ¢’ as long as ¢ and ¢/ agree on tyvar(o).
(Here and in what follows, dom is used to denote the domain of a finite map.)

[a] ¢ = t(er) for every o € dom(t)
[F(o1,...,on)]e=[F]([o1] ¢, -, [on]¢)

Fig. 2. Interpretation of HOL types

Common type operators usually come with a unique intended interpretation,
s0 it becomes awkward to make a notational distinction between F and [F]. But,
for the sake of clarity, we will distinguish syntax from the semantics. For constant
types (0-ary type operators) Unit, Bool and Int we will use [Unit] = U = {x},
[Bool] = B = {true, false} and [Int] = Z. The symbols = and => will be used for
the syntactic type operator and the full function space set operation it represents;
that is, we have [=] = =>. Similar convention holds for the Cartesian product
and disjoint sum operators x and +, and operations X, 4. The unary type
operator List is interpreted as the set operation List, where List(A) is the set of
finite lists with elements in the set A.

The meaning of an instantiated type in some environment is the same as
that of the original type in an appropriately updated environment. Precisely,
if 7 = 0(0), then [7]¢ = [o] ¢/, where // is defined by /() = [f(a)]¢. The
environment ¢/ will be denoted 6-t. (See Figure 3 for its use.) For example, if
o= (a= ), 7= (y=~v= Bool), and « = [X/], then ' = [X/a, (X = B)/f].

2.3 Semantics of Terms

Suppose now an interpretation [o] for o € Typey is given as in Section 2.2.
We define an INDEXED ELEMENT of [o] to be a family of elements a¢ indexed
by type environments ¢ whose domains contain tyvar(o); the requirements are
that av € [o] ¢ and and that at = at/ when ¢ and ¢/ agree on tyvar(o). For



example, the list length function len is an indexed element of [List(a)) = Int];
for every ¢ with ¢(a)) = A, len ¢ is the concrete length function len 4, an element
of List(A)=>Z. Similarly, the identity function is an indexed element of [a = «],
but note that there are no “natural” indexed elements of [a = J].

Given an arbitrary signature X' = (O | K), a Y-STRUCTURE S consists of

— an arity-respecting assignment Sipeop that maps every F'in O to a set op-
eration [F], as in Section 2.2;
— an assignment Sconst Of an indexed element [k7] of [o] to every k7 in K.

We stipulate that the type operators Bool and =, as well as boolean connec-
tives and the equality predicate be always assigned their standard meanings.
For example, [/\B°°'2éB°°'] ¢ is the conjunction operation on booleans for all type
environments ¢. Also, [=*"=B%°!] , is always the identity relation on the set ().
In other words, there is only one Xgq-structure we care about, and it is “part

of” all Y-structures that include it.

Ezample 2. For signatures associated with datatypes, we normally associate a
unique structure. Referring to Example 1, this is clear for Yj,. For Yapray, we
define [Array](X,Y") to be the set of functions from X to Y that give the same
result for all but finitely many arguments; the interpretation of the constants is
obvious. For X ;s there is an issue with partiality of head and tail, which can be
resolved, for example, by defining [head"*"(®)=]; to be an arbitrary element of
t(c). (See Example 5 below for better solutions.) Unlike these examples, there
are multiple X\onoig-Structures of interest; every monoid gives us one.

Interpretation of terms requires two environments: one for type variables
and one for the free term variables. For example, the meaning of the Ygq-term
Mu=P =Py in the pair of environments ([Z/a, Z /], [0/v®]) is the function
that maps its argument f € (Z=>Z) to f(0). To make this precise, define first,
for a given type environment ¢, a TERM ENVIRONMENT OVER ¢ to be any finite
map that associates to each variable v” in its domain an element of the set [o] ¢.
Then, for any term M, an ENVIRONMENT FOR M is a pair (¢, p), where ¢ is a
type environment such that tyvar(M) C dom(t) and p is a term environment
over ¢ such that var(M) C dom(p).

Given a X-structure, a X-term M of type o, and an environment (¢, p) for
M, the INTERPRETATION OF M is an element [M]{¢, p) of the set [o] ¢ defined
inductively by the equations in Figure 3. The interpretation of a variable v™ is
found by consulting the term environment p. To interpret a constant k7, which
must be an instance of a unique £ € K, we transform ¢ from a type environment
for 7 to the type environment [7/c]-t for o (see the last paragraph of Section 2.2),
whereupon we can find the interpretation for £™ using the function [k“] supplied
by the X-structure. The interpretations of applications and abstractions are
straightforward. The notation p[v?+—x] is for the environment that maps v7 to
x, and is otherwise equal to p. It is easy to check that [M](, p) is determined
by the restriction of ¢ and p to tyvar(M) and var(M) respectively.

4 The proper notation would be [Fls, [k%]s, [¢]s, but the structure S will always be
understood from the context.



[v71{e, p) = p(v7) [M NI, p) = (IMIe, p)) (INT{e p))
[F71¢e p) = K] fo]-e)  [Mo”. M, p) = Az € [o] e [M](e, p[v7—z])

Fig. 3. Interpretation of HOL terms

3 Parametric Structures

The uniformity exhibited by commonly used polymorphic type operators and
constants is not captured by the semantics in Section 2, but has been formalized
by the notion of relational parametricity [16, 22]. It leads us to the concept of fully
parametric structures and gives us powerful techniques, based on the Abstraction
Theorem [16] to reason about them. See the appendix for full statements and
proofs of results needed in this paper.

3.1 Relational Semantics

A PARAMETRIC SET OPERATION is a pair consisting of a set operation G and
an operation G* on relations such that if Ri: A; < By,...,R,: A, < B, then
G*(Ry,...,R,): G(Ay,..., A,) «» G(By,...,B,). It is also required that G* be
functorial on bijections: Gﬁ(Rl7 ..., Ry,) must be a bijection if the R; are all bijec-
tions, and the identities G#(R1, ..., R,) 0 G*(S1,...,8,) = G}(Ry051,..., R, 0
Sp) and Gﬁ(idAl,...,idAn) =idg(a,,...,A,) must hold, where R;: A; < B; and
S;: B; <« C; are arbitrary bijections and id 4 denotes the identity relation on A.
Note that the conditions are meaningful when n = 0: every set G together with
G* = idg is a parametric 0-ary set operation.

Informally, we will say that a set operation G is parametric if there is a G*
such that (G, G*) is a parametric set operation.

Example 3. List is parametric: for a given relation R: A < B, the relation
List’(R): List(A) < List(B) is the generalization of the familiar map func-
tion. The binary set operations X and => are also parametric: given relations
Ri: Ay < By and Ry: Ay «— Bo, the relation Ry )(ti Ry: A1 X Ay «— By X By
relates (x1,x2) with (y1,y2) iff (z1,y1) € Ry and (x9,y2) € Ra; the rela-
tion Ry =% Ry: (A1 = By) < (Ay=> By) relates f; with fy iff for every 1, 2,
(x1,72) € Ry implies (fi(x1), fo(x2)) € Ra.

Let ¢1 and 15 be two type environments with equal domains. An ENVIRON-
MENT RELATION R: 11 < 13 is a collection of relations R(«): t1(a) < t2(), for
each « in the domain of ¢; and t5. The identity relation id,: ¢ <> ¢ is defined by
idL(Oé) = idL(a).

Suppose O is a set of type operators, and that for each F' € O the set
operation [F] is parametric, with the relational part denoted [F]*. Then for any
type o and a relation R: t; < (2 between type environments whose domain
contains tyvar(c), there is an induced relation [o]* R: [o] t1 < [o] t2, defined
in Figure 4. It is easy to prove that [[0]}’i id, = id[,, holds for every o, the result
known as Identity Extension Lemma [16].



[e]* R = R(x)
[F(or,...,00)f R=[F)*(Jo1]* R, ..., [ona]* R)

Fig. 4. Relational type semantics

An indexed element a of [o] is called PARAMETRIC if
(ati,aty) € [o]* R for every relation R: 1y < 1. (1)

Ezample J. Let us check that len is a parametric indexed element of [List(«) =
Int]. Pick a relation R: [A/a] < [B/a] between type environments, i.e., R(«a) is
some relation r: A < B. By definition len [A/«] is the concrete length function
len 4 € List(A) = Z; and similarly len [B/a] = leng. To verify the condition (1),
we need to check that (lena,leng) € [List(a) = Int]* R. By the equations in
Figure 4, the relation on the right is equal to map(r)=>*idz. By the definition of
=% we need to check that for every = € List(A),y € List(B) such that {z,y) €
map(r) one must have len 4(x) = leng(y)—which is true.

Ezample 5. Standard interpretations of constants in Xy and Xaea, are para-
metric, except for the partiality of head and tail. This can be fixed by giving
head the type Lista = a 4 Unit or List &« = a = Bool, and similarly for tail.

3.2 Fully Parametric Structures

Polymorphic equality is not parametric! Indeed, given R: A < B, condition (1)
says: if (z,y),(2',y') € R, then (z =4 2') & (y =g ¥') [22]. This condition
is not true in general, but holds if and only if R is a partial bijection. To ac-
count for this limited parametricity of equality, we define a set operation G to
be FULLY PARAMETRIC if G¥ is functorial on partial bijections. We also define
an indexed element a to be FULLY PARAMETRIC if (1) holds for all partial bi-
jections R. (Thus, to specify a fully parametric set operation G, one need define
G*(Ry,...,R,) only for the case where all the R; are partial bijections.)

Note that the “Reynolds parametricity” defined in Section 3.1 and full para-
metricity are incomparable: to get from the former to the latter, we strengthened
the functoriality condition and weakened the condition (1) on elements.

The following definition is crucial. An (O | K)-structure S is FULLY PARA-
METRIC if Stypeop(F') is a fully parametric set operation for every F € O — {=}
and Sconst(k7) is a fully parametric indexed element for every k% € K.

The function space operation => is not fully parametric; for example, if
R: A — A’is an injection, then R=*idp: (A= B) «» (A’= B) is not a partial
bijection. Fortunately, this is an exception.

Lemma 1. The structures corresponding to the following datatypes are fully

parametric: datatypes with 0-ary type constructors (such as Bool, Int, etc.); all
algebraic datatypes (including sums, products, lists); arrays; sets; and multisets.

In Section 5, we will see that full parametricity legitimizes structures’ par-
ticipation in the Nelson-Oppen combination algorithm.



4 HOL Theories and Satisfiability

In HOL, FORMULAS are simply terms of type Bool. If ¢ is a Y-formula, S is
a X-structure, and e = (1, p) is an environment for ¢, we write e = ¢ as an
abbreviation for [¢] e = true. We say that ¢ is S-SATISFIABLE if e = ¢ for some
e, in which case we also say that the environment e is a MODEL for ¢. When @
is a set of formulas (for which we will use the term QUERY), we write e = @ to
mean that e = ¢ holds for all ¢ € @.

We will need to discuss satisfiability in models with specified cardinality, so
let the “equality” o = n denote a CARDINALITY CONSTRAINT: by (1,p) F o =n
we mean that the set [o] ¢ has n elements.

Similarly, we will consider TYPE CONSTRAINTS of the form o« = ¢ and VARI-
ABLE CONSTRAINTS of the form u? = v™. By definition, (¢, p) = « = ¢ holds iff
t(a) = [o] ¢, and (¢, p) E u® =07 holds iff [o] ¢ =[] ¢ and p(u”) = p(v7).

Example 6. Consider the Sgq-queries {f(f(fz)) =z, f(fz) =z, fa # x} and
{fe=gx,9x = ha,f # g,9 # h,h # f}, where f,g,h are variables of type
«a = « and x is one of type a.. The first query is unsatisfiable. The second query
is satisfiable, but is not simultaneously satisfiable with the cardinality constraint
a = 2. (E.g., there are only two functions B — B that map true to false.)

A Y-THEORY is a set of X-structures. If 7 is a X-theory, we say that a
formula ¢ is 7-SATISFIABLE if it is S-satisfiable for some S € 7.

The theories Tint, Tiist, Tarray (Examples 1 and 2) are each the theory of a
single structure: Sjin, Stist, Sarray respectively. On the other hand, Zuoncid is the
theory of all monoids. From now on, we assume that every theory is defined by
a single algebraic structure, since such theories are of greatest practical interest.

By a SOLVER we will mean a sound and complete satisfiability procedure for
X-queries whose formulas belong to a specified subset (FRAGMENT) of Termy.
For example, integer linear arithmetic is the Xj.-fragment consisting of boolean
combinations of linear equalities and inequalites, and the integer linear program-
ming algorithms can be seen as solvers for this fragment. Solvers that can check
satisfiability with cardinality constraints will be called STRONG.

We will concern ourselves only with subfragments of the APPLICATIVE FRAG-
MENT of theories, where a X-term is called applicative if it contains no subterms
that are abstractions and all occurrences of constants are fully applied. The lat-
ter means that every occurrence of a constant k7 is part of a subterm of the
form k™ My --- M,,, where m is the constant’s arity. Define also the ALGEBRAIC
FRAGMENT to consist of all applicative terms that do not contain any occurrences
of subterms of the form x N, where z is a variable (“uninterpreted function”).

In the rest of this section we will narrow down the applicative fragment to
a subfragment whose queries have a particularly simple form. First, we mini-
mize the size of the formulas occurring in the query at the price of increasing
the number of formulas in the query. Second, we do away with the proposi-
tional complexity of the query by case splitting over boolean variables. Finally,
with a substitution, we remove equalities between variables from the query. This
reduction will further ease our reasoning, and will incur no cost in generality.



Lemma 2. Every applicative query over (O | K) is equisatisfiable with a query
all of whose formulas are ATOMIC, i.e. have one of the following forms:

(A) xg =kx1 ... x,, where k € KT has arity n
(B) Tog = T1 X2

where the x; are variables. Also, an algebraic query is equisatisfiable with a query
whose formulas all have the form (A).

Transforming an applicative formula into a set of atomic formulas is done
simply by introducing proxy variables for subterms, a process often called vari-
able abstraction. For example, (fz1 > 1)V (z = 1) is equisatisfiable with: (4)
y=Lp=(22vy),q=(x=y),r=pVqr=true (B)g=fr,z=guy.

An ARRANGEMENT is a query determined by a set V' of variables of the same
type and an equivalence relation ~ on V. For every z,y € V, the arrangement
contains either x = y or z # y, depending on whether x ~ y holds or not. The
arrangement that forces all variables in V' to be distinct will be denoted Dist(V).

Suppose now @ is a set of atomic formulas and let X7 be the set of variables
of type o that occur in @. Let E° be the subset of @ consisting of formulas of
the form z = (z = y), where z,y € X°. We can assume that EB° is empty
by using the alternative way z = (x < y) of writing z = (z = y). We can also
assume that for every o # Bool and every z,y € X there exists z such that
z = (z = y) occurs in E7; just add this equality with a fresh z if necessary.

There are finitely many substitutions £: X8 — {true, false} and @ is satis-
fiable iff some £(®) is. Let @y be the subset of @ consisting of formulas (4) in
which % is a boolean connective. Note that for any £, the query {(E7) is either
unsatisfiable, or equivalent to an arrangement on X?. Searching for a model for
@, we can enumerate all £ such that (D) is satisfiable, and every £(E?) is an
arrangement. Thus, we will have a solver for all applicative 7-queries as soon as
we have a solver for ALMOST-REDUCED queries that consist of

— arrangements A? for every type o # Bool that occurs in the query
— the set AB°' containing x = true or x = false for every x € XBo
— non-logical atomic formulas (where constants k in (A) are not logical)

Observe finally that for every almost-reduced query there is an equisatisfiable
REDUCED query in which (1) A2 = Dist(X ) for every o # Bool and (2) there are
only two variables of type Bool—say t and f—and two equations in AB°°' namely
t = true and f = false. Indeed, we can bring a given almost-reduced query to
this simpler form by choosing a representative for each class of the arrangements
A? and then replacing every occurrence of © € X7 with its representative.

Example 7. Let T = Ty + 75, where 77 = 7, and 7 = 7 is the simple para-
metric theory of pairs over the signature

Dy = (x| (-, )fllmexd ggpaxpoa gpqaxi=0)

Consider the query ¢ = {x3 = (snd(snd x3), z1 z2), fst(snd z3) > 0} whose vari-
ables are typed as follows: x1: w X Bool = Bool; x5: w X Bool; z3: w x (Int X w),
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where w is a type variable. The types of instances of fst and snd can be in-
ferred, so we leave them implicit. Variable abstraction produces ¢ = {x4 =
x1x9, 5y = sndxs, xg = sndxs, xo = (xg,x4), x7 = fstxs, x5 = 0,29 =
(x7 > x3), x9 = true}. Proxy variables have the following types: x4, zq: Bool;
x7,xs: Int; x5 Int X w; 26: w. The assignment & = [false/x4, true/x9] to propo-
sitional variables and the arrangement Dist{xz7, 25} produce the reduced query
¢ = ABeol Dist{x7,:c8} U Pp U Dy U Py, where &y = {]f = 1‘2}, b, = {178 =
0, t = (z7 > xg)}, P = {5 = sndxs, xg = snd x5, xo = (6, 1), vy = fstxs}.

5 Nelson-Oppen Cooperation

The signatures Xy = (O1 | K3),..., X, = (On | Ky) are DISJOINT if each prop-
erly contains Jgq and the only constants and type operators that any two have
in common are those of Ygq. Their SUM SIGNATURE is X = Xy + -+ Xy =
(O1U---UON | K1 U---UKpy). If each 7; is a X;-theory determined by
the structure S;, the sSUM THEORY 7 is defined by the SuUM X-STRUCTURE
S =81+ -+ Sy that interprets every F' € O; and every k° € K; the same
way the structure S; does it.

Our main result is the construction of a strong solver for the applicative frag-
ment of 7, assuming the existence of strong solvers for the applicative fragment
of Tgq and the algebraic fragment of every 7;. The construction follows the orig-
inal Nelson-Oppen approach [10], as revised by Tinelli and Harandi [19]. The
completeness proof, however, is radically different and relies essentially on the
parametricity of the component structures S;.

5.1 The Combined Solver

Let X and 7 be a sum signature and sum theory as above; for convenience, from
now on, Yo will stand for Ygq. Given an input applicative X-query ®;, and a
set of cardinality constraints I', the combined solver proceeds as follows.

1. Create, as described in Section 4, a set F of reduced queries such that &;,, I
is T-satisfiable iff @, I" is T-satisfiable for some & € F.?

2. Processing a @ € F, partition it into subqueries AB° = {t = true, f = false},
Dist(X?) for all o # Bool, and &g, &1,...,Py, where Py is a set of atomic
formulas of the form (B), and @; is a set of non-logical atomic formulas of
the form (A) with the constant k taken from K. (See Example 7.)

3. Purify each @, into a reduced Y;-query ¥;, algebraic for ¢ > 0, and a set of
constraints I; that are all together 7-equisatisfiable with @, I". (See Exam-
ple 8 below.)

4. Use strong solvers for 7; to check the joint 7;-satisfiability of ¥; and the
cardinality constraints in I';. Return “@, I satisfiable” iff all solvers return
“satisfiable”.

5 The terrible inefficiency of enumerating propositional assignments and arrangements

can be alleviated with techniques involving the use of a SAT solver, but is not our
concern here. See, e.g., [12].
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Purification in 3. is a four-step procedure:

1. Proxying types. Let T be the set of types containing the types of all sub-
terms of formulas in @, and all types that occur as subexpressions of these.
Partition T into the set of type variables TV?', the set T of function types, and
thesets T; (i = 1,,,., N) of types of the form F(o1,...,0,) where F € O;,—{=}.
For every o € T}, let a, be a fresh (proxy) type variable, and let ¢° be the type
obtained from o by replacing each maximal alien (i.e., element of T} for j # i)
type 7 that occurs as a subexpression in ¢ with the proxy a..

2. Proxying variables. Partition the set X of variables occurring in @ into
{t,f}, XV Xo,..., Xy, where € X" iff the type of  is in T%*, and z € X;
iff the type of = is in T;. For convenience, let us assume that the elements
of X are z1,xs,.... Introduce sets of fresh variables Y; = {y; | ; € X;} and
Z; ={z; | z; € X,}. By definition, the type of each y; is ¢°, and the type of z; is
0y, where o is the typeof ;. Let Y7 = {y; | ; € X7} and Z7 = {z; | z; € X7 }.
Let Y be the union of all the Y; and Z be the union of the Z;. Finally, let
A; = ABoo 4 Usgr, Dist(Y?) + U, ¢, Dist(Z7)—a union of arrangements.

3. Generating constraints. Let I'Fd be the union of I' and cardinality con-
straints o, = n, where o € T}, j # 4, and o = n is implied by I'. Let also I¥°
be the set of type constraints o, = ¢°, where ¢ is an i-type. Note that these
type constraints imply a, = o for every non-variable type o. Let I} be the
set of variable constraints z; = y;, where x; € X;. Finally, let I; be the union
of [Fd [I¥P¢ and Iy,

4. Purifying atomic formulas. For every x € X and i =0,..., N define

' x; if x; € {t,f} U X"
.’ﬂgt] =19 Y if T; € X;
zj fz; € Xy and ¢/ #4

and then (with ¥’ and k in (3) being appropriately typed instances of the same
constant in K;)

Uy = Ag U {ugo] = u[lo] u[zo] | (up = ugug) € Po} (2)
O =AU {uld =l ul ) (uo =kuy . oun) €BY (i>0)  (3)

Lemma 3 (Purification). Every ¥; is a well-defined X;-query and I; is a set
of X;-constraints. The union of all the ¥; and I; is T -equisatisfiable with @, I.

Ezample 8. Continuing with Example 7, purification of &g U &1 U &5 produces:
Wy =A% U{f =y1 22} T = {0xBool=Bool = CwxBool = Bool, z1 =y}
Uy = AP U {yr £ ys; ys =0, t = (y7 > ys)} It = {oune = Int, 27 = y7, 25 = ys}
Wy = AB°' U {ys = sndys, 6 = sndys, 27 = fstys, yo = (x¢,T)}
I’y = {auxBool = w X Bool, 22 = 42} Gy (intxw) = W X (QUnt X W), 23 = ys3;
Qntxw = Qint X W, 25 = Y5}

where each type constraint a, = ¢° in I is followed by variable constraints
z; = y; with z;: a, and y;: 0°.
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5.2 The Combination Theorem

Lemma 3 implies that the combined solver is sound: the input ®;,, I" is unsatis-
fiable if the solver says so. Completeness is less clear because it requires that a
T-model be assembled from a collection of 7;-models. When the theories satisfy
a flexibility condition a la Lowenheim-Skolem, completeness follows immediately
from the following theorem.

Theorem 1. Assume the notation is as in the previous section and that the
theories 1y, ...,7, are flexible for reduced algebraic queries. Then: @, I" is T -
satisfiable if and only if ¥;, [F** is T;-satisfiable for everyi=0,...,N.

Here are the requisite definitions. An environment (¢, p) is SEPARATING if p
maps all variables of the same type to distinct elements. A theory is FLEXIBLE
for a fragment JF if for every separating model (¢, p) for an F-query ¥ and every
o € dom(1), there exist separating models (("P(%), puP(%)) and (,down pdowny for
¥ such that ,"P(%)(3) = 1(3) = 11°¥*(3) for every B # a, and

1. [UP-FLEXIBILITY] ("P()(a) has any prescribed cardinality # greater than
the cardinality of ¢(«)
2. [DOWN-FLEXIBILITY] (9°"%(a) is countable

Lemma 4. Every fully parametric structure is up-flexible for reduced algebraic
queries. It is also down-flexible for this fragment if it satisfies the following con-
dition: for every type operator F and every element a € [F|(A1,...,Ay), there
exist countable subsets A, of A; such that a € [F](A},...,AL).

As proved in the appendix, 7gq is flexible for reduced queries. Also, by
Lemma 4, the theories of common datatypes mentioned in Lemma 1 all qual-
ify for complete Nelson-Oppen cooperation. The mild condition in Lemma 4
required for down-flexibility is probably unnecessary. We conjecture (but are
unable to prove without informal reference to the downward Léwenheim-Skolem
Theorem) that down-flexibility for algebraic queries holds for all fully parametric
theories.

The lemma below follows from parametricity theorems (see the appendix)
and is central for the proof of Theorem 1. We use it to incrementally modify
the members of a given family of 7;-models so that at each step they agree
more on the intersections of their domains; at the end, a 7-model is obtained
by amalgamating the modified 7;-models.

Lemma 5 (Remodeling). Suppose (i, p) is a separating model for an algebraic
query ¥ in a fully parametric structure, and f: ((a) — u(a) is a bijection for
some o € dom(t). Then there exists a separating model (v, p’) for W such that

(a) p'(x) = f(p(x)) for every variable x € dom(p) of type «
(b) p'(y) = p(y) for every y € dom(p) whose type does not depend on
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Ezample 9. To illustrate the proof of Theorem 1, let us continue with Example 8.
Starting with Z;-models (v;, p;) for ¥; (i = 0,1,2), we build a model (¢, p) for
the union of the ¥; and I;. Let us order the types in T with respect to their
complexity as in the first row of the table below. Let ¢ be a type environment
that maps the original type variable w and the proxy type variables «, for
o € T to sets in the second row of the table. Here | = {x,{,1,...} is an arbitrary
infinite set. Using the up- or down-flexibility of 7; and a simple consequence of
parametricity (“permutational invariance”), we first modify the given models to
achieve 1o = t1 = 15 = ¢; this will satisfy all type constraints too. Then we modify
the environments p; in six steps, corresponding to the six types in T, so that
after the step related to o € T, the p; agree on their variables associated with o
and all types preceding o. (For each x,, € X7, one of the p; has y,, in its domain,
while the others have z,,.) These changes are possible by Lemma 5. The top half
of the table shows the p;’s after the second step, where we have agreement on
variables associated with w and w x Bool (the shaded area). Turning to the type
Int, the pivot values 4,0 (underlined) are picked from the “owner” model p;, and
po, p2 adjust to it, with appropriate changes at “higher” types. The table also
shows the pivot value (4, 1) for the next step .

w || w x Bool Int Int X w |w X (Int X w) |w x Bool = Bool
[o]e|l| T Ix B Z Zx1 Ix (Zx1) IxB=B
| e y2orz [ yror z7]ysor zs[ys or 25| wysorzs | Y1 Or 21
00 Tl (7, false) 1 5 (10,1) | (t,(11,%)) Au. false
o1 Tl (7, false) 4 0 (12,%) | (x,(13,1)) Au. true
P2 T (f, false) 3 7 (3,7 1, (3, 1) Au. true
00 T (f, false) 4 0 (10,1) | (F,(11,%)) Au. false
A T (t, false) 4 0 (12,%) | (% (13,7)) Au. true
P5 T (t, false) 4 0 4,1 (1, (4, 1)) Au. true

6 Conclusion and Future Work

We contend that the base logic for SMT should have parametric types and
polymorphic functions. These features make it possible to easily model typical
datatypes by single parametric structures and to model (unbounded) combina-~
tions of several datatypes by simple parameter instantiation. of several datatypes
by simple parameter instantiation.

Our revision of the Nelson-Oppen method relies just on the parametricity of
the datatypes modeled by the component theories and on the existence of strong
solvers for them. Parametricity requirements hold for virtually all datatypes of
interest, so to make our method widely applicable it remains to enhance the
existing satisfiability procedures into efficient strong solvers. This can likely be
done in ways similar to [14], and is the subject of future work.
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A Proofs

A.1 Parametricity Theorems

We defined in Section 3 an (O | K)-structure to be FULLY PARAMETRIC if every
F € O — {=} is interpreted as a fully parametric set operation, and every
constant in K is interpreted as a fully parametric indexed element. Let us also
say that an (O] K)-structure is REYNOLDS PARAMETRIC if every F € O is
interpreted in it as a parametric set operation, and every constant k € K as a
parametric indexed element.

Ezxample 10. The two concepts of parametric structures are not comparable. If
we interpret Xapay simply by [Array](I, A) = I => A, the structure would be
Reynolds parametric, but not fully parametric. On the other hand, the interpre-
tation of Xaway given below in Section A.2 is a fully parametric structure that
is not Reynolds parametric.

Remark 1. We realize the terminology “fully parametric” could be misleading
and will replace it with some better alternative in future editions of this work.

Part (1) of Theorem 2 is the Abstraction Theorem of [16], also known as
Parametricity Theorem [22]. Part (2) is proved in the same way, by induction
on the structure of the term. Theorem 3 is the analogon for fully parametric
theories that we will find more useful. It is also easier to prove, because it talks
only about terms that do not include A-abstractions.

Theorem 2 (Parametricity). Let S be a Reynolds parametric X-structure,
let M be a X-term of type o, and let (t1,p1) and {2, p2) be two environments
for M. Let R: 11 < 13 be a relation between environments such that

(p1(v7), p2 (7)) € [7]* R for all v" € var(M)

If either (1) there are no occurrences of = in M, or (2) R(«) is a bijection for
every «; then

(IMD(e1, p1), [M](ea, p2)) € [o]* R
O
Theorem 3 (Full Parametricity). Let S be a fully parametric X-structure
and M be a an algebraic X-term of type o. Let (11, p1) and {(i2, p2) be two envi-
ronments for M and let R: 11 < 1o be a partial bijection such that
(p1(v7), p2 (7)) € [7]* R for all v" € var(M)

Then

(IMD(e1, p1), [M](ea, p2)) € [o]* R
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Proof. Induction on the structure of M. If M is a variable, there is nothing to
prove. Therefore, assume M = k M, ... M,,, where the type of M; is o;. Then k
has type [01, . .., 0,] = 0. By induction hypothesis, ([M;] (¢1, p1), [Mi] {t2, p2)) €
[o:]* R holds for every i. Observe that [7]* R is a partial bijection for every
with tyvar(7) C dom(:) (proof is by induction on the structure of 7). Thus, all
relations [o;]* R are partial bijections, and the desired result follows immediately
from the full parametricity of k. a

Corollary 1. Suppose (i, p) =1, where one of the following holds:

(a) S is a Reynolds parametric X-structure and 1 is an arbitrary X-formula
(b) S is a fully parametric X-structure and v is an algebraic X-formula

Then: for every type environment i/ with the same domain as v and such that
t(a) and ' (a) have the same cardinality for every o € dom(t), there exists p’

such that (', p") = .

Proof. Let R: ¢ <>/ be a relation between type environments such that R(«) is
a bijection for every a € dom(¢). In both cases we have that the induced relation
[o]* R: [o] ¢ < [o] ¢ is a bijection for every ¢ (induction on the structure of
o). For every variable x of type o in dom(p), define p/(x) to be the unique
element such that (p(x),p'(x)) € [o] R. Now, by part (2) of Theorem 2, or
by Theorem 3—depending on whether we are in case (a) or (b)—we obtain
([¥] (s p), [0] (5 7)) € [Bool] R = idg, so [¢] (¢, p') must be true (which is
another way of saying (V/, p’) = ¢) because [¢] (¢, p) is. O

A.2 Proof of Lemma 1
Lists The signature is
[(x,List(oz)]:>List(oz)7 nilList(oa)7 head[List(oz),oz]:>Boo|7 ta”[List(oz),List(a)]:>Boo|>

(List | cons

as discussed in Example 5. Given R: A < B, z € List(A), y € List(B), define
(z,y) € List!(R) to hold if and only if 2 and y have the same length and the ith
element of z is related by R with the ith element of y, for every i. It is easy to
check that all four constants of the list signature are fully parametric.

Algebraic Datatypes The definition is a generalization of the above for lists,
but it requires substantial notation. We postpone writing this up.

Arrays This example will be done in detail. We interpret Array as the set
operation Array such that every element in Array(7, A) is a pair of the form

x = ({ao, (i1,a1), ..., {in,an)}),

where the indices iy, ..., are distinct elements of I, ag € A and ay,...,a, €
A\{ao}. The element x is the (unique) array that stores the initialization value
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ap at every index in I except for the indexes iy, ..., i, where is stores respectively
the values aq,...,a,. The set {i1,...,i,} will be referred to as dom(x).
Given partial bijections R: I < J, S: A « B and

2 = (ao, {{it, ar)s .., (i, an)}) € Array(I, A)
Y = <b0, {<j1, b1>, ceey <]m, bm>}> S Array(J, B)

define (x,y) € Array*(R, S) by: {a,b) € S, m = n, and there exists a permutation
7 of indices such that (ig, jrx)) € R and (ag,brx)) € S holds for every k =
1,....n.

To check full parametricity, suppose R and S are as above and (z,y) €
Array*(R, S). To prove that Array*(R, S) is a partial bijection, we need to check
that y is uniquely determined by x. The initialization value by is determined by
ap since {(ag, by) € S. Since the indices j; are all distinct, (ig,7;) € Riff | = 7 (k).
Thus, (ix,ax) uniquely determines the matching pair (j (), bx(k))-

Functoriality requirements for partial bijections

(4)

Array* (idy, id 4) = idpray(1,4)
Array*(R o R, 5" 0 §) = Array*(R', §") o Array* (R, S)
are completely straightforward.

Let us prove now that the constants mk_arr®=Am@(@8) - eaglAmay(e.f).a]=5
and writelATa(@.f)a.Bl=Aray(e.f8) 410 fully parametric. It is enough to show that:

(a,b) € S D (mk_arra, mk_arrb) € Array*(R, S) (5)
(z,y) € Array*(R, S) A (i,j) € R D (readzi,ready j) € S (6)
(z,y) € Array*(R, S) A (i,j) € RA (a,b) € S D 1)

(write z:i a, writey j b) € Array*(R, S)

Proof of (5). We have mkaarra = (a,0) and ((a,0), (b,0)) € Array*(R, S) iff
(a,by € S.

Proof of (6). Let x,y be as in (4). Assume without loss of generality that
(ik,jr) € R and (ag,br) € S for every k (the permutation of indices 7 is the
identity). If ¢ = i), € dom(z), then the assumption (i, j) € R implies j = ji; thus
(read zi,read y j) = (ag, by) € S. If i ¢ dom(x), then j ¢ dom(y) (because we just
saw that i € dom(z) implies j € dom(y), and the converse is true by symmetry),
so we have (read z i,ready j) = (ap,bo) € S.

Proof of (7). Let again x,y be as in (4), with (ix, jr) € R and (ag,bx) € S for
every k. Let o’ = writexia and y' = writey j b.

Case 1: i ¢ dom(z). Since (i, j) € R, we must have j ¢ dom(y), so

x = <a/07 {(ila al)a R <in7an>7 <Z,G,>}>

y/ = <b0’ {<j1’ b1>’ R <jma bm>’ <.77 b>}>
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Since (a,b) € S, it follows that (z',y') € Array*(R, S).

Case 2: 1 € dom(x) and j € dom(y). Since (7, j) € R, we must have i = 45 and
j = ji for some k, say k = 1. Now

x = <a07 {<i7a>a <i27a2>7 ) <ina an>a <ia a>}>
Y = {bo, {<j7b>7 (J2:02)5 -« s (Jms b)), (U, b>}>

and again from (a,b) € S we can conclude that (z/,y') € Array*(R, S).

Sets Define Set so that Set(A) consists of all the finite sets over A. Given a
partial bijection R: A < B, X € Set(A), and Y € Set(B), define (X.,Y) €
Set(R) iff R contains a bijection between X and Y.

It is easy to see that Set?(R) is a partial bijection and that Set! is functorial
as required. The operation that creates singleton sets, the membership predi-
cate, and the union and intersection operations are all fully parametric. The
complement operation is not parametric, but that is probably neither surprising
nor harmful.

Multisets Define Multiset so that Multiset(A) consists of all the finite multi-
sets over A. Given a partial bijection R: A — B, X = {{a1,k1),...,{an, kn)} €
Multiset(A), and Y = {(b1,l1),..., {(bm,lm)} € Multiset(B), where all multi-
plicities k;,[; are positive, define (X,Y’) € Multiset*(R) by: m = n and for some
permutation 7 of indices, (a;, br(;)) € R and k; = l(;) hold for every i = 1,...,n.

A.3 Proof of Lemma 2

Standard “flattening” argument. a

A.4 Proof of Lemma 3
For every type o € T and every i, define
_ o foeTv™
ol ={ o0 ifoeT (8)
oy if o €Ty and v/ # i

Now let 7 and 7’ be the types of constants k and &k’ in (3) and let us accord-
ingly rewrite the two equations occurring in (3):

ug}:kflu[f] could uop =k uy .. up
Suppose the types of ug, .. ., u, are 7o, ..., 7, respectively. Then 7 = [1y,..., 7] =
To. By (8), we have 7/ = [7’1[2]7 e 77'7[3]] = T(El]~
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The constant k7 is an instance of some k% € K;, where o = [01,...,0,] =
og. Let 8 = [r//o], the type instantiation that maps o to 7. Define the type
instantiation A by 6l4(a) = (6(a))ll. One can check that 7/ = 011 (c), so k7 is
a well-defined instance of k7. Consequently, ¥; is a well-defined X;-query.

That I is a well-defined set of X;-constraints follows immediately from the
definition of these constraints.

Given a model (i, p) for ¥, I', we can extend it to a model (¢, p’) for all ¥;
and I simply by assigning /(o) = [o] ¢ and p'(y;) = p'(2:) = p(x;). The proof
that (/. p') & ug] = k7 u[f] ... ul! follows from (t,p) E up =
given by the parametricity of the constant k% € K;.

The satisfiability of type constraints (¢, p’) = a, = 0° is proved by induction
on the structure of o. The of variable constraints (', p’) = z; = y; is true by
definition of p'.

Conversely, given a model (¢, p) for all the ¥; and I; we can extend it to a
model (', p') of ¥, I as follows. Since all type variables in ¥ occur among the
W,;, we can take ¢/ = (. Term variables that occur in ¥ but not in the set {¥;}
are those in the sets X; (that is, all variables in X except for t,f and variables
in XV2"). For each of them, assign p'(x;) = p(y;). Since the type constraints are
satisfied by (¢, p), this is a correct definition.

Constraints of I' are satisfied in (¢, p’) since they belong to (all the) I;.
Satisfiability of each atomic formula (//,p') E up = k" uy ... u, of ¥ follows

!

kTuy ... u, IS

from (¢, p) E u([)i] =k u[li] ... u}! and parametricity of the constant k% € K;.
O

A.5 Flexibility of Sgq
We need the following lemma for the proof of Theorem 1.
Lemma 6. Sgq is flexible for reduced queries.

First a sublemma:

Lemma 7. Let X,Y, Z be finite set of variables and let S be a set of conditions
of the form x;y; = 2z, where x; € X,y; €Y, 2z, € Z. Say that S has a solution
over a pair of sets (A, B) if it is possible to interpret elements of X,Y,Z as
distinct elements of A= B, A, B respectively so that all equations in S hold true.
If one of the conditions

|A'|Z|A] and  |B'|=|B] 9)
A" B’ are infinite (10)

holds, then the existence of a solution over (A, B) implies the existence of a
solution over (A’, B').

Proof. For case (9), use injections A — A’ B — B’ to view A, B as subsets
of A’, B’ respectively, and use any injection A => B — A’ = B’ that maps
f: A— Bto f': A’ — B’ such that f’ restricted on A equals f. Then a solution
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over (A, B) becomes a solution over (A’, B’). For case (10), just note that once
the interpretations of Y and Z in A" and B’ are fixed (and they can be arbitrary
as long as they map distinct variables to distinct elements), then choose an
interpretation of each x € X as a function A’ — B’ so that the equations in S
are satisfied. Pick an element a € A’ that is not the interpretation of any y € Y,
and make sure that the chosen functions map a to distinct elements of B’; this
is possible since A’ and B’ are infinite. O

Proof of Lemma 6. Given a model (¢, p) for ¥ (the elements of which are all
equations of the form xy = z), let ¢/ be an environment that agrees with ¢ on all
type variables except «, and assume that ¢/(a) either has cardinaly greater than
t(a) or is countably infinite. Partition ¥ into subsets ¥,, where o is the type
of x in the equation xy = z. Partition the set of variables occurring in ¥ into
sets X7, according to their type. Define p’ on X?, where 3 is a type variable
arbitrarily; just make sure that distinct variables are assigned distinct elements.
Then proceed to define p’ on X7, inductively on the structure of o. Each o is of
the form 7 = v, and the problem is, in terms of Lemma 7, to find a solution of
U7 over the pair of sets ([7] ¢/, [v] ¢/). Since the assignment p from the original
model gives a solution of ¥ over the pair ([7] ¢, [v] ¢), Lemma 7 implies that the
required solution exists. Parts (1) and (2) of Lemma 7 are used for up-flexibility
and down-flexibility respectively.

A.6 Proof of Lemma 4 (flexibility of fully parametric structures)

As a preliminary step, let us see that every fully parametric set operation G
preserves injections. Let f;: A; — B; be injections. Then, there are partial bijec-
tions g;: B; — A; such that g; o f; = id4,, so it follows from functoriality of G
on partial bijections that G#(g1,...,9n) 0o G#(f1,..., fn) = idG(Aa,,...,A,)- This
proves that G#(f1,..., fn): G(A4,...,A,) — G(By,...,B,) is injective.

Turning to the proof of Lemma 4, let us prove up-flexibility first.

Suppose (¢, p) is a separating model for a reduced algebraic query ¥ and
f:(a) — («) is an injection of ¢(«) into a set /() of given cardinality greater
than that of ¢(«). Suppose also /(3) = ¢(8) for every 3 # a. Define R: ¢ < «/
by R(a) = f and R(B) = id,(g) for 3 # . From our preliminary step, it follows
that for every o with tyvar(c) C dom(:), the relation [o]* R: [o] ¢ « [o] ¢ is an
injection, so we can define p’ by p'(x) = ([¢]* R)(p(x)) for every x € X?. The
separation property of p’ holds since p is a separating model, and the values of
p for all variables of a given type are obtained by applying an injective mapping
to the corresponding values of p. Finally, we check that (¢, p’) = ¢ for every
¢ € W. Since 1 is an algebraic term of type Bool, this follows from (¢, p) = ¥
and Theorem 3 (see end of proof of Corollary 1).

For the proof of down-flexibility, start with a separating model (¢, p) of ¥
and a fixed o € dom(¢). Let us say that ¢/ is a GooD of //(«) is a countable
subset of ((«) and ¢/(8) = «(B) for every B # «. Since the type operators
of a fully parametric structure preserve injections, we can consider [7] ¢ as a
subset of [7]¢, for every 7 such that tyvar(r) C dom(¢). It follows from the
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lemma’s assumption by induction on the structure of 7 that the union of [r] ¢/
where ¢/ runs over good subenvironments of ¢ covers [7] .. Consequently, given
a countable subset A, of [7] ¢, there exists a good subenvironment ¢, such that
A, is contained in [7] ¢.

Now, let A, C [r] ¢ be the set of all elements p(z) where x € X N dom(p).
Only finitely many A, are non-empty, so we can find a good subenvironment
" such that A, C 7] for every 7. Now we can define p'(z) = p(z) for every
x € dom(p), and argue using Theorem 3 (as in the proof of up-flexibility) that
(¢, p) & ¢ holds for every ¢ € W. O

A.7  Proof of Lemma 5 (Remodeling)
We actually need a stronger result that incorporates 7gq.

Lemma 8 (Remodeling 2). Suppose (i, p) is a separating model for ¥ in a
structure S, where one of the following holds:

(a) W is an algebraic query and S is fully parametric

(b) S is Seq

Let f: () — () be a bijection. Then there exists a separating model (¢, p") for
¥ such that

(a) p'(x) = f(p(x)) for every variable x € dom(p) of type «
(b) p'(y) = py) for every y € dom(p) whose type does not depend on «

Define R: v < ¢ by R(a) = f and R(B) = id,) for 38 # a. For every o
with tyvar(o) C dom(:), the relation [o]* R: [o] ¢ < [o] ¢ is a bijection, so we
can define p’ by p'(z) = ([0]* R)(p(x)) for every x € X°. The condition (b)
holds by definitions. The condition (¢) holds by the Identity Extension Lemma
(Section 3). The separation property of p’ holds since p is a separating model,
and the values of p’ for all variables of a given type are obtained by applying
a bijective mapping to the corresponding values of p. Finally, we check that
(t,p"y = 9 for every 1 € W. By construction of p’, for every variable z €
dom(p) we have (p(z), p'(x)) € [o]* R, where o is the type of 2. By case (2) of
Theorem 2 or Theorem 3—depending on whether we are in case (a) or (b)—we

have ([4](z, p), [](z, p)) € [Bool]* R, and so (1, ') = 9. O

A.8 A Lemma on Cardinality Constraints

If G is an n-ary parametric set operation, then there is an induced function
G (NU{oo})™ — NU{oc}. Given finite cardinals k1, ..., Ky, let Ay,..., A,
be arbitrary sets such that | A; |= k;, and define G°¥4(ky,...,k,) to be the
cardinality of G(A1, ..., A,) if this set is finite; otherwise set G4 (k1, ..., ky) =
o0. Since G is functorial on bijections, this definitions is correct, i.e., independent
of the choice of the sets A;. Finally, define G (ky,..., K,) = 0o if k; = 0o is
true for at least one i.
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Given a set of cardinality constraints I", we can define ||o|f'€ N U {oo} by
induction:
lo| "= e,

1F (o1, - o)l = [FI= 4ol - llowl )

where n, is the number n from the constraint (¢« =n) € I', and n, = oo if v is
unconstrained by I

Lemma 9. With notation as in Section 5.1,
(g =n) € I Gff o' =n and o € Ty, where j #i.
Proof. Induction on the structure of o. a

Remark 2. If I' is empty, || o ||’ = n holds if and only if o is a ground type
(containing no type variables) of cardinality n.

A.9 Proof of Theorem 1

The “only if” part of the theorem follows easily from Lemma 3. For the other di-
rection, start with X;-environments (¢;, p;) such that (¢, p;) =i ¥, I f“”d7 where
=, denotes satisfiability in S;. We keep using the notation from Section 5.1. In
particular, we will write ¥; = A; + =Z;, where = is the set of atomic formulas
in ¥;. Recall that 5 consists of equations of the form (2), while the other =;
contain equations of the form (3). The fact (1;, p;) =i A; means just that (¢4, p;)
is a separating environment.

By Lemma 6 and Lemma 4, all theories participating in our combination are
flexible.

Let T} = {a, | 0 € T;} and T" = J, T]. We assume that, for every i, the
domain of ¢; is TV +T” — T/. This set contains all type variables in ¥;, so there
is no loss of generality in our assumption. Similarly, it is no loss of generality to
assume that, for every 4, the domain of p; is X" +Y; + 7 — Z,.

We can easily extend ¢; to ¢} such that dom(:) = TV**+T" by defining ¢ () for
a, € T; arbitrarily; let ($** be the particular extension where we set 1 (a,) =
1i(0°). Thus, for every ¢;, 1 satisfes the type constraints I7¥P°. It satisfies the
constraints of I'°2'4 just because ¢; satisfies them.

Similarly, afer extending ¢; to ($**, we can extend p; to p$** with dom(p$**) =
XVar + Z 4+ Y; by setting p$%(2,,) = pi(ym) for every z,, € Z;. (Note that the
types of z,, and y,, match under (§** because the requisite type constraint is
satisfied.) Thus, (18, p**) will satisfy all the constraints of I, the union of
Fl_card7 Fitype’ and Fl_var.

Suppose we are extremely lucky and ¢§** and (" are all equal (to ¢, say),
and p$** and p?"t all agree on their common subdomain XV*" + Z. Then we can
amalgamate all the pf** into p with dom(p) = XV 4+ Z + Y, and we will have
(t,p) =i W;, I for every 4. This implies (¢, p) = ¥y, I0, ..., PN, 'y, where [ is
satisfiability in S. (The reason is that for every X;-formula v, (¢, p) = 9 holds if

22



and only if (¢, p) |=; ¥ does.) By Lemma 3, we will have that @, I" is S-satisfiable,
finishing the proof.
To get into the lucky situation defined above, we will
() modify the given (i;, p;) so that (' = (5 holds for every i, j
(1) assuming (T), modify the p; so that pf**(z) = p?"t (z) holds for every i, j and
every x € XV + 7

For the first part of the proof, we will use the flexibility of our theories, and
for the second, we will use Lemma, 5.

Proof of (f). Our assumption is that each (¢, p;) is separating and satisfies the
atomic formulas in Z;, and cardinality constraints 177274,

Call a € TV constrained or unconstrained, depending on whether I" contains
a constraint of the form a = n. If « is constrained, let n, be the number n from
its constraint; otherwise, set n, = .

Since I' C I'**4, we have |i;(a)|= n, for every constrained a. If a is uncon-
strained, we can use either up- or down-flexibility of 7; to modify ¢; into ¢, which
differs from ¢; only (possibly) at «, and for which ¢}(«) is countably infinite. Re-
peating this for every unconstrained « and every ¢, we can obtain environments
(¢}, pi) such that ¢;(«) is countably infinite for every ¢ and every unconstrained
a.

Let [ be a fixed (arbitrary) countably infinite set and let [, be a fixed set of
finite cardinality . Let :Y*" be the type environment with domain TV*" defined
by " () = [, for all constrained «, t*"(a) = | for all unconstrained a. By
Corollary 1, we can modify the environments (¢}, p}) so that they all agree with
Lvar on TVaI"

Without loss of generality we can now assume that the initial models (i;, p;)
already agree with *'. Guided by the type structure, we will make the mod-
els agree on progressively larger subsets of the pairwise intersections of their
domains.

For o,7 € T, let ¢ < T mean that o occurs as a subexpression in 7. The
relation < is a well-founded ordering.

For every o € T, define A, = [o] :**'. By induction, if |lo]|= n is finite, then
A, has n elements. (See Section A.8.)

Let us say that the family of environments E = {(;, p;)} with dom(s;) =
TVva 4+ T" is SETTLED ON 7 € T if, for every i:

— {1, p;) is a separating model for =;, ['Fard
- Li(ar) = AT

We prove that there exists E that is settled on every 7 € T. Arguing by
induction, suppose T™ is a maximal subset of T" such that

— T contains TV
— T* is downward closed (in the sense of the relation < on T')
— there exists a family F that is settled on every o € T* — TV"
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To start the argument, we need to prove that T with these properties exists.
Indeed, T* = TV is such, since being settled on TV*" means agreement of all ¢;
with ¢V, which we proved we can assume upfront.

Now, if T* = T, we are done. Assuming the less fortunate alternative, there
exists 7 such that T™* contains every o € T such that ¢ < 7. We will modify FE
and obtain a family E’ that is settled on T* U {7}.

For definiteness, assume 7 € T;. We claim that [7°]¢; = A;.

Proof of Claim. Induction on structure of 7: if 7 = F(71,...,7y), then 7° =
F(r,...,7},) where 7] = 72 if 7, € T}, and 7/ = «,, otherwise. In both cases,

we have [7/] t; = A./. In the first case, this holds by induction hypothesis of this
claim, and in the second case by induction hypothesis of the enclosing proof,
since 7/ < 7. O

We have two cases to consider.

Case 1: [7]¥ is infinite. Depending on how the cardinality of ¢;(a, ) compares
with the cardinality of A,, we can use up- or down-flexibility of 7; to modify ¢;
into ¢} so that |} (., )|=|A-| and ¢;(3) = ¢;(8) for all 8 # a. Then, by Corollary 1,
we may further modify it into ¢} so that ¢/(a,) = A,. The new environment
(i, p!) will be a separating model for =;, I'**¢ by definitions.

Case 2. [7]F is finite. By Lemma 9, for every i # j, the set I'F®"d contains
the constraint a, =|/7||f’. Thus, the sets ¢;(c;) all have the same cardinality
| 7]|F'. As in Case 1, by Corollary 1, we may then assume that ;(a,;) = A, for
all 4, as required.

This finishes the proof of (}).

Proof of (). We can start now with a family of environments E = {(t, p;)} with
dom(r) = TV +T" and dom(p;) = X" +Y; + Z — Z;, such that «(a) = A, holds
for every o € TV and ¢(a;) = A; holds for every 7 € T — TV, As we saw in
the proof above, these properties imply that (i;, p;) satisfies the constraints of
Fl_card and Fitype.

Preparing for another type-directed series of modifications, define that such
a family F is SETTLED ON 7 € T when the following holds:

— (¢, p;) is a separating model for =;
— if 7 € T}, then p;(2m) = p;(ym) holds for every z,, € Z7 and every i # j
— if 7 € TV, then p;(2) = p;(%), for every variable z € Z7

Here Z% if @ € TV, is the set of variables of type «; and for o ¢ TV Z7 is
the set of variables of type a. in Z.

All we need to show is that there exists a family E that is settled on every
7 € T. Arguing by induction again, suppose T™* is a maximal subset of T such
that:

— T™* is downward closed
— there exists a family F that is settled on every o € T
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If T* =T, we are done. Otherwise, there exists 7 such that T contains every
o such that o < 7. We will modify E and obtain a family E’ that is settled on
T* U {7}.

Suppose first 7 is a type variable and let us first rename it to a to avoid®
confusion. Each p; maps the variables in Z% to distinct elements of A, (recall
that Ja] ¢ = A,. Pick an arbitrary injection f: Z* — A, and modify each p;
into p; so that p}(z) = f(z) for every z € Z* We can do that by Lemma 5.
Moreover, Lemma 5 guarantees that p} will be equal to p; on variables of any
type which does not depend on «a. The types of variables in the domain of p; are
from the set TV + 1" + Ty, where TY = {0° | 0 € T;}. The only types in this
set that may depend on « are of the form ¢°, where @ < ¢. Such ¢ cannot be
in T*, so we can conclude that the family {(¢, p})} is settled not only on «, but
also on every type of T*.

Suppose now 7 is not a type variable, and for definiteness let 7 € T}. Now
we will not modify p;. For ¢ # j, we will modify p; on Z7 and obtain a new
pi such that pf(zm) = pj(ym) for every z, € Z7. Since (1, p;) is a separating
model, it maps all variables in Z” to distinct elements of A,. Similarly, p; maps
all variables in Y7, the set of variables of type 7° in Y to distinct elements of A..
(Recall that A; = [7]¢ = [ar] ¢ = [7°] ¢) By Lemma 5, we can indeed obtain
p; as desired. When done for every i # j, these changes will make E' = {(, )}
settled on 7.

We need also to check also that E’ remains settled on every o € T*. By
Lemma 5, it suffices to see that the types of variables that occur in the condition
for being settled on ¢ for o € T* do not contain a.;. Since the type of the zs is a
type variable distinct from «. (it is o, or o itself, depending on whether o € TV?*
or not), the only concern are the varibles y,, in the condition p;(zm) = p;(Ym)-
The type of y,, is ¢° and it contains «, only if 7 occurs as a subexpression in
o. However, ¢ is not a subterm of 7 since T* is downward closed and 7 ¢ T*.

This finishes the proof of () and with it the proof of Theorem 1
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