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Signed formula

• Signed formula: an expression Ab, where A is a formula and b a boolean value

• A signed formula Ab is satisfied by an interpretation I, written I |= Ab, if
I(A) = b; it is falsified otherwise

• If I |= Ab, we also say that I is a model of Ab

• A signed formula is satisfiable if it has a model

Note:
1. For every formula A and interpretation I exactly one of the signed formulas
A1 and A0 is satisfied by I

2. A formula A is satisfiable i� A1 is satisfiable
3. A formula A is falsifiable i� A0 is satisfiable

4 / 17



Signed formula

• Signed formula: an expression Ab, where A is a formula and b a boolean value

• A signed formula Ab is satisfied by an interpretation I, written I |= Ab, if
I(A) = b; it is falsified otherwise

• If I |= Ab, we also say that I is a model of Ab

• A signed formula is satisfiable if it has a model

Note:
1. For every formula A and interpretation I exactly one of the signed formulas
A1 and A0 is satisfied by I

2. A formula A is satisfiable i� A1 is satisfiable
3. A formula A is falsifiable i� A0 is satisfiable

4 / 17



Signed formula

• Signed formula: an expression Ab, where A is a formula and b a boolean value

• A signed formula Ab is satisfied by an interpretation I, written I |= Ab, if
I(A) = b; it is falsified otherwise

• If I |= Ab, we also say that I is a model of Ab

• A signed formula is satisfiable if it has a model

Note:
1. For every formula A and interpretation I exactly one of the signed formulas
A1 and A0 is satisfied by I

2. A formula A is satisfiable i� A1 is satisfiable
3. A formula A is falsifiable i� A0 is satisfiable

4 / 17



Signed formula

• Signed formula: an expression Ab, where A is a formula and b a boolean value

• A signed formula Ab is satisfied by an interpretation I, written I |= Ab, if
I(A) = b; it is falsified otherwise

• If I |= Ab, we also say that I is a model of Ab

• A signed formula is satisfiable if it has a model

Note:
1. For every formula A and interpretation I exactly one of the signed formulas
A1 and A0 is satisfied by I

2. A formula A is satisfiable i� A1 is satisfiable
3. A formula A is falsifiable i� A0 is satisfiable

4 / 17



Signed formula

• Signed formula: an expression Ab, where A is a formula and b a boolean value

• A signed formula Ab is satisfied by an interpretation I, written I |= Ab, if
I(A) = b; it is falsified otherwise

• If I |= Ab, we also say that I is a model of Ab

• A signed formula is satisfiable if it has a model

Note:
1. For every formula A and interpretation I exactly one of the signed formulas
A1 and A0 is satisfied by I

2. A formula A is satisfiable i� A1 is satisfiable
3. A formula A is falsifiable i� A0 is satisfiable

4 / 17



Signed formula

• Signed formula: an expression Ab, where A is a formula and b a boolean value

• A signed formula Ab is satisfied by an interpretation I, written I |= Ab, if
I(A) = b; it is falsified otherwise

• If I |= Ab, we also say that I is a model of Ab

• A signed formula is satisfiable if it has a model

Note:
1. For every formula A and interpretation I exactly one of the signed formulas
A1 and A0 is satisfied by I

2. A formula A is satisfiable i� A1 is satisfiable
3. A formula A is falsifiable i� A0 is satisfiable

4 / 17



How to find amodel of a signed formula?
Example: A ∧ B

B B
∧ 0 1

A 0 0 0
A 1 0 1

(A ∧ B)1 — We canmake A ∧ B true i� wemake A true (A1) and B true (B1)
(A ∧ B)0 — We canmake A ∧ B false i� wemake A false (A0) or B false (B0)

Example: A→ B
B B

→ 0 1
A 0 1 1
A 1 0 1

(A→ B)1 — We canmake A→ B true i� wemake A false (A0) or B true (B1)
(A→ B)0 — We canmake A→ B false i� wemake A true (A1) and B false (B0)
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Tableau

The search for a model of a formula can be expressed by an AND-OR tree

Tableau: a tree having signed formulas at nodes (plural: tableaux)

A tableau for a signed formula Ab has Ab as a root

Alternatively, we can regard a tableau as a collection of branches; each branch is a
set of signed formulas

Notation for branches: Ab11 | · · · | Abnn

6 / 17



Tableau

The search for a model of a formula can be expressed by an AND-OR tree

Tableau: a tree having signed formulas at nodes (plural: tableaux)

A tableau for a signed formula Ab has Ab as a root

Alternatively, we can regard a tableau as a collection of branches; each branch is a
set of signed formulas

Notation for branches: Ab11 | · · · | Abnn

6 / 17



Tableau

The search for a model of a formula can be expressed by an AND-OR tree

Tableau: a tree having signed formulas at nodes (plural: tableaux)

A tableau for a signed formula Ab has Ab as a root

Alternatively, we can regard a tableau as a collection of branches; each branch is a
set of signed formulas

Notation for branches: Ab11 | · · · | Abnn

6 / 17



Tableau

The search for a model of a formula can be expressed by an AND-OR tree

Tableau: a tree having signed formulas at nodes (plural: tableaux)

A tableau for a signed formula Ab has Ab as a root

Alternatively, we can regard a tableau as a collection of branches; each branch is a
set of signed formulas

Notation for branches: Ab11 | · · · | Abnn

6 / 17



Tableau

The search for a model of a formula can be expressed by an AND-OR tree

Tableau: a tree having signed formulas at nodes (plural: tableaux)

A tableau for a signed formula Ab has Ab as a root

Alternatively, we can regard a tableau as a collection of branches; each branch is a
set of signed formulas

Notation for branches: Ab11 | · · · | Abnn

6 / 17



Constructing a semantic tableau

(¬(q ∨ p→ p ∨ q))1

(q ∨ p→ p ∨ q)0

(q ∨ p)1
(p ∨ q)0

p0
q0

q1 p1

closed closed

Rules to grow a tree branch:

(A1 ∨ A2)0  A01 , A02
(A1 ∨ A2)1  A11 | A12

(A1 → A2)0  A11, A02

(¬A1)1  A01
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Branch expansion rules

(A1 ∧ · · · ∧ An)0  A01 | · · · | A0n
(A1 ∧ · · · ∧ An)1  A11, . . . , A1n

(A1 ∨ · · · ∨ An)0  A01 , . . . , A0n
(A1 ∨ · · · ∨ An)1  A11 | · · · | A1n

(A1 → A2)0  A11, A02
(A1 → A2)1  A01 | A12

(¬A)0  A1
(¬A)1  A0

(A1 ↔ A2)0  A01 , A12 | A11, A02
(A1 ↔ A2)1  A01 , A02 | A11, A12
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Open and closed branches

A branch is closed in any of the following cases:
• it contains both p0 and p1 for some atom p
• it contains>0

• it contains⊥1

It is open otherwise.

A tableau is closed if all of its branches are closed

Note: The formulas on a closed branch are jointly unsatisfiable

A branch is complete (or saturated) if it cannot be expanded further without adding
a formula already in it

Note: From the signed atoms of an complete open branch it is possible to
construct a model of the root formula
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Example 2
(¬((p → q) ∧ (p ∧ q → r) → (¬p → r)))1

((p → q) ∧ (p ∧ q → r) → (¬p → r))0

((p → q) ∧ (p ∧ q → r))1
(¬p → r)0

(p → q)1
(p ∧ q → r)1

(¬p)1
r0

p0 q1

p0

(p ∧ q)0 r1

p0 q0

(A1 ∧ A2)0  A01 | A02
(A1 ∧ A2)1  A11, A12

(A1 → A2)0  A11, A02
(A1 → A2)1  A01 | A12

(¬A1)1  A01

The le�most branch is complete
(nothing new can be added)
but still open
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Finding Models Using Tableaux
(¬((p → q) ∧ (p ∧ q → r) → (¬p → r)))1

((p → q) ∧ (p ∧ q → r) → (¬p → r))0

((p → q) ∧ (p ∧ q → r))1
(¬p → r)0

(p → q)1
(p ∧ q → r)1

(¬p)1
r0

p0 q1

p0

(p ∧ q)0 r1

p0 q0

Build a complete branch

Select the signed atoms on it

They give us a (possibly partial)
model of the root formula:

{ r 7→ 0, p 7→ 0, q 7→ · · · }
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Soundness and completeness of tableaux

Theorem 1 (Soundness and completeness)
A formula A is valid i� there is a closed tableau for A0 (i� every tableau for A0 is
closed)

Corollary 2
1. A formula A is satisfiable i� there is a tableau for A1 with a complete open
branch (i� every tableau for A1 contains a complete open branch)

2. Formulas A and B are equivalent i� there is a closed tableau for (A↔ B)0
(i� every tableau for (A↔ B)0 is closed)

Note: A fully expanded tableau for A1 gives us all models of A
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Tableaux as derivation systems

Main idea:

1. Represent a tableau as the set of its branches

2. Represent a branch as the set of the signed formulas on it

3. Turn the tableaux expansion rules into derivation rules

4. Add rules to remove closed branches

5. To check a signed formula Ab start with the tableau {{Ab}}
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Tableau expansion rules — ¬

p atom B a branch (set of signed formulas)
Ai formula T a tableaux (set of branches)

{{(¬A)0} ∪ B} ∪ T

{{A1} ∪ B} ∪ T
¬0

{{(¬A)0} ∪ B} ∪ T

{{A1} ∪ B} ∪ T
¬1

(¬A)0,B | T
A1,B | T

¬0

(¬A)1,B | T
A0,B | T

¬1
shorthand
notation
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Tableau expansion rules — ∧ and∨

p atom B a branch (set of signed formulas)
Ai formula T a tableaux (set of branches)

(A1 ∧ · · · ∧ An)0,B | T
A01 ,B | · · · | A0n,B | T

∧0

(A1 ∧ · · · ∧ An)1,B | T
A11, . . . , A

1
n,B | T

∧1

(A1 ∨ · · · ∨ An)0,B | T
A01 , . . . , A

0
n,B | T

∨0

(A1 ∨ · · · ∨ An)1,B | T
A11,B | · · · | A1n,B | T

∨1
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Tableau expansion rules —→ and↔

p atom B a branch (set of signed formulas)
Ai formula T a tableaux (set of branches)

(A1 → A2)0,B | T
A11, A

0
2,B | T

→0

(A1 → A2)1,B | T
A01 ,B | A12,B | T

→1

(A1 ↔ A2)0,B | T
A01 , A

1
2,B | A11, A02,B | T

↔0

(A1 ↔ A2)1,B | T
A01 , A

0
2,B | A11, A12,B | T

↔1
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Tableau closure rules

p atom B a branch (set of signed formulas)
Ai formula T a tableaux (set of branches)

p0, p1,B | T
T

ATOM
⊥1,B | T

T
⊥

>0,B | T
T

>

Note: A tableau is closed i� it is the empty set
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