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Week 1

Wednesday, January 20, 2016

Course Outline

e This course covers the basics of mathematical analysis at a rigorous level.
e The basic results of this are heavily used in statistics research.

e Methods of careful reasoning and proof are also essential to statistics
research.

e Readings will be assigned for each class; you should read these before
class.

e In class we will discuss the material in the readings, review key points,
and work problems.
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Basic Set Theory

e Basic set operations

— unions, intersections

— set difference, symmetric difference, complements
— complement notation: E°¢

— commutative, distributive properties,

— De Morgan’s laws
e Functions and mappings

— domain and range
— image and inverse image (or preimage)

— basic properties, like
a (UA“) ~Ur (4o
(04 (04

e Equivalence relations

— reflexivity, symmetry, transitivity

— equivalence classes
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Basic Properties of Real Numbers

e The real numbers R are an ordered set.
e The real numbers R form a field.
e The real numbers R have the upper bound property:

— For any set E C R that is not empty and bounded above there exists
anumber o € R such that:

(1) a is an upper bound on E.
(i1) if ¥ < o then 7 is not an upper bound on E.

o 1s the unique number with these properties.

— « is the least upper bound of E, or the supremum of E,
o =supk.

— A non-empty set F' bounded below has a greatest lower bound, or
infimum, 3, denoted
B = infF.

e The rational numbers Q are a dense subset of the reals:

— For and real numbers a < b there exists a rational number g such
thata < g < b.

e The extended real numbers are
R = RU {+oc0, —co}.
Conventions:

(a) If x € R then

X+ oo =00 X —00 = —o0

(b) If x > 0, then x - (4-00) = oo and x - (—o0) = —oo.
(c) If x <0, then x - (4-00) = —oo and x - (—o0) = 0.

Sometimes it is also useful to define 0 - (d-e0) = 0.
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Finite, Countable, and Uncountable Sets

e Two sets A and B are equivalent if there exists a one-to-one mapping
from A onto B.

e Equivalence of sets is an equivalence relation.

e Two finite sets are equivalent if and only if they have the same number
of elements.

e A setis countably infinite if it is equivalent to the set of positive integers.

e Rudin uses countable to mean countably infinite, and at most countable
to mean finite or countably infinite.

e An infinite set that is not countable is said to me uncountable.
e Every subset of a countably infinite set is at most countable.

e If A is at most countable and for every a € A the set B, 1s at most count-
able, then the union
U Ba

aEA

is at most countable.
e The set Q of rational numbers is countably infinite.

e The set of all sequences whose elements are the digits O and 1 is not
countable.

e This can be used to show that the set of real numbers is not countable.

e Let F be a CDF and let D be the set of discontinuities of F'. Then D is at
most countable.
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Friday, January 22, 2016

Metric Spaces

Basic Definitions

e One way to express ideas of approximation and convergence is to use a
distance or metric

e Distance between two points x and y in the plane or in space is define as

dx,y) = || Y= i)
=1

for the plane n = 2; for 3-dimensional space n = 3.
e The definition makes sense for any finite n.
e The key properties:

1. Non-negativity: d(x,y) is non-negative for all x, y;

2. Definiteness: d(x,y) = 0 if and only if x = y;

3. Symmetry: d(x,y) = d(y,x) for all x,y;

4. Triangle inequality: d(x,z) < d(x,y)+d(y,z) for all x,y,z.

e A function with these properties is a metric, or distance.
e A metric space is a pair (X,d) with X a set and d a metric on X.

e If (X,d) is a metric space and ¥ C X then (Y,d) is also a metric space,
sometimes called a sub-space.
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Examples

e X =Randd(x,y) =|x—y|

0 ifx=y
d(x,y){ .

e X is any set, and

1 ifx#y.

This is sometimes called the discrete metric.

e X =R"and d(x,y) = /¥ (xi —
o X = R”andd( ) Yo | — ) .
e These last two are of the form d(x,y) = |[x — y|| where ||x|| is a norm.

e Other norms on R":

—Hﬂw=02@d&—wwﬁwsz
— ||x|eo = max; |x;].

e X is the set of all continuous functions on [0, 1], and

el = max [x(0)].

This metric space is sometimes denoted Cig ;.

e If d(x,y) is a metric then

d(x,y)
dar(x,y) = T+ d(xy)

d3(x,y) = min(d(x,y),1)
are also metrics. They are bounded, which can be useful.
e Let X,Y be two random variables. Then
d(X,Y)=E[min(|X —Y|,1)]
is a metric on (equivalence classes of) random variables.

— This is called the Ky Fan metric.

— Convergence in this metric is convergence in probability.
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Metric Space Topology

Basic Definitions

A neighborhood of a point xg, or an open ball or open sphere centered at
a point x is the set

Ny (x0) = {x: d(x0,x) < r};
r 1s the radius of the neighborhood/ball/sphere.

A point x is a limit point of a set A if every neighborhood of x contains a
point in y € A with y # x.

Equivalently: x is a limit point of A if every neighborhood of x contains
infinitely many points from A.

A point x is a contact point of a set A if every neighborhood of x contains
at least one point from A.

If x € A is not a limit point of A then it is an isolated point.

A point x is an interior point of A if it has a neighborhood N with N C A.
A set A 1s open if every element of A is an interior point of A.

A set is closed if it contains all its limit points.

A set is perfect if it is closed and every point is a limit point, i.e. is has
no isolated points.

The interior of a set A, denoted A°, is the set of all interior points of A.
The closure of a set A, denoted A, is the union of A and its limit points.
A set A is dense in X if X = A.

If A CY C X then A is an open subset relative to Y if for every x € A has
a neighborhood N with NNY C A.
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Examples

The interval (0, 1) is an open subset of R.
The interval [0, 1] is a perfect subset of R.
The interior of [0, 1] is (0, 1).

The set A = {1/n:n=1,2,...} has one limit point, x =0 ¢ A. All
elements of A are isolated points.

For any metric space (X,d) the set X and the empty set @ are both open
and closed.

The rationals (Q are a dense subset of the reals RR.

Let X = R?, let

Y ={(a,b) e X :a=0b}
A={(a,b)eX:a=b,0<a<1}.

Then A is not open as a subset of X but is open as a subset of Y.



Week 2

Monday, January 25, 2016

Metric Space Topology

Basic Results

e A setis open if and only if its complement is closed.
e A setis closed if and only if its complement is open.
e For any collection {A4} of open sets the union | J, A is open.

e For any finite collection Ay,...,A, of open sets the intersection (/_; A;
is open.

e Analogous results hold for closed sets with union/intersection switched.

e A is the intersection of all closed sets containing A; it is the smalles closed
set containing A.

e A° is the union of all open subsets of A; it is the largest open subset of A.
e The closure A of as set A is the set of all contact points of A.
e The set A’ of limit points of A is closed.

e A and A have the same limit points.

[R Thm 2.23]
[R Thm 2.23
Cor.]

[R Thm 2.24]

[R Thm 2.24]

[R Thm 2.27]

[R Prob 2.9]

[KF §9.1]

[R Prob 2.6]

[R Prob 2.6]
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e Suppose Aj,A,,... are subsets of a metric space. [R Prob 2.7]

- Ian = U?:IAI' then En = ;l:lzl'.
- If B=J A, then B> U‘;OZIZZ

10
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Some General Topology

Basic Definitions

e A topology T on a set X is a collection of subsets of X, called open sets,
such that

-Xetand e T,
— For any collection {A} of sets in T the union (J, A is also in 7.

— For any finite collection Ay, ..., A, of sets in T the intersection ()| A;
is also in 7.

e Complements of open sets are called closed sets.

e A neighborhood of a point x € X is any open set A € T with x € A.
e The definitions of contact point and limit points carry over.

e The definitions of closure and interior also carry over.

e A collection {V,} of open sets is a base for a topology if every open set
is a union of a subcollection of {V}

11
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Examples

e The open sets in a metric space (X,d) are a topology on X.
e The smallest topology on a set X is {X,0}.

e The largest topology on X is the collection of all subsets of X. This
corresponds to the discrete metric.

e Pointwise convergence of functions f : R — R can be expressed as con-
vergence in a topology, but not using a metric.

e In a metric space the collection of open balls is a base for the topology.

12
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Properties and Specializations

e General topology is often too general to capture what we need.
e Some additional properties of metric spaces need to be brought over.
e The most important are axioms of separation:

1. A topology satisfies the first axiom of separation (is a T1 topology)
if for any x € X and y € X with x # y there exist neighborhoods A,
of x and A, of y such thatx €Ay and y Z A,.

2. A topology satisfies the second axiom of separation (is a T, topol-
ogy, or a Hausdorff topology) if forany x € X and y € X withx # y
there exist neighborhoods A, of x and A, of y such that A, and A, are
disjoint.

3. A Tj space is normal if for every pair of disjoint closed sets By and

B> there exist disjoint open sets A; and A, such that By C A and
B, C A,.

e In a 77 topology every single point set is closed.

e Every normal space is Hausdorff.

e Every metric topology is normal.

e A topological space is separable if it contains a countable dense subset.

e A topological space with a countable base is said to satisfy the second
axiom of countability.

— A collection of open sets 4 in a topology 7 is a base for 7 if every
open set in 7 is the union of sets in 4.

e A topological space with a countable neighborhood base at every point
1s said to satisty the first axiom of countability.

— A collection of open neighborhoods & of a point x is a neighbor-
hood base at x if for every open set G containing x there is a set
A€ Hsuchthat A C G.

13

[KF §9.5]

[KF §9 p. 86]

[KF §9 Thm 9]

[KF §9 p. 82]

[KF §9 p. 83]
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Wednesday, January 27, 2016

Compactness

Basic Definitions

e Compactness is a key for establishing existence of maxima and minima.

e An open cover of a set K is a collection {Gy} of open sets such that
K CUyGa-

e A set K is compact if and only if every open cover contains a finite sub-
cover.

e These definitions work for metric spaces as well as topological spaces.

e [f the entire space X is compact it is called a compactum.

14
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Properties

Closed subsets of compact sets are compact.
Compact subsets of metric spaces are closed.

If the sets {Ky } are compact and the intersection of every finite subcol-
lection is non-empty, then (), K¢ is non-empty.

Corollary: If {K,} are compact, nonempty, and satisfy K,, C K,,; for all
n, then _ K, is non-empty.

Every infinite subset of a compact set K has a limit point in K.

Heine-Borel Theorem: A subset of R" is compact if and only if it is
closed and bounded.

Weierstrass Theorem: Every bounded infinite set in R” has a limit point
in R™.

Every separable metric space has a countable base.

If every infinite subset of a metric space has a limit point then the metric
space is separable.

A subset K of a metric space is compact if and only if every infinite
subset of K has a limit point in K.

15

[R Thm 2.36]

[Cor to R Thm
2.35]

[R Thm 2.37]

[R Thm 2.41]

[R Thm 2.42]

[R Prob 2.23]

[KF§11 Cor 1]

[KF §11 Cor 2

+ R Thm 2.37,
R Prob 2.26]
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Compact subsets of metric spaces are closed: Some Details

e Strategy: Show that the complement is open.

e Letx be apoint in K°.

Foreachy € K let

By =

A, {z 1d(y,z) < %d(x,y)}
{

z:d(x,z) < %d(x,y)}.

e Then

— For each y the sets Ay and By are disjoint, so By C Aj.

— {A, 1y € K} is an open cover of K.

e Since K is compact there is a finite subcover A, ,... A, .
e The intersection of the corresponding sets By, ..., By, satisfies
n n n ¢
By, c (A4S, = U4y, | ck,
i=1 i=1 i=1
and

- 1
ﬂByi = {z:d(x,z) < min Ed(x,yl.)}
i=1 i

1s an open neighborhood of x.
e So x is an interior point of K°.

e This is true for any x € K, so K¢ is open and K is closed.

16
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Relative Compactness

e A subset of a topological space is relatively compact, or precompact if
its closure is compact.

e Let (X,d) be a metric space. A set B C X is said to be an €-net for a set
A C X and a value € > 0 if for every x € A there exists a y € B such that
d(x,y) < €.

e A set A C X is said to be rotally bounded if there exists a finite €-net Bg
for A and every € > 0.

e If A is totally bounded and B C A then B is also totally bounded.
e Every precompact subset of a metric space is totally bounded.

e This will help develop a characterization of the compact subsets of the
set Co,1) of continuous functions on [0, 1] with she distance

d(x,y) = max |x(r) — y(r)].

17

[KF §10 Def 4]

[KF §11 Def 1]

[KF §11 Def 2]

[KF §11 Thm
2]
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Connected Sets

e Two sets A and B are separated if ANB =0 and ANB = 0. [R Def 3.45]

e A setis connected if it is not the union of two non-empty separated sets.

Separated sets are disjoint. [R Rem 3.46]

Disjoint sets need not be separated.

Examples on the real line:

— A=(0,1) and B = (1,2) are separated.
— A=(0,1) and B = [1,2) are not separated.

On the real line a set is connected if and only if it is an interval.

18
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Vector Spaces and Norms
Basic Definitions
[KF §22]

e A vector space, or linear space, is a set together with a scalar field and

— a vector addition operation

— a scalar multiplication operation
Every vector space includes a zero vector.

e The most commonly used scalars fields are the real numbers or the com-
plex numbers.

e A norm, or length, is a real-valued function ||x|| defined on a vector space
L such that

1. ||x|| > 0 for all x € L, and ||x|| = 0 if and only if x = 0.
2. ||ax|| = |al||x|| for all vectors x and scalars .

3. [yl < llxll + [ly| for all x,y € L.
e A vector space with a norm is called a normed space.

e A normed space becomes a metric space by defining

d(x,y) =[x =yl.

19
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Examples

e Some vector spaces:
- R".
— The set of polynomials of degree at most n.
— The set of polynomials of any (finite) degree.

— The set of continuous functions on a particular interval.
e Some norms:
— ||x|| = /X x? for x € R™.

— ||x|| = max; |x;| for x € R".

— []x|| = max; |x(¢)| for x € Cj ).

— ||x|| = 1/ Jiy x(2)2dt for x € Clo.1].

20
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Friday, January 29, 2016

Distances for Probabilities

e The rotal variation distance between probabilities P and Q is

drv(P,Q) = sup |P(A) —Q(A)].

e If P and Q have densities p and p, then
arv(P.0) = [ Ip(x) — gx)lax

e The Hellinger distance between two probability densities p and ¢ is de-

fined as
du(p,q) = \/%/ <\/p(x) — \/q(x))zdx.

e Suppose (M,d) is a metric space and P and Q are probabilities on M. For
p > 1 the p-th Wasserstein metric is

dvp(P.0) =int {] [ Elacx,v)

where the infimum is taken over all joint distributions of M-valued ran-
dom variables X and Y with marginal distributions X ~ P and Y ~ Q.

e The Lévy distance between two CDFs F and G is

dr(F,G)=inf{e >0: F(x—¢) —e€ < G(x) < F(x+¢€)+¢ forall x € R}.

21
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The Levy Distance: Some Details

e Symmetry: Fix € > 0.

— Ifforallx e R

then, taking y = x — &,

F(y)<G(y+e)+e
and, taking y =x+¢€,

Gy—€)—e<F(y)

for all y.
— Sodi(F,G) and d (G, F) are infima over the same sets and are iden-
tical.

e Definiteness: By right continuity d(F,G) = 0 implies G(x) < F(x) for
all x, and d(G,F) = 0 implies F(x) < G(x) for all x. So d;(F,G) =0

implies G(x) = F(x) for all x.
e Triangle inequality:
— Suppose €, > di(F,H) and & > di(H,G).
— Then for all x
Fx—g—&)—g—<Hx—8&)—& <Gx)

and
Gx)<H(x+&)+& <F(x+e&+8&)+e+e.
— Sody(F,G) < € +&.

— Taking the infimum over all & > d;(F,H) and & > di(H,G) then
gives
dL(F, G) < dL(F,H) —I—dL(H, G)

22



STAT:5120 (22S:190), Spring 2016 Tierney

Convergence of Sequences

Basic Definitions

® A sequence x, in X is a function defined on the set ¢ of positive integers
with values in X.

e The range of the sequence is the image of this function, the set of values.
e Convergence of numeric sequences:
— A sequence of numbers x,, converges to a number x if for every € >0
there exists an integer N, such that |x, — x| < € for all n > Ng.
— A sequence of numbers x, converges to a number x if for any € > 0
all but finitely many elements of the sequence satisfy |x, —x| < €.
e Convergence of sequences in a metric space:
— A sequence of points x; in a metric space converges to a point x if
d(xy,x) converges to zero.

— A sequence of points in a metric space x, converges to a point x if
for every € > 0 there exists an integer N, such that d(x,,x) < € for
all n > Ng.

— A sequence of points X, in a metric space converges to a point x if ev-
ery open neighborhood of x contains all but finitely many elements
of the sequence.

e Notations:

Xy — X
X, —>Xasn— o

lim x,, = x
n—oo

e A sequence of points x, in a metric space converges, or is convergent, if
there exists a point x in the metric space such that x, — x.

e A sequence that does not converge is said to diverge, or to be divergent.

23

[R Thm 3.3 a]
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Examples

e Let X = [0,o0) with the usual metric, and x, = 1 /n. Then x, — 0.

e Let X = (0,00) with the usual metric, and x, = 1/n. Then x, does not
converge.

o Let X = R? with the usual metric, and x, = (14 1/n,2 —1/n). Then
xn — (1,2).

e X =R, let f(x) be the logistic CDF

0 if x = —o0
f(xX) =141 +1€,x for finite x
if x = +oo,
and let
d(x,y) = [f(x) = f()]-
Then

— d 1s a metric on X;
- x,=1/n—0;

—Xn:n—>°°.

e The metric space (X,d) is compact; this is sometimes called the rwo-
point compactification of the reals.

24
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Basic Properties
Suppose (X,d) is a metric space.

o If x, > xand x, — x' then x = x/ [R Thm 3.3 b]

— Suppose x # x'.

— Then there exist open neighborhoods G, of x and G,/ of x’ with
G:NGy =0.

— Since x, — x all but finitely many elements of the sequence are in
Gy.

— So at most finitely many elements of the sequence can be in G/, and
X, cannot converge to x.

— This result is true in any Hausdorff space.

e A point x is a contact point of a set A if and only if there exists a sequence g6 hm2)
Xy, of points in A such that x,, — x.

e A point x is a limit point of a set A if and only if there exists a sequence rs6mhm2
Xy, of distinct points in A such that x,, — x.

25
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More Results

e Suppose x, — x and y, — y. Then d(x;,y,) — d(x,y).
— From the triangle inequality: For all x,y,u,z € X
‘d(X,Z) _ d(uvy) ‘ < d(x7y) + d(Z7 l/t).

- So
|d (X, yn) —d(x,y)| < d(xp,x) +d(yn,y).

e In a normed space, if x, — x and y, — y then x, +y, — x+y:

| (en +yn) = (x+2) | = [|(xn — ) + (yu =)
< e = x[| + [[yn = ll-

e Analogous results hold for scalar multiplication.

e Analogous results hold for basic real or complex arithmetic operations.

e Let X = R¥ with d the Euclidean distance. Then
Xp= (a1 p,...,0n) = x=(ai,...,a)
if and only if a; , — a; for all i

— Suppose a; , — a; for all i. Then

k
d(x,x)? = Z(ai,n —a;)? =0,
i=1
so d(x,,x) — 0 and x,, — x.

— Suppose x, — 0. Then d(x,,x) — 0 and for each i

|ain — ai] < d(xn,x).

26

[KF Prob 6.3]

[R Thm 3.4]
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Distance to a Set

Let (X,d) be a metric space, x € X a point, and A C X a subset. The distance xrewobe.10
between A and x is defined as

d(A,x) = infd(a,x).

acA

e d(A,x) =0if and only if x € A.
e For x,y € X the distance to A satifies

|d(A,x) —d(A,y)] < d(x,y).
e Asaresult, if x, — x then d(A,x,) — d(A,x).

The distance between two sets A and B can be defined as [KF Prob 6.10]

d(A,B) = infd(a,b).
acA
beB

If ANB # 0 then d(A,B) = 0, but the converse is not true.

27
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Details for |d(A,x) —d(A,y)| < d(x,y)
e By the triangle inequality, for any a € A

d(a,x) <d(x,y)+d(a,y).

e Therefore
d(A,x) = gnf‘d(b,x) <d(a,y)+d(x,y)
S
for all a € A.
e Sod(A,x)—d(x,y) is a lower bound for the set {d(a,y):a € A}

e Therefore d(A,x) —d(x,y) is less than or equal to the greatest lower
bound,

d(A,y) —d(x,y) < ingd(a,y) =d(A,y).
ae
e Sod(A,x) <d(A,y)+d(x,y), or

d(A,x)—d(A,y) <d(x,y).

e Reversing the roles of x and y,

d(A,y) —d(A,x) <d(y,x) =d(x,y).

e So
‘d(Arx) _d(Aay)| < d(xay)'

28



Week 3

Monday, February 1, 2016

Subsequences

e Given a sequence x, and a sequence of positive integers n; with n; <
ny <n3 < ... the sequence y, = x, is a subsequence of x;,.

e In a metric space x, converses to x if and only if every subsequence & afer per
3.5]
converges to x.

e In a metric space x, converges to x € X if and only if every subsequence
Xy, has a further subsequence x,, that converges to x.

29
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e If x, is a sequence in a compact metric space then some subsequence ®mmssa
converges to a point x € X.

— If the range of the sequence is finite, then at least one value x is
repeated infinitely often; use the subsequence where x, = x.
— If the range is infinite, then it has a limit point in X.

* Otherwise we could find for each x € X a set G, containing at
most one point in the range;

* {Gy:x € X} is an open cover of X;
* but it does not contain a finite subcover of the range;
* therefore it does not contain a finite subcover of X.

— Let x be such a limit point.

— Let ng = 0 and let
ny = min{i > Ng—1 - d(xi,x) < 1/2"}.

— This is possible since x is a limit point of the range.
— Then d(x,,,x) < 1/2% — 0 and thus x,, — x.

e Every bounded sequence in R¥ has a convergent subsequence. [R Thim 3.6b]

e The set of all subsequential limits of a sequence is closed. [R Thm 3.7]

30
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The Set of Subsequential Limits is Closed: Some Details

e Let x be a limit point of the set of subsequential limits of x;,.

o Letny=0.
e Suppose ng, . ..,n,_1 have been chosen.
o Set § =1/2k1,

Since x is a limit point of the subsequential limits, there exists a point x’
that is a limit of some subsequence and satisfies d(x’,x) < 8.

Since x’ is a limit of some subsequence, there are infinitely many points
in the original sequence with distance to x less than 6 and indices larger
than n;_ .

Choose ny, as one of these indices, say the smallest.

Then d (%, x) < d (%, %) +d(x',x) <28 =1/2%.

So the subsequence x,, converges to x.
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Cauchy Sequences

Basic Definitions

e A sequence x, in a metric space (X,d) is a Cauchy sequence if for every
€ > 0 there 1s an integer N such that

d(xp,xm) < €
for all n,m > Ng.
e A metric space is complete if every Cauchy sequence converges.

e The diameter of a subset A of a metric space is defined as

diam(A) = sup{d(x,y) : x,y € A}

e The diameter can be finite or infinite.

e A set A 1s bounded if its diameter is finite.

Basic Properties

e Every convergent sequence in a metric space is a Cauchy sequence. [R Thm 3.1 a]
e Every Cauchy sequence in a compact metric space converges. [R Thm 3.1 b]
e R* with the Euclidean metric is complete. (R Thm 3.1 c]
e A sequence x, is a Cauchy sequence if and only if [R Def 3.9]

r}i_r&diam({xn,xnﬂ,xnﬂ, ...1)=0.

e For any subset A of a metric space [R Thm 3.10 a]

diam(A) = diam(A).
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Examples

e Let X = (0,%) with the usual metric, and x, = 1/n. Then x, does not
converge, so X is not complete.

e The diameter of [—1, 1] is diam([—1,1]) = 2.
e The diameter of (0,0) is diam((0,00)) = co.
e For a value p > 1 let X be the set of infinite sequences

X:{x:(al,az,...):aieR,Zai|p<00}.

i=1

X[l = v ) lail?
i=1

is a norm on this space. This space is called £, and is a complete metric
space.

This is a vector space, and

e A normed vector space that is complete is called a Banach space.
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Completeness of ¢,

e Showing completeness usually involves these steps:

1. Assume we have a Cauchy sequence x;,.
2. Figure out what the limit x would have to be.
3. Verify that x is in the metric space.

4. Show that x, converges to x.
e Steps 1, 2:

— Suppose x, = (a1 n,a2,...) is a Cauchy sequence in /,,.

— This means for each & there is an integer N such that ||x, — x,,|| < €
for all n,m > N.

— Since |aj, — aim| < ||xn — x| for each i, this means that for each i
the sequence q; , is a Cauchy sequence of real numbers.

— Since R is complete, this means that for each i there exists a real
number a; such that a; , — a;.

— So the limit would have to be x = (ay,az,...).
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e Steps 3, 4:

— For Step 3 we need to show that Y77 | |a;|? < eo.
— For Step 4 we need to show that ||x, —x|| — 0.
— Fix € > 0 and choose N such that ||x, —x,,|| < € for n,m > N.
— Then for any fixed positive integer M
M
Y |in —aiml? < ||xn— x| < €P.
i=1
Taking the limit as m — oo gives
M
Z |a,~7n —a,-|p < ep,
i=1
Since this holds for all finite M we also have
Z |Cli7n —ai|p S Sp.
i=1
This shows that ||x, — x|| < € < oo for some n and therefore

el < x| + [[2n — x[| < o,

so x € X, which is Step 3.

— This also shows that, given any € > 0, there exists an integer N such
that ||x, — x|| < € for all n > N, i.e. that x,, — x, which is Step 4.

35



STAT:5120 (22S:190), Spring 2016 Tierney

More Properties

A sequence of sets A, is said to be nested if

Al DAD ...A;, D ...

Suppose K, is a nested sequence of compact subsets of a metric space. If

lim diam(K,) =0

n—soo
then N>, K, consists of exactly one point.

Suppose A, is a nested sequence of closed subsets of a complete metric
space. If
lim diam(A,) =0

n—oo

then N>, A, consists of exactly one point.

A closed sphere of radius r centered at a point x in a metric space is a set
of the form

Se(x) ={y:d(x,y) <r}.

A metric space is complete if and only if every nested sequence of closed
spheres S;, (x,) with r, — 0 has a nonempty intersection, which will con-
sist of exactly one point.

A metric space is compact if and only if it is totally bounded and com-
plete.

A subset of a complete metric space is relatively compact if and only if
it is totally bounded.
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Co,1] is complete

e The metric space C j) 18 the set of continuous real-valued functions on  keg7ex4
[0, 1] with the norm

Il = sup |x(z)].
0<r<1

e Suppose x, is a Cauchy sequence in this space.

e Then for each ¢ € [0, 1] and any integers n,m
[ (1) = 2 (2) ] < [0 — Xim]-

e So the sequence of real numbers x;,(¢) is a Cauchy sequence and thus has
a limit x(z).

e Given € > 0 there is an integer N such that
e () — X ()| < |30 — x| < €
forallr € [0,1].
e Taking the limit as m — oo this gives
pen(2) —x(1)] < €
forallr € [0,1] and alln > N

e Therefore
[ —x[| = sup |xu(t) —x(t)] < €.
0<t<1

e Still need Step 3: The function x(¢) is continuous.
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e To show continuity atz € [0, 1] we need to show that for every € > 0 there
is a 6 > 0 such that
lx(s) —x(t)] < €

when [s —1| < 6.

e Since ||x, —x|| — 0 we can find an integer N such that ||xy —x|| < €/3,
and therefore

en () — x(u)| < &/3
for all u € [0,1].

e Since xy is continuous at 7, there exists a & > 0 such that
v (s) —xn ()| < €/3
when |s —1| < 6.
e Sowhen |s—7| <98

e(s) —x(2)] < x(s) — 2w ()] + fen (s) — 2w (2) | + e (£) — x(7)]
<€e/3+¢€/3+¢/3
=E&.

e So x is continuous on [0, 1].
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Wednesday, February 3, 2016

Cauchy Sequences
C[Z(M] is not complete

e The metric space C[ZO 1 is the set of continuous real-valued functions on keg7exe
[0, 1] with the norm

1
Il =/ | xteyea.

e Forn > 2 Let

0 foro<r<i-1
Xxp(t) =9 3+2(t—1) fort—i<r<iyl
1 for 5+ <r<1
and 1
S
e Then

— X, 1s continuous for all n

— x,(t) — x(t) forall  # %

— x(¢) has a discontinuity att = %
= [Py —x[| = 1/V6n.

— So for any n,m we have ||x,, — x,,|| <1/v/6n+ 11v/6m, and thus x,, is
a Cauchy sequence.
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e Suppose y is a continuous function on [0, 1] and ||x,, — y|| — 0.

e Because of the nature of the discontinuity of x at f = 5 we have x(t) # y(t)
on some open interval in [0, 1] with one endpoint at r = %

e This implies that M = ||x — y|| > 0.
e By the triangle inequality
[0 =yl = lloe =yl = llan = x[| = M — o, — x]].

e Since ||x, —x|| — 0,
10 —yl| = M /2> 0.

for all large n

e So x, does not converge to any continuous function in C[ZO 1’ and there-

fore C[z(),l] is not complete.
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Convergence of Random Variables

Almost Sure Convergence

e Let X, X;,Xo,... be random variables on a probability space (S, %, P).

e X, — X almost surely if
P{s€S: X,(s) > X(s)}) =1,

or

P({s€S:X,(s) A X(s)})=0.
e For e >0 let

Ae ={s€S:|X,(s) —X(s)| > € for infinitely many n}
= {s €8 :[Xu(s) —X(s)| > € infinitely often}
={seS:|X,(s) —X(s)| > ¢€i.0.}.

e Then the set of points s where convergence fails can be written as

{s€S:Xu(s) £ X(s)} = | Ae.

e>0

e For 6 > &€ we have A5 C Ag, so

U Ag = U Al/m
n=1

e>0
and Ay, C Ay, forn<m.

e X, — X almost surely if and only if P(A¢) = 0 for all € > 0.
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Convergence in Probability

e X, converges in probability to X if for any € > 0

lim P({s € S: |[X,(s) — X(s)| < €}) = 1,

n—oo

or, equivalently,

lim P({s € S: |X,(s) — X (s)| > €}) =0.

n=so0
e X, — X in probability if and only if X,, — in the Ky Fan metric
dgr(X,Y) = E[min(|X = Y|, 1)].
Several other metrics can be used as well.

e If X;, — X almost surely, then X,, — X in probability as well.

e The converse does not hold: it is possible to have X;, — X in probability
and not almost surely.

e There is a partial converse: If X,, — X in probability, then there is a
subsequence X, such that X;, — X almost surely.
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Application: The Continuous Mapping Theorem

Suppose X;, — in probability and f is a real-valued function. Let D be the set
of points where f is not continuous. If P(X € D) =0, then f(X,) — f(X) in
probability.

e Since convergence in probability is convergence in a metric space, it is
enough to show that every subsequence of f(X,) has a further subse-
quence that converges to f(X) in probability.

e Given a subsequence X, , which converges in probability to X, find a
further subsequence X, that converges to X almost surely.

o Let
A= {seS:Xnki(s) s X(s) as i — oo and X (s) gzD}.

e Then P(A) = 1.

e Furthermore, for every s € A

lim £(Xy (5)) = F(X(5)).

e So f(Xy,, ) — f(X) almost surely, and therefore in probability as well.
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The Borel-Cantelly Lemma

Let B, be a sequence of events such that

Then the number of these events that occur is finite with probability one, or
P(B,i.0) =0.

e The number N of these events that occur is
N=Y lg,
i=1

e The expected value of N is

E[N] = iP(Bn).

i=1

e By hypothesis this expected value is finite, so P(N < ) = 1.
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Existence of an Almost Surely Convergent Subsequence

e Suppose X,, — X in probability.

e Let np = 0 and for every positive integer k define
: 1 1
ny=mins n>n;_q: P |Xn—X|Z% < —

e Forany € >0

1
P(|X, —X| > ¢€i0) <P (|xnk -X| >, i.o)

e By the choice of the subsequence
iP X, —X\>l <ii<oo
k=1 " “ k) k=1 2k .

e So P(|X,, —X| > €i.0) =0 for every € > 0, and X,,, — X almost surely.
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Metric Space Valued Random Variables
o Let (5,4, P) be a probability space and (M, d) a metric space.
e A function X : § — M is an M-valued random variable if
X YA ez
for all open sets A in the metric space.

e All results for convergence of random variables carry over with the ob-
vious modifications to use

d(a,b)

instead of |a — b|.
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Friday, February 4, 2016

Contraction Mappings

Basic Definitions and Results

e Let (X,d) be a metric space and A : X — X a mapping from X into X.

e A is a contraction mapping if there exists a number o < 1 such that

d(A(x),A(y)) < ad(x,y).

e Notation:

Ax=Alx=A(x)
A'x = A(A" 1y).

e If A is a contraction mapping and x,, — x then Ax,, — Ax since

d(Ax,,Ax) < d(x,,x).

e A point x is a fixed point of A if Ax = x.
e If x and y are fixed points then
d(x,y) = d(Ax,Ay) < ad(x,y).

— Since a < 1 this is only possible if d(x,y) = 0.
- Sox=y.
— If a fixed point exists it is unique.
e The fixed point theorem: Every contraction mapping A on a complete xssmm 1

metric space has a unique fixed point, and for any point in the metric
space xg the sequence x;,, = A"xy converges to the fixed point of A.

e The result also holds if A* is a contraction mapping for some integer krssm 1)
k> 1.
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The Fixed Point Theorem: Some Details

e Given a point xg let x, = A"xo.
e Foranyn <m

d(xp,xm) = d(A"x,A" (A™ "'xp))
< OCnd(X(),Aminxo)
< o"d(x0,x1) +d(x1,x2) + -+ dXmn_1,%m—n)]
< a'd(xg,x1)[1+ o+ o R Ocm_”_l]
1
1—

S and(x()?xl)

e So x, is a Cauchy sequence and converges to a point x.

e Since A is continuous x is a fixed point:

Ax=Alimx, = lim Ax, = lim x| = x
n—oo n—yoo n—soo

e Error bounds:
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Applications

e Showing existence and of solutions to differential and integral equations. (xrss
e Newton’s method for computing square roots:

— Suppose a > 0 and
1
A =3 (x—i— 9) .

X
— Then .
a
A = — — =
=3 (va+z) = va
— So /a is a fixed point of A.
— Let X = [\/a,).

— For x € X the derivative is

— So A maps X into X.
- Forx,yeX

y—X
Xy

A~ AG)| = 5 - >

[x =] a 1
= 1— < —|lx—vl.
2 xy _Z‘X y\

— So A is a contraction on X.

X—y+a

X—y+=—=
Xy

— If we start with xo > /a then A”x( converges to /a very quickly:

> mkA <- function(a) function(x) 0.5 x (x + a / x)
> A <— mkA (2)

(A(A(2)))
1.414216
sqgrt (2)
1] 1.414214
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Iterative Solution of Linear Equation Systems

e Suppose we want to solve the system of linear equations

Bx—b.

e Let C be non-singular and write B=B —C +C.

e The equation Bx = b can be written as
(B—C)x+Cx=b

or
x=C Y Cc—-B)x+C b

So the solution x is a fixed point for the mapping

Ax=C Y C—B)x+C'b.

e ( is chosen to make solving Cy = c easy.

e Choosing C equal to the diagonal part of B produces the Jacobi method
for iteratively solving linear equations.

e Another iterative method of this type is the Gauss-Seidel method.
e These methods work if their mappings are contraction mappings.
e Choosing the right norm can make verifying this easier. [KF §8 Ex 2]

e The Jacobi method is a contraction for the norm

(a1, ..,a)| = lrgggk\ai\

if B is strongly row diagonally dominant:
k
Y. |bijl < |bil
j=1
J#
foralli=1,... k.
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Monotonic Sequences

e A sequence of real numbers x, is monotonically increasing, or non-
decreasing, if x, < x,4 for all n.

e Monotonically decreasing is defined analogously.

e A monotonic sequence converges to a finite limit if and only if it iS R1hm3.14
bounded.

e Any sequence converging in a metric space is bounded.
e If x, is bounded and non-decreasing let x be its least upper bound.
e For any € > 0 the value x — € is not an upper bound on the sequence.

e So there is an N such that xy > x — &, and since the sequence is monotone
this means s, > x— € forall n > N.

e Since x;, < x for all n this means
X, —x| <€
foralln > N.

e So x, converges to x.
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Upper and Lower Limits

Basic Definitions and Properties

e Every sequence in R = RU {40, —oo} has a subsequence that converges
to a limit in R.

e The upper limit of a sequence of x,, in R is least upper bound on the set
of all subsequential limits.

e The lower limit is analogous.
e Notation:
limsupx,
n—oo
liminfx;,
n—yoo
e The upper and lower limits satisfy
limsupx, = lim sup{x,, : m > n}
n—>oo n—eo
liminfx, = lim inf{x,, : m > n}
n—oo n—oo

o If x* =1lim sup,,_,.. X, then [R Thm 3.17]

— x™* is a limit of a subsequence of x;,.

— If x > x™ then there exists an integer N such that x,, < x forall n > N.
x* is the only number with these properties.
® x, — x if and only if

liminfx, = limsupx,
n—roo n—oo

e If x, <y, for all n then
liminfx, <liminfy,
n—soo n—soo

limsupx, < limsupy,
n—yoo n—yo0
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Examples

e Forx,=(—1)"(1—1/n)

e Forx,=(—1)"(1+1/n)

e Forx,=(—1)"n

e Forx, = (—1)"(1/n)

limsupx, =1
n—oo

liminfx, = —1
n—>oo

limsupx, =1
n—oo

liminfx, = —1
n—oo

limsupx, = +oo
n—yoo

liminfx, = —
n—oo

limsupx, =0
n—oo

liminfx, =0
n—soo
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Some Special Sequences
o If p >0, then lim, ;e y/p = 1:

log(/p) = %log(p) — 0.

- Setx, = W/n—1.
— Then x,, > 0, and

- So

and x,, — 0.
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Monday, February 8, 2016

Series

Basic Definitions and Properties

e Given a sequence aj,a,... of numbers an associated series is the se-
quence of partial sums

e ) a, is used as shorthand for the series or its limit.

e If 5, converges to s then the series is said to converge, and
§ = Z a;.
i=1

e Sometimes other starting indices are used.

e From the Cauchy criterion a series s, = aj + - - - + a, converges if and rmmn32
only if for any € > 0 there exists and integer N such that for any n,m > N
withn <m

m
Za,- < E.
i=n

e This means that |a,| — 0 if s, converges.

® |a,| — 0 is not sufficient for s, to converge.
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Convergence Criteria

e A series of non-negative terms converges if and only if the sequence of k324
partial sums is bounded.

— The partial sum sequence is monotonic.
o If |a,| < ¢, for all large n and Y ¢, converges, then ¥ a, converges. (R Thm 3.25 a]
— This follows from the Cauchy criterion.

e For a sequence of real numbers a,, if a, > d, > 0 and )_d,, diverges then ®mm325a
to does Y a,,.

e A theorem due to Cauchy: If a; > a, > --- > 0 then )} a, converges if ®mm327

and only if
Z 2ka2k =a)+2a,+4a4+8ag+ ...
k=1
converges.
e Alternating series: Suppose [R Thim 3.43]

- |a1\ > ‘azl > \a3| >
- ayy—1 > 0and ay,, <O0form=1,2,3,...

_an_>0.

Then ) a, converges.
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e Root test: For a series Y a, let (R Thn 3.33]
o = limsup /| ay|.
n—oo
— If o < 1 then } a, converges.
— If o > 1 then } a, diverges.

e Ratio test: The series } a, [R Thm 3.34]

— converges if

_ a
limsup iasy P I;
n—soo an
— diverges if
a
n+1 > 1
ay
for all large n.
e The ratio test is often easier to use.
e The root test is more discriminating, since (R Thm 3.37]
.. ap+-1 .. n . n . ap+1
liminf <liminf {/|a,| < limsup +/|a,| < limsup
h—reo an n—yeo n—o0 n—oc0 n
o If
limsup /|a,| > 1
n—»oo
or
. a
lim sup mli s
n—soo an
then |a,| /4 0.
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Examples

e For0<x<«1

ixn—l — 1
= 1—x
since " o
1— 1
Y o= —
= l—x I—x
e Forx>1

so the series diverges.

e The number e is defined as

e This 1s finite since

e Alternatively,
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The number e can also be obtained as (R Thm 3.31]

1 n
e = lim (1+—> .
n—oo n

Define

So

limsup ¢, < limsup s,.
n—oo n—oo

Foreachm <n

. >:Ol. (n(n—l)..’;(n—k—kl)) _ ":1

Fixing m and letting n — oo gives

liminf ¢, > s,y
n—oo

for all m, and therefore

liminf ¢, > liminf s,,.
n—seo m—oo
Since
liminf s, = limsup s, = e
m—eo n—oo
this implies

liminf ¢, = limsup ¢, = e.
n—reo n—o0
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° Zn]—p converges if p > 1 and diverges if p < 1. R Thm 3.28]

— If p <O0then nip > 1, so the series diverges.

— For p > 1 the terms a, = nip

applies:
S N e

2(0=r) < 1 if and only if p > 1, so this series converges if and only
if p>1.

are decreasing, so the Cauchy theorem

e The series .

n;z n(logn)?P
converges if and only if p > 1.

— For p <0 the series is bounded below by }'7° , %, which diverges.

— For p > 0 the terms are decreasing, so the Cauchy theorem applies:

Y 2 5 0g29 ~ L {ilog 27 = op27 L &7
= 10g2k) = (klog2)?  (log2)? &= kP

— The series Y, ki,, converges if and only if p > 1.
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e For 0 < p <1 and an integer k consider the series
Y nfp(1—p) .
n=1

Then

n k(1 —p)x k
(Ij;(ll)_(;)nf’l) :<1+%> (1-p)—>1-p<l.

So the series converges by the ratio test.

e For a > 0 consider the series

— Fora< 1
Xn+1

Xn

—a<l.

da =

~ n+l 141/n
So the series converges by the ratio criterion

— For a =1 the series converges by the alternating series criterion.

— For a > 1 the series diverges by the ratio criterion.

e Consider the series

Then

so the series converges by the root test.
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Power Series

Basic Definitions and Properties

e For a sequence of complex numbers ¢, and a complex number z the series
oo
Y e
n=0

is called a power series.

e For a power series ) c,7" the radius of convergence is

1

R= ,
limsup, .. {/Je

with 1 /e0o = 0.

e Then

: : z
limsup /|c,z"| = |z|limsup v/ |c,| = %

n—oo n—>o0
e So by the ratio criterion [R Thm 3.39]

— the series converges if |z| < R

— the series diverges if |z| > R
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Wednesday, February 10, 2016

Power Series

Examples

e The series

has R = 0.

e The series

has R = oo.

e The series
Zi
n

has R = 1.

e Suppose p, > 0and ) p, = 1;1.e. p, is the PMF of a nonnegative integer-
valued random variable.

— Then the radius of convergence of Y p,z"* satisfies R > 1.
— R > 1 if and only if the MGF

M(t) = Z e py
n=0

1s finite for some ¢ > 0, i.e, the MGF is finite in a neighborhood of
the origin.
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Summation by Parts

Basic Result

e Suppose a,, b, are sequences forn =0,1,....

o [et

A, =

Y! oa, forn>0
0 n=-1.

e Thenfor0<n<m

m m—1
Z ayb, = Z Ak(bk — bk—H) +Aby —An—1b;,.

k=n k=n

e To verify, write

m

Y abi =Y (A —Ax—1)by
k=n k=n

m m
=Y Awbr— ) Acibx
k=n k=n

m m—1
=Y Awb— ), Aibpy
k=n k=n—1

m—1 m—1
= Z Akbk — Z Akbk—i—l ‘|—Ambm _An—lbn

k=n k=n
m—1

= Z Ak(bk — bk+1) +A,;,by, —A,—1by,.

k=n
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Examples
e Find Y7 kx¥~! forx # 1:
— Leta, =x""'and b, = n.
— Then A, = 1{_’5 forn > 0.
- So
m m—1 k m
1—x 1—x
kbl = (—1) m
kg’l kz‘] 1—x 1—x
1 —x"
= <l—m—|—)C +m(1—xm))
1—x —X

1= (mA41)x" 4 mxm
N (1—x)?
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e Find Y | k2.

— Leta, = 1 and b, = n®.
— Then A,, =nforn>1and Ag = 0.
- So

f“ Z —(k+ 1)) +m*>—0
k=1 k=1

|
—_

=—Y K +k)+m’
k=1
m—1 m—1
:—2Zk2—2k—|—m3
k=1 k=1
|
k=1 2
m 3 ) 3
— 2y K4+ T om
k=1 2
——Zikz 2m+1)(m+1)m
k=1 2

— Solving for Y | k? then gives

oo (2mA+1)(m4-1)m
LE= T
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® Suppose [R Thm 3.42]

(a) The partial sums A,, are bounded.
(b) by >by>b3>--->0.
(¢) limb, = 0.

Then ) a,b, converges.

— Choose M so |A,| < M for all n.
— Given £ > 0 choose N such that by < 5%;.
—Form>n>N

m
Y aiby
k=n

m—1
Z Ak<bk - bk+1) +Ambm _An—lbn
k=n

m—1
<M (Z (bkbk+1)+bm+bn)

k=n
=2Mb,,

- So Y a,b, is a Cauchy sequence and thus converges.
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e Alternating series: Suppose [R Thm 3.43]

@) [c1] > |ea] = Jes| > ...
(b) com—1>0and ¢, <Oform=1,2,3,...

(c) ¢, — 0.
Then ) ¢, converges.
— Leta, = (—1)""! and b, = |c,| in Rudin’s Theorem 3.42.
e Suppose [R Thim 3.44]

@cr>2cp>c>....
(b) the radius of convergence of } ¢, isR=1
(c) ¢, — 0.
Then Y c,7" converges for every complex z with |z| = 1 except possibly
z=1.
— Leta, =7" and b,, = ¢,,.
— Then for z with |z| < 1 and z # 1

2
11—z

<

Al =

‘1_ m+1

n
)3
k=0

S |

— So Rudin’s Theorem 3.42 applies.

68



STAT:5120 (22S:190), Spring 2016 Tierney

Absolute Convergence

The series ) a, converges absolutely if Y |a,| converges.
If Y |a,| converges then so does Y ay,.

For nonnegative series convergence and absolute convergence are equiv-
alent.

Most standard convergence tests (e.g. root, ratio) are test of absolute
convergence.

Power series converge absolutely on the interior of the circle of conver-
gence.

A rearrangement of a series ) a, is a series )b, with

— k;, is a sequence of positive integers in which every positive integer
occurs exactly once.

If ) a, converges absolutely then every rearrangement converges and to
the same limit.

If ) a, is a series of real numbers that converges but not absolutely, then
for any a, B with
—o <A< ff < oo

there exists a rearrangement b,, with partial sums B,, such that

liminf B, =
n—»oo

limsup B, =

n—$oo
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Addition and Multiplication of Series

Basic Definitions and Properties

e IfYa,=Aand Y b, =B, then Y (a,+b,) =A+B.

e The product, or Cauchy product, of two series ) a, and }_ b, is the series
Y ¢, with

n

ch= ) aib,_i.

k=0

¢, 18 also called the convolution of a,, and b,,.

Motivation: For power series ) a,z" and ) b,7"

(YY) =Y (};) akbnk> o

Suppose } a, =A and } b, = B and at least one of these series converges rsso
absolutely. Then
Z c, =AB.

If neither ) a, nor }_ b, converges absolutely then } ¢, may diverge.

Example

Suppose a,,, b, are non-negative, Y a, =Y b, = 1, and both ¥ a,¢'" and Y b,e""
converges for some ¢. Then

(L ane™) (Lbuc”) = Led”

n

with

Cp — akbn,k.

k=0
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Friday, February 12, 2016

Convergence of Functions

Basic Definitions and Properties

o [et [R Def 4.1]

- (X,dx), (Y,dy) be metric spaces,

— A a subset of X,

-f:A=Y,

— p€ X alimitpointof A,andg €Y.

Then f(x) — g as x — p, or

lim £(x) = ¢

x—=p
if for any € > 0 there exists a & > 0 such that
dy(f(x),q) <€
whenever x € A and dx (x,p) < 9.
e The definition does not require p € A, or that f be defined at p.
e If f is defined at p we can have f(x) — g asx — p but g # f(p).

e For general topological spaces, f(x) — ¢ as x — p if for any open neigh-
borhood V of g there exists an open neighborhood U of p such that

flx)ev
whenever x € U NA.
e For metric spaces, lim,_,, f(x) = ¢ if and only if [R Thm 42}
lim f(pa) = ¢
for every sequence p,, € A with p,, # p and p, — p.

e For metric spaces, f(x) — ¢ and f(x) — ¢’ as x — p implies g = ¢'.
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Example

e The function

1—3e™* forx<0
F(x) = :
0 otherwise

as a function on A = (—o0,0) has a limit as x — 0

lim F(x)=1lmF(x)=0.

x<0,x—0 x10
e With A = (0,00) or A = [0,00).

1
li F =1limF =—=F(0).
ol F(x) =limF(x) = 5 = F(0)

e With (X,d) a two-point compactification of R and A =R

lim F(x) = 1.

X—ro0
e WithA =R, for any p # 0

lim F(x) = F(p).

X—p
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Continuous Functions

Basic Definitions and Properties

o [et [R Def 4.5]

- (X,dx), (Y,dy) be metric spaces,
-f:X—=Y,

Then f(x) is continuous as a point p € X if for any € > 0 there exists a
0 > 0 such that

dy(f(x),f(p)) <e

whenever dy (x, p) < 6.

e For general topological spaces, f is continuous at p if for any open neigh- ke so6)
borhood V of f(p) there exists an open neighborhood U of p such that

fx)ev
whenever x € U, or f(U) C V.

e fis continuous on X if it is continuous at every p € X.

e It p is a limit point of X then f is continuous at p if and only if [R Th 4.6]
lim f(x) = f(p).
X—>p

e If p is an isolated point of X then f is considered to be continuous at p.

e Rudin defines continuity for a function defined on a subset ut the says rrem4.12)
this isn’t necessary.
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e Suppose X,Y,Z are metric spaces, f : X —Y,g:Y — Z are functions, ®rmma4s
and i : X — Z is defined as

— h is the composition of f and g.

— Common notation: h = go f.

e If f is continuous at x and g is continuous at y = f(x), then 4 is continu-
ous at x.

— Let V be an open neighborhood of i(x) = g(y).

— Since g is continuous at y there is an open neighborhood W of y such
that g(W) C V.

— Since f is continuous at x there is an open neighborhood U of x such
that f(U) C W.

- Soh(U) =g(f(U))CV.

e Suppose fi,..., fi are real valued functions and f : X — R* is defined as  rthm4.10)

fx) = (fi(x),- - fulx)).
Then f is continuous if and only if each of the f; is continuous.
e f(x,y) = x+y is continuous on R?.
e f(x,y) = xy is continuous on R2,
e f(x,y) =x/y is continuous on {(x,y) € R:y #0}.
e Combining these: if f, g are continuous then

— f(x)+ g(x) is continuous
— f(x)g(x) is continuous

— f(x)/g(x) is continuous at x with g(x) # 0.
e These results hold for complex-valued functions as well.

e Analogous results hold for vector-valued functions.
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Examples
o If x = (x1,...,x;) € R¥, then the coordinate functions
Jilx) = xi
are continuous.

e For any nonnegative integers ny,...,n;
flx)=x]". .k
1s continuous.

e Any multinomial, i.e. any sum of finitely many terms of the form

ni Ny

1S continuous.
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Uniform Convergence and Power Series

e A sequence of functions f,, : X — Y converges uniformly to a function
f:X—Yif
lim sup dy (fu(x), f(x)) =0

=% yeX

e As|shown previously,|if f, : X — Y are continuous functions and f,, con-
verges uniformly to a function f : X — Y, then f is continuous.

e Suppose ) c,7" has radius of convergence R, and define
flz)= Z "
n=0

for |z| < R. Then f is continuous.

e For any Ry < Rand z < R

Y leallz" < Y lealRG — 0.

n=m n=m

e So for any Ry < R the functions
n
fn (Z) = Z Cka
k=1

converge uniformly to f(z) for |z| < Ry.
e So f(z) is continuous on the interior of the circle of convergence.

e The function

1S continuous.
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A Useful Characterization of Continuity

A function f : X — Y is continuous if and only if for every open set G C Y the ®ma4s
. . 1 . KF §9 Thm 10]
inverse image f~ (G) is an open subset of X.

e Suppose f is continuous and let G be an open subset of Y.
— Forany x € f~1(G) lety = f(x).
— Then y € G, and G is an open neighborhood of y.

— Since f is continuous, there exists an open neighborhood U, of x
such that f(Uy) C G,i.e. U, C f1(G).

— So every point x € f~!(G) has an open neighborhood U, C f~1(G)
and therefore f~!(G) is open.

e Conversely, suppose f~!(G) is open whenever G C Y is open.

— For any x € X let V C Y be an open neighborhood of y = f(x).
— Then U = f~!(V) is open and x € U.
— So U is an open neighborhood of x with f(U) C V.

— So f is continuous at x, for any x € X.

Corollary: A function f : X — Y is continuous if and only if for every closed
set I C Y the inverse image f~!(F) is a closed subset of X.
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Continuity and Compactness

e Let X,Y be topological spaces, f : X — Y a continuous function, and ®mma4.1s
suppose that X is compact. Then the image f(X) is Iso compact. KES10Thm 3]

— Let {V} be an open cover of f(X).
— LetUy = f1(Vy)
— Then {Uy} is a cover of X, and continuity of f implies that the Uy

are open.

— Since X is compact, there is a finite subcover {Ug,,...,Uq, } With
X C Ua] U'UU(Xn

— Since

Ff14) ca
for any set A, and
f(AUB) = f(A)U f(B)
for any sets A, B, this implies that

JX) CfUg)U - Uf(Ug,) C Ve U UV,

— So the open cover {V,} contains the finite subcover {Vy,,...,Vq,}-

e Suppose f is a continuous one-to-one mapping of a compact topological k417
. N . KF §10 Thm 6]
space X onto a topological space Y. Then the inverse function

1S continuous.

— Let F be a closed set subset of X.
— Then f(F) = g~ '(F) is compact and therefore closed.
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e Suppose f is a continuous real-valued function on a compact space X. ®mma4.isl
Then f(X) is closed and bounded.

e This means there exist points x,,,x); € X such that

f(xm) = inf f(x)

xeX

f(xp) = sup f(x)

xeX

e If a likelihood function is continuous and the parameter space is compact
then a maximum likelihood estimator exists.

e If we only care about maxima (or minima) we only need half of continu-
ity.

e A real-valued function is upper semicontinuous at xg if for any € > 0 xrsi2per2)
there exists an open neighborhood U of xg with

flx) < flxo)+ €
forallx e U.
e Lower semicontinuity is defined analogously.

e A finite upper semicontinuous function on a compact topological space
is bounded from above.

e A finite upper semicontinuous function on a compact topological space
attains its least upper bound.

e A common process in establishing the existence of a maximum:

— establish that the function is upper semicontinuous;

— argue that there is a compact set K with a function value in; K that
is larger than all function values in K¢;

— conclude that the maximum is attained in K and is a global maxi-
mum.
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Example

e Let Xi,...,X, be independent and uniformly distributed on the interval
from zero to 6 > 0.

e Using the density
1
J1(x]6) = g loe (x)

leads to the likelihood function
1

L1(01X) = 27 11x;,),) (0).

e Using the density
1
f(x]0) = 51(0,9)(36)

leads to the likelihood function

1
L (0]X) = @1()((”),00)(9)-

e L, is upper semicontinuous and attains its maximum at 6 = X,,).

e [, is not upper semicontinuous and does not attain its maximum — the
MLE does not exist.
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Monday, February 15, 2016

Uniform Continuity

e A function f on a metric space X with values in a metric space Y 1S ®per4.s)
uniformly continuous if for any € > 0 there exists a 0 > 0 such that

dy(f(x),f(y)) <€
for any x,y € X with dx(x,y) < 0.

o If f:X — Y is continuous and X is compact then f is uniformly contin- & mhma4.19]
uous.
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e Qutline of a proof:

— Fixe > 0.
— For each x find o, > 0 such that dx(y,x) < 9, implies

dy (f(2), f(3)) < 5.

- Let
Vi=A{y:dx(v,x) < 6:/2}.
— {Vi} is an open cover of X, so there is a finite subcover {V,,,...,Vy,}.
— Let § = i min(6,, ..., 5y,).
— Suppose dx (x,y) < 8. Then for some k

dy (x,0) < %%-
— Then
d(y,52) < dy (x,y) +dx (x,50) < & + %5)% <5,
~ So
By (1), S0)) < dr (0. F(50) +y (). SO)) < S+ = e
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Equicontinuous Functions

Basic Definitions and Properties

e A family .# of functions on a metric space X with values in a metric ks pera
space Y is equicontinuous if for every € > 0 there exists a 0 > 0 such
that

dy(f(x),f(v)) <e
for all f € .% and all x,y € X with

dx (x,y) < 6.

e The family .# is uniformly bounded if [KF §11 Def 3

sup diam{ f(x) : f € F} < oo.
xeX

e A finite collection { f1,..., fx} of continuous functions on a compact met-
ric space X is uniformly bounded and equicontinuous.

— For each function f;(X) is bounded; the maximum of the bounds is
a bound on all functions.

— Each function is uniformly continuous; given € > 0 take the mini-
mum of the 6;.
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Arzela-Ascoly Theorem

A family .7 of continuous in Cjy jj is relatively compact if and only if it is
equicontinuous and uniformly bounded.

e The proof uses the equivalence of relative compactness and total bound-
edness.

e Outline of necessity proof:

— Suppose .7 is relatively compact and hence totally bounded.
— Given € > 0 find a finite £/3 net.

— This finite set of functions is uniformly bounded and equicontinu-
ous.

— Every f € % is within €/3 of a function in the net, so .% is uni-
formly bounded.

— Given € > 0 pick 6 so that for every g in the net

lg(x) —g(y)| < €/3

when |x —y| < 6.
— Then for any f € .# find g in the net that is within €/3 of f.
— Then for any x,y with |x —y| < &

f) = fWI<[f(x)—¢

N

x)|+g(x) —gW)[+1g(y) — fF(¥)]

<8+8+8
3 3 3
=E&.

e This direction holds for functions from a general compact metric space
X into a general metric space Y.
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e Qutline of the sufficiency proof:

— Suppose . is uniformly bounded and equicontinuous.
— Let K satisfy |f(x)| < K forallx € [0,1] and f € .Z#.
— Given € > 0 choose 0 > 0 such that

10 - £0)| <

for all f € .%# when |x—y| < 6.

— Choose numbers xg, x1,...,x, and yg,y1,..., VY, such that

O=xp<x1 << - <x,=1
—K=yo<y1<y»<:--<yn=K

with
Xir1 — X < o
Yj+1—Yj 5
fori=1,...,nand j=1,...,m.

— The finite set of continuous piece-wise linear functions with vertices
at the points (x;,y;) is an €-net for .%.

e This argument depends on properties of the real line.

e Other approaches allow the result to be generalized to general metric
spaces.
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A More General Version

Suppose .# is an equicontinuous collection of functions from a compact met-
ric space X into a metric space Y such that for each x € X the set

Vo= {f): f€ 7)

is a relatively compact subset of Y. Then there is a sequence g, € .% that
converges uniformly.

e A compact metric space is separable, i.e. it has a countable dense subset
{x1,x%2,...}

e Since V,, is relatively compact, there is a sequence of functions fi , € F#
such that fj ,(x1) converges to a value y; € Y.

e From this sequence extract a subsequence f>, such that f> ,(x2) has a
limit y,, and so on.

e Let g, = f,, be the diagonal subsequence.

e For each n the sequence {g; : i > n} is a subsequence of {f, j: j > 1}, so
lim gn<xk) = Yk
n—yo0

for all k.
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e Using equicontinuity, given € > 0 chose 6 > 0 such that

dy(f(3).£() < 5

for all f € .% when dx(x,y) < 6.

e Since {x,} is dense in X and X is compact there is an integer M such that

the sets
U; = {x:dy(x,x;) < 0}
fori=1,...,M is a cover of X.
e The sequences g,(x) are Cauchy sequences for each x € {xj,...,xp}, so

there exists an integer N such that

&
(800, () < &
when n,m > N and all x € {x1,...,xp}.

e X CU U---UUy, so for each x € X there is a k < M such that x € U,
and for n,m > N

dy (8n(x), 8m(x)) = dy (8n(x), 8n(xk)) + dy (8n(¥k), 8m (k) +dly (8m(¥e), 8m(x))
<§+§+§:a

e Thus g, is uniformly Cauchy and hence has a continuous limit to which
it converges uniformly.
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Wednesday, February 17, 2016

Consistency of the MLE

Information Inequality

e Suppose X1,X, ... are independent random variables with density f(x|6p)

e By Jensen’s inequality, for any 6
_ f(X1\9)>] [ (X1\9)]
ri)=£ e (Fa5) | <1oeE | iy
/f( f(x|60)d

zlog/f(X\G
= 0.

e Since the logarithm is strictly concave, equality holds only if f(X|0) =
f(X|6p) almost surely, i.e. if and only if the two densities are identical.

e 0 is said to be identifiable if this cannot happen.

e If O is identifiable, then 7(0) < O for all 8, and 7(0) = 0 if and only if
0 = 0.
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Finite Parameter Space

e Suppose ® = {6, 6y,...,6}.

R f(Xi6)
1) =, Yr (Figion )

o [et

By strong the law of large numbers

L,(60) - T(6)) =0 almost surely
L,(6;) > T(6;) <0 almostsurely, fori=1,...,k

Chose z such that

max 7(6;) <z<O0.
1<i<k

Then almost surely for all large n

g?ngLn(ei) <z < Ly(6p).

So almost surely for all large n the value among 6y, 01, . .., 6; that maxi-
mizes the likelihood is the correct value 6.

The finite set of parameter values

— allows a value z to be fit between max<;<; T'(6;) and T(6p) = 0;

— to obtain a result that holds almost surely for all parameter values
simultaneously.

We can extend the result to an uncountable parameter space if we

— assume the parameter space is compact;

— assume the right level of continuity in 7" and L,,.
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Compact Parameter Space

e Suppose the parameter space ® is compact.
e Suppose there is a function D(x) such that

— forallxand all 0,0’ € ©
|log f(x]0) —log £ (x[6")| < |6 — 6’| D(x)
- M =E[D(X))] = [ D(x)f(x]6p)dx < oo.
e This assumption ensures that

— the log likelihood functions L, (6) are continuous and
1 & —
|La(0) —La(0")] <0 — 6'|— ) D(X;) =0 — 0'|Dy;
ni=

— the function 7'(0) is continuous, and
IT(0)—-T(8")|<|6—06"|M.
e Need to show: for any € > 0 almost surely for all large n

sup L,(0)< sup L,(6)
6:/60—6p|>¢ 6:/6—69|<e

e We still have L, (6p) — 0 almost surely.

e So it is enough to showy that, given € > 0, there is a value z < 0 such
that almost surely for all large n

sup  L,(0) < z.
0:|0—6y|>¢
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Fix € > 0, and let

K={6c©:|0— 6 >¢}.

K is a closed subset of the compact set ® and therefore compact.

T is continuous and 7'(6) < 0 for all 6 € K, so

sup7(0) <0
0ckK

Choose z and 7' such that

supT(0) <7 <z<0.
ek

For each 0 € K let

7—-T(6
V9:{9,3|9,—6|<%}.

{Ve } is an open cover of K, so it contains a finite subcover {Vp,, ...

Now foreachi=1,...,k

' T(6)—
sup Ly (68) < L(6) + -0 5
96V9i M
7-T(6;
—)T(Qi)—i— M( )M

almost surely.

So almost surely for all large n

supL,(0) < max sup L,(0) < z.
sup n()_lgigkeélvr; n(0) <z
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An Alternative Approach

e Let S be the sample space, and for s € S let

1y f(Xi(s)|0)
L(6)(s) = ;lglog <W>
D,(s) = %i}D(Xi(S))'

e Let {60,01,6,,...} be adense subset of ©.

e LetA C S be the set of all points in the sample space such that
L,(6)(s) — T(6)
D,(s) — M.
e By the strong law of large numbers P(A) = 1.
e Foreachsc A

— the sequence of real numbers D, (s) converges and is therefore bounded;

— this implies that the sequence of functions L,(6)(s) is uniformly
bounded and equicontinuous;

— Since the sequence L, (6)(s) also converges point-wise to 7'(6) on
a dense subset of a compact set this means that

sup |L,(0)(s) — T(8)| — 0.
0cO

— As before, given € > 0 let
K={0€0©:|60—6)| > ¢},
which is compact, and choose z with

supT(0) <z<T(6y) =0.
0ckK
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— Since L,(6y)(s) — T(6p) =0,

sup  L,(0)(s) >z
6:/60—60|<e

for all large n.

— Uniform convergence implies that for all large n

sup L,(0)(s) < z.
0ck

— So for all large n all maxima of L,(0)(s) are within € of 6.
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Some Notes

e These arguments to not guarantee uniqueness of the MLE.

e Showing convergence for an unbounded parameter space usually involves
two steps:

— show that for all large n the MLE will be in a compact set containing
6y in its interior;

— use the compact parameter space result after that.

e Useful general sufficient conditions for unbounded parameter spaces are
hard to come by.

e Conditions for special classes, like exponential families, are easier.
e There are a number of settings where the global MLE is not consistent.

e Under fairly reasonable conditions there exists a sequence of unique local
maxima of the likelihood that converge to the true parameter value.
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Continuity and Connectedness

o If f:X — Y is continuous and E C X is connected, then f(E) is con- ®mm42i
nected.

e Corollary: If f is a continuous real valued function on [a,b] and f(a) < ®rRmma2
f(b) then for any ¢ with f(a) < ¢ < f(b) there exists an x € (a,b) such
that f(x) = c¢. This is called the intermediate value theorem.

e QOutline of Proof:

— Suppose f(E) is not connected.

— Then there exist non-empty sets A,B C Y such that f(E) = AUB
and ANB=ANB=0.

- Let

G=Enf (A
H=Enf (B).

— Then E = GUH and both G, H are non-empty.

— Since A C A we have G C f~1(A).

— Since f is continuous, f~!(A) is closed.

— This implies G C f~1(A).

— Since f(H) = B and AN B = 0, this implies GNH = 0.
— Similarly GNH = 0.

— So E is not connected, a contradiction.
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Discontinuities

e For a function f : R — R define the right hand and left hand limits at x, ®per42s)
if they exist, as

f@HZ%ﬁwz lim f(y)

y>X,y—X
fx=)=limf(y)= lim f(y)
yTx y<X,y—Xx

e f is continuous at x if and only if f(x+) and f(x—) both exist and
fot) = fla=) = f(x).

e If f defined on an open interval containing x is discontinuous as x and (& per426;
both f(x+) and f(x—) exist, then the discontinuity is

— adiscontinuity of the first kind, or

— a simple discontinuity.

e Otherwise, it is a discontinuity of the second kind.

Examples
e The function
sin(1/x) x#0
0 x=0

has a discontinuity of the second kind at x = 0.

e The function

1 if x is rational
flx)= L
0 if x is irrational

has a discontinuity of the second kind at every x.

e A CDF can only have simple discontinuities.
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Monotonic Functions

e A real-valued function f defined on an interval of the real line is mono- ®pera2s)
tonically increasing if x <y implies f(x) < f(y) for all x,y.

e f is strictly monotonically increasing if x < y implies f(x) < f(y) for all
X, .

e Decreasing functions are analogous.

e If f is monotonic then f(x+) and f(x—) always exist, and for x <y [R Thm 4.29]
flt) < fO-).

e As aresult,

— monotonic functions have no discontinuities of the second kind;

— monotonic functions have at most countably many discontinuities.  rm430
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Monday, February 22, 2016

Differentiation

Basic Definitions and Properties

e For a real-valued function f defined on an interval [a, b] define its deriva- ®pers.
tive at a point x € [a,b] as

if the limit exists.
e f is said to be differentiable at x if the limit exists.

e If f is differentiable at x then f is continuous at x, since [R Thm 5.2]

f)—f(x)

0 = S (6 x0=0

fO) = flx) =
asy — Xx.
e f can be continuous and not differentiable at isolated points.
— For example, f(x) = |x| is continuous but not differentiable at x = 0.
e Itis possible for f to be continuous everywhere but differentiable nowhere.

— Almost all sample paths of Brownian motion have this property.
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Basic Differentiation Rules

e Suppose f,g: [a,b[— R are differentiable at x € [a,b]. Then

addition rule: f 4 g is differentiable at x with
(f+8)(x) = f'(x) +&'(x);
multiplication rule: fg is differentiable at x with
(f8)'(x) = f'(x)g(x) + f(x)g (x);
quotient rule: f/g is differentiable at x if g(x) # 0 with

(J_‘)'(x) _ 80 f"(x) —g'(x)f(x)

g g(x)?

e Chain rule: Suppose

— f:[a,b] — R is differentiable at x € [a, b];
— g: f([a,b]) — R is differentiable at f(x).

Then h(x) = g(f(x)) is differentiable at x with

e Power Series: If

flx)= Z X"
n=0

Tierney

has radius of convergence R, then f is differentiable for |x| < R with

fl(x)= Z nepxX™ 1
n=1

this power series also has radius of convergence R.
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Examples
e For f(x) = ¢, a constant, f'(x) = 0.
e For f(x)=x, f'(x) = 1.
e For integers n > 0 let f,(x) = x". Then

fux) = (fam1 (0)x)" = f_ 1 (x)x + fao1 ().

So
fr(x) =2x
f3(x) =37
1(0) = !
o f(x) :ex—Z,f:, SO
0 xn—l oo xn—l oo Xk
flx)=Y n = =) —=¢"
A LT M Y
o If f(x) = \/szne_x /2, then
/ 1 —x2/2
f (X) - \/ﬁe (—X) - Xf(X)
e For x > 0 let f(x) = log(x). Then €°¢™) = x, so
_ (e} — goe L1000y = x L log(x) = xf
1= m <e ) =e m log(x) =X log(x) = xf (x),

and therefore f'(x) = 1.

e Forx > 0and a # 0 let f(x) = x* = ¢*1°¢) Then

/ _ i olog(x)\ __ alog(x)i _ (xg _ o—1
fx)= Ix (e ) =e dx(alog(x)) =xTo=axt
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Maxima and Minima

e A real valued function f on a topological space X has a local maximum & vets7
at x if there is an open neighbrhood U of x such that

f) < fx)
forally e U.

e The local maximum 1s a strict local maximum if

) < f(x)
forall y € U\{x}.
e Local minima are defined analogously.

o If /: [a,h] — R has a local maximum at x € (a,b) and if f/(x) exists, rmmss
then f/(x) = 0.

— If x,, T x, then x,, — x < O for all n, and f(x,) — f(x) < O for all large

n, SO
£(x) = tim L5 =S S

n—oo Xy —X

— If x, | x, then x, —x > 0 for all n, and f(x,) — f(x) <0 for all large

n, 0 06 — tim f(a) — f(x) <0.

n—oo Xp—X
—~ So f'(x) = 0.

e An analogous result holds on more general domains, e.g. R
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A common strategy for establishing a global maximum of f: X — R:

e Show that the equation f’(x) = 0 has a unique root x*.

e Show that for some open set A with compact closure A and some xo € A

sup f(x) < f(xo)-

XEAC

Then

e Since there is a point in A with a higher value than any point in A€,

sup f(x) < sup f(x).

xeX XEA

Since A is compact and f is continuous, the maximum is attained.

Since f(x) < f(xp) for all x in the boundary A\A, the maximum must be
attained on the open set A.

Any global maximum is also a local maximum, and any interior local
maximum x satisfies f'(x) = 0.

Since x* is the unique solution to this equation, it is the unique global
maximum.

For a real-valued x the set A is often of the form A = (—M, M) for a large M.
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Mean Value Theorems

e A general result: Suppose f,g : [a,b] — R are differentiable on (a,b). ®mss
Then there exists an x € (a,b) such that

e The standard mean value theorem: Suppose f : [a,b] — R is differen- ®mms.io
tiable on (a,b). Then there exists an x € (a,b) such that

f(b) = fla) = (b—a)f'(x).
— Follows from the general result taking g(x) = x.

e Some simple consequences:

— If f'(x) > 0 for all x € (a,b) then f is monotonically increasing.
— If f'(x) <0 for all x € (a,b) then f is monotonically decreasing.
— If f'(x) = 0 for all x € (a,b) then f is constant.
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Details for the general version

e Fory € [a,b] define

e Then

— his differentiable on (a,b) with derivative

— h(a) = h(b) =0.
e Need to show that #'(x) = 0 for some x € (a,b).
o If i(y) =0 forall y € (a,b) we are done.

e If i(y) > 0 for some y € (0, 1) then £ attains its maximum over |a, b] at a
point x € (a,b), and that point satisfies #’(x) = 0.

e Similarly, if 4(y) < O for some y € (a,b), then & has a local minimum at
some x € (a,b) with i'(x) = 0.
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Continuity of Derivatives

e Suppose f : [a,b] — R is differentiable on [a, b], and suppose [R Thm 5.12]
fl(a) <A < £'(b).
Then
flx)=2

for some x € (a,b).
e An analogous result holds when f/(b) > f'(a).

e This does not imply that derivarives must be continuous; the function [REx5.6b]

o) = {xzsin)lc for x # 0

0 forx=0

is differentiable everywhere. but the derivative is not continuous at x = 0.

e This does imply that a derivative cannot have any simple discontinuities.
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Some Details

e Letg(y) = f(y) — Ay.

e Then g¢'(a) < 0, so for some y; € (a,b) we have g(y;) < g(a).
e Similarly, g'(b) > 0, so for some y, € (a,b) we have g(y2) < g(b).
e So

infbg(y) < min(g(a),g(b)),
a<y<

and therefore g attains its minimum over [a, b] at a point x € (a, b).

e That point is an interior local minimum, so

gx)=f(x)—1=0.
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L’Hospital’s Rule

e Also known as L”Hopital’s rule.

e Suppose
/
tim L)
x—a g'(x)

for co < A < +o0, and either

lim f(x) = 0
or
lim f(x) = oo
Then
lim @
x—a g(x)

=A

Tierney

lim g(x) =0
lim g(x) = .

e Rudin’s proof uses the general form of the mean value theorem.
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Examples
[ ]
fim S0 — gim SOSF _ .
x—0 X x—0
e Forf >0
1 1 1
fim 08 o Ux Ly
x—yo0 B X—roo ﬁxﬁ_l X—>00 ﬁxﬁ
e For B >0and x>0
1 1 B
lim 8 log(x) = lim 28 _ iy 1% 2
x—0 x—0 x— B x—0 —ﬁx—ﬁ—l x—0 ﬂ
e For B >0
B B-1
lim xBe — lim % — fim P
X—poo x—eo et xB ex

Repeated application gives convergence to zero.

e Alternative approach: take logarithms to obtain

lim Blog(x) —x = lim x (M - 1)

X—ro0 xX—yo0 X

This limit 1s —oo since

lim <ﬁ1°g(x) - 1) — 1.

X—yo0 X
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Wednesday, February 24, 2016

L’Hospital’s Rule

Some Details

e Suppose

— f,g are differentiable on (a,b);
— f(x) - 0and g(x) — 0 as x — a;

—asx—a )
f/(x) — A.
g (x)
e [f A = +oo then
limsup‘@ <A
y—a &)

Suppose —oo < A < 400, and choose g,r such that A < r < g < oo.

There is a value ¢ € (a,b) such that fora <x <c¢
f'(x)
g'(x)

If a < x <y < c then by the generalized mean value theorem there exists
at € (x,y) such that

<.

f0) = F) 0
gy)—glx) &)
Since the right hand side is bounded by r for t € (x,y) C (a,c) this means
fO)—f(x)
g(y) —g(x)
forall x,ywitha <x <y <ec.

<r

e [ et x — a to obtain

\H
Ve
<

N—

OQ‘
S
~
~—
IN
~

forall y € (a,c).
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e Therefore

lim sup @ <r<g
ya - 8(Y)
for all g > A.
e This implies
lim sup @ <A
ya - 8(Y)
for —co < A < oo as well.
e An analogous argument implies
Iiminf M > A.
yoa - g(y)
e Combined, these yield
tim 70 — 4
y—a g(y)
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Taylor’s Theorem

e Suppose f is a real-valued function on [a, b].

Suppose f is differentiable with derivative /" and f’ is differentiable. (R Thm 5.14]

The second derivative is " = (f')'.

The n-th derivative, if it exists, is ) = (f(*=DY’.

Alternate notation:

di’l
- dx"

ARIEY f(x)

e For £ to exists at x, £"~1 has to exist in a neighborhood of x.
e The neighborhood can be one-sided if x = a or x = b.
e Suppose

— (=1 js continuous on la,b];
— f"(x) exists for all x € (a,b).

e For a € [a,b] define

n—1 (k)
Pt = £ Lo

e Then for 3 € [a,b] there exists an x between & and 3 such that [R Thin 5.15]

£ (x)

n!

f(B)=Puoa(B)+ (B~ o).

e This means

— f can be approximated by a polynomial;

— the error can be estimated if we have a bound on | £ (x)| over the
interval between @ and f3.
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Some Details

e The proof uses repeated applications of the mean value theorem.

e Let M be defined by
f(B) = Pra(B)+M( —a)".

o [et

e Then g (1) = f™)(r) —n'M.
e We need to show that g (x) = 0 for some x between o and 3.

e Since PX) (o) — £ (at) fork=0,1,...,n—1,

e The definition of M means g(f) = 0.

e So by the mean value theorem there is an x; between o and 8 such that
/
g'(x1)=0.

e Using the mean value theorem again, there is and x, between o and x|
such that g’ (x;) = 0.

e After n steps e conclude that there is an x, between o and x,_1, and
therefore between o and f3, such that g (x,) = 0.
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Differentiating Vector-Valued Functions

e Suppose X is a vector space with a norm.
e The definition of the derivative carries over to a function f : [a,b] = X.  ®rems.q
o If X =RFand f(x) = (fi(x),..., fi(x)), then
) =(AK),.... i)
e Many basic results carry over.
e The mean value theorem and its corollaries do not.
e A variant is available:

— Suppose f : [a,b] — RF is differentiable on (a,b).
— Then there exists an x € (a,b) such that

1£(B) = f(@)]l < (B=a)|l f'(x)]-
e Proof outline:

— For vectors x = (x1,...,x¢),y = (v1,...,yx) let

k
<xay> = inyi-
i=1

— (x,y) is the inner product, or scalar product of x,y.

- Letz= f(b) _f(a)’ and set g(t) — <Z7f(t)>‘
— g is real-valued and continuous on [a, b] and differentiable on (a,b).

— So by the mean value theorem there exists and x € (a,b) such that
g(b) —g(a) = (b—a)g'(x) = (b—a)(z,f'(x)).
— Now
g(b) —g(a) = (z,f(b)) — (2. f(a)) = (z,2) = ||2]>
— By the Cauchy-Schwartz inequality,
Izl = (b= a) (z. £ (x)) < (b—a)2ll]|f' )]
— This implies

Izl =11£) = f@)]l < (b= a)llf' ()]
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Euclidean Spaces

Basic Definitions and Properties

e An inner product on a real vector space is a function (x,y) such that [KF §16 Def 1]

— (x,x) >0, with (x,x) = 0 if and only if x = 0.
x,y) = (y,x) for all x,y.
cx,y) = c(x,y) for any vectors x,y and scalar c.

o~ o~~~ ——

x,y+2z) = (x,y) + (x,z) for any x,y,z.

e A real vector space with an inner product is an inner product space or a  xr 516 per2)
Euclidean space.

o Let HXH =/ <x,x>. Then [KF §16 Thm

1]
— ||x|| is a norm;

— for any x,y the inner product (x,y) satisfies the Cauchy-Schwartz

inequality
[ e ) | < [l [H]]y ]
e The angle 6 € [0, 7] between two vectors x,y in a Euclidean space is e sgiser3)
defined by
cos 0 = ) :
(1]

e In particular, x,y are orthogonal if (x,y,=)O0.

e A normed space is Euclidean if and only if for all x,y

[+l =+ [l =yl = 21l + [1¥[])-
e In a Euclidean space
1 2 2
() = eyl = e = yII%).

e A Euclidean space that is complete is called a Hilbert space. [KF §16 Thm
15]
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Examples

e R* with the usual inner product is a Euclidean space.

o /h ={(x.x2,...): Lx} < oo} with

<X,y> — inyi

is a Euclidean space, and a Hilbert space.

e The set of random variables L, = {X : E[X?] < oo} with (X,Y) = E[XY]
is a Euclidean space, and a Hilbert space.

e Let C[zo ) be the set of all continuous functions on [0, 1] with the norm

ol =1 [ xtar.

Then C[ZO 1 is a Euclidean space with inner product

)= [+

This is not a Hilbert space since it is not complete.

Differentiation

e The results for derivatives of vector-valued functions carry over to func-
tions taking values in a general Euclidean space.
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Monday, February 29, 2016

Convergence Rate of Newton’s Method

e Suppose f is twice continuously differentiable, that f(a) =0, and f' () #

0.
e Newton’s method for finding o starts with an initial guess xo and com-
putes
Xprl =% f (xn)
n+1 —An —
I (xn)

e By Taylor’s theorem there is a z, between o and x,, such that
1
0=f(a) = f(xn)+ f (xp) (0t —x,) + if”(zn)(oc —xn)%.

e This can be rearranged as

1 f"(zn)
2 f'(xn)

J(xn)

— X, 2 —
(o ) I (%)

e If it can be shown that x,, — «, then z,, — o and

f"(a)
fle) |

‘a_xn—l—1| l
(a—x,)> 2

e This is called quadratic convergence.
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The Riemann Integral
Basic Definitions

e A partition of a bounded interval [a, b] is a set of points x1,...,x, with

xo=a<x1<xp<.--<x,=0b.

o letAx;=x;—x;_jfori=1,...,n.

e For a bounded function f : [a,b] — R define fori =1,...,n
Mi= sup f(x)
Xi— 1 <x<x;
e Xi— 1H§1£§Xif(X)'
o [et
U(Pf) =) MiAx;
i=1
L(P7 f) = miAxi
i=1
[ J

—b
| red=infu(e.g)
[ sty =supi(.

Define the upper (Riemann) integral and the lower (Riemann) integral as

If the upper and lower integrals are equal, the function is said to be (Rie-

mann) integrable on |a,b], and the common value is the (Riemann) inte-

gral

/abf(x)dx.
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Examples

e Suppose f(x) = c for all x € [a,b]. Then f is integrable with

/abf(x)dx: c(b—a).

e Suppose f(x) = x. Then

U(P,f)— ZM m;)Ax; < (b —a) max Ax;,

1<i<n

so upper and lower integrals are equal, and equal to

L 1+x, R bz—a2
Z Z_EZIX —x 3 .

:1 1=

e Suppose
1 if x € [a,b] is rational
flx) = . L
0 ifx € [a,b] is irrational.

Then for every partition P

U(Paf):b_a L(Paf):

So f is not Riemann integrable.
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Simple Bounds
e Since f is bounded, there are values m < M such that for all x € [a, b]

m< f(x) <M.

e For any partition P

m(b—a) <L(P,f) <U(P,f) <M(b—a).

e Therefore upper and lower integrals are finite, and
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The Riemann-Stieltjes Integral

Definitions

e Let a : [a,b] — R be monotonically increasing.

e For a partition P of [a, D] let

AOC,' = OC(xl') — OC(xl;l).
e For a bounded function f : [a,b] — R let

n
U(P7f7 a) = ZMiAai
i=1

n
L<Paf7 OC) — ZmiAai
i=1
and define upper and lower Riemann-Stieltjes integrals as
—b
| fx)datx) =infu(p.f.a)
a
b
| rx)datx) =supL(P.f.@)
Y _a P

e If upper and lower integrals are identical then f is Riemann-Stieltjes in-
tegrable with respect to o on [a,b] with the common value

/ ' fda = / " el

called the Riemann-Stieltjes integral, or just Stieltjes integral.
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Examples

e Setting a(x) = x produces the Riemann integral.

e If  is differentiable we fill see later that
b b
| fwdat) = [ fwa .
a a

e If f is continuous and « is a step function increasing by c¢; at points
Vi,---,Vk € |a,b], then

b k
| raoa=Y roie
a i=1

o If [a,b] =[0,1],
: 1
) = {1 ifx >3

0 otherwise,
and o = f, then the integral does not exist:

— Aq; is only positive if x;_1 < % < x;.

— On such an interval

M;=1
m; — 0
— So for all partitions P
UPf,a)=1
L(P,f,o0) = 0.
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Wednesday, March 2, 2016

Properties of the Riemann-Stieltjes Integral

e A partition P* is a refinement of P if P C P*, i.e. every point is P is also rpere3
a point in P*.

The common refinement of two partitions Pj, P> is the partition

P =P UP.

If P* is a refinement of P then (R Thm 6.4]

L(P,f,a) <L(P",f, o)
U(P".f,a) <U(P,f,c).

— Think about adding a point between two partition points.

Let Py, P> be two partitions and P* their common refinement. Then [R Thm 6.5]

L(P,f,a) <L(P f,a) <U(P", f,0) <U(P, f, ).

So for any partition P,

—b

L(Plafa (X) < lngU(P%f)a) - /afda.

Taking the supremum over P then gives

/fd(x—supL P,f,a /fdoc

f is Riemann-Stieltjes integrable with respect to &, f € Z (), if

lbfdoc = 7ifdoc.

122



STAT:5120 (22S:190), Spring 2016 Tierney

o f € Z(a) if and only if for every € > O there is a partition P such that  ®rmmes

U(P,f,OC)—L<P,f,OC) <€

— If: Given € > 0 select a partition P such that

U(P7f7 (X)-L(P,f, OC) <€

Then
/fdoc—/fdagU(P,f,a)—L(P,f,a)<8
So )
— b
fda—/fda:O
and f € Z(«).

— Only if: Suppose f € Z(&) and let € > 0 be given. Then there exist
partitions Py, P, such that

UP . /fd

N M l\)l('\"b

/ fdo—L(Py, f,a) <
a
Let P be the common refinement of P;,P;. Then

b €
UPf,o) <U(P,f,x) </ fda_|_§
<L(Py, f,0)+€<L(P,f,&) +¢

and therefore

U(Pafa (X)—L(P,f, OC) <€
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e Suppose € > 0, P = {xo,...,x,} is a partition such that

U(P,f,OC) —L<P,f,OC) <€
and s;,1; € [x;—1,x;] fori=1,...,n. Then

- Y [f(si) = f(t)|Aoy < &;
- if f € Z(a), then

n

Z (t) Ao, — /fdoc

i=1

< E.

e Proof outline:

- f(si)af(tl) < [mh ] SO |f(sl) (ti)| < M; — m; and

Y 1f(si) = f()lAai SU(Pf,00) = L(P, f, ) < &

— the second result follows since
n
L(P,.f,c Z
L(P.f,a / UP.f,a).
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Some Existence Results

e If f is continuous on [a,b], then f € Z(a). (R Thim 6]
e Proof outline:

- Fix e > 0.
— Choose n > 0 such that (ax(b) — a(a))n < €.

— f is uniformly continuous, so there exists a 6 > 0 such that

[f&x)—fl<n

for any x,y € [a,b] with |x —y| < 6.
— Choose a partition P with Ax; < & for all i.
— Then M; —m; < n fori=1,...,n, and therefore

U(P,f, OC) —L(P,f, OC) (Mi—mi)AOC,'

[
M=

~
—_

nAo; = n(a(b) — ala)) < €.

IN

N
|
—_
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e If f is monotone on [a,b] and @ is continuous and monotone on [a,b], ®mes
then f € Z (o) on [a,b].

e Qutline of proof:

— Suppose f is increasing; the decreasing case is analogous.
- Fix e > 0.

— By continuity of & we can choose a partition P such that

pop — 0)— (@)

— This is less than € for n large enough.
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® Suppose [R Thm 6.10]

— f is bounded on [a, b];
— f has at most finitely many discontinuities on [a, b];

— o 1s continuous at every discontinuity of f.
Then f € Z().
e Outline of proof for one discontinuity at ¢ € (a,b):
— Let M = sup|f(x)| and fix € > 0.

— Choose u < ¢ < v such that u,v € (a,b) and

2M(a(v) — au(u)) < g

— Then for any partition of [u, V]

U(Pluv), f, o) — L(P[u,v], f, ) < 2M(a(v) — at(ur)) < g

— Since f is continuous on [a,u] and [v,b] we can chose partitions of
these sets with

U(Pla,u], f,a) — L(Pla,u], f,a) <

W MHhWw| M

U(P[v,b],f,a) —L(P[v,b],f,oc) <
— Therefore for the combined partition
P = Pla,u] U P[u,v|UP[v,b]
of [a,b] we have

€ € €
U(P,f,oc)—L(P,f,oc)<§+§+§:e.
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More Basic Properties of the Integral

e Suppose
- feZ(a) on [a,b];
-m< f<M,
— ¢ is continuous on [m, M];
= h(x) = ¢(f(x)).

Then h € Z(o) on [a, D).

e Suppose f € Z(a) on |a,b]. Then

- cf € Z(a) on |a,b] for any ¢ € R and

/abcfda :c/abfda;

- |fl € Z(«) on [a,b], and

/:fda

- feZ(ca)on [a,b] ¢ >0, and

/abfd(ca) = c/abfda.

< [[1y1de
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e Suppose f,g € Z(a) on |a,b]. Then

- f+g - %(OC) on [d,b], and [R Thm 6.12a]
b b b
/ (f+g)do =/ fdoc+/ gdao;
- fg € %(OC) on [a7b]; [R Thm 6.13a]
—if f(x) < g(x) on [a,b], then [R Thm 6.12b]

b b
/ fda < / gda;

o If fec Z(a1)on [a,b] and f € Z (o) on [a,b], then f € Z(a + ) on  ®Riwme12)
[a,b], and

/abfd(oq +op) = /abfdoq +/abfdoc2.

e Suppose a < c¢ < b.

- If f € Z(a) on [a,b], then f € Z(a) on [a,c] and f € Z (&) on w612

[c,b], and
/abfdaz/acfdaJr/cbfd(x.

- If fe Z(a) on [a,c] and f € Z(a) on [c,b], then f € Z(a) on

la,b], and
/abdeC:/aCdeC-l-/cbdeC.
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Two Important Special Cases

e Suppose f is bounded, « is differentiable on [a,b] and @’ € Z on [a,b]. ®rRme
— Then f € Z(«) if and only if fo' € Z.
— In this case
b b
/ fdo = / F(x) o (x)dx.
L4 Suppose [R Thm 6.16]

— f is continuous on [a, b];
— ¢p > 0and Y ¢, converges;
— {yn} is a sequence of distinct points in (a,b);
= ou(x) = X0l Calia g (Vn)-
Then f € Z(«) on |a,b], and

b (o)
/ fda = chf(yn)'
a n=1
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Friday, March 4, 2016

Integration and Differentiation

e Suppose f € Z on |a,b]. For x € |a,b] define [R Thin 6.20]

= /axf(t)dt

Then

— F is continuous on [a, b];
— if f is continuous at xy € [a,b], then F is differentiable at xp and
F'(x0) = f(x0).
e Continuity:

— Since f € Z
M= sup |f(x)] <eo.

a<x<b

— Soforx <y
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e Differentiability:

- Fix e > 0.

— Since f is continuous at xg there is a & > 0 such that
[f(1) = f(xo)| <&
when |t —xp| < 6.
— For u,v € [a,b] with u < v and
x—6 <u<xg<v<xp+0

we have

F(v)—F(u)

V—Uu

_f(xo)

(v) = F(u) = f (x0) (v —u))|

/f dt—/fxodt

[0~ s

/ | f(t) — f(xo0)|dt
V—I/l

V—I/t
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Fundamental Theorem of Calculus

e If F is differentiable on [a,b], F' = f, and f € %, then (R Thm 6.21]
b
/ F(x)dx = F(b) — F(a).

e Proof outline:

— Fixe > 0.
— Choose a partition such that U (P, f) — L(P, f) < €.

— By the mean value theorem there are points #; € [x;—1,x;] such that

F(x,-) — F(xl;l) = f(tl-)Axi

- So

= < E.

|F(b) —F(a)— / ! )

n b
,'AX,'— x)dx
Y - [ )

— Since this holds for any € > 0 the result follows.
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Integration By Parts

e Suppose F,G are differentiable on [a,b] and suppose f = F' € # and r1mex)
g=G € % on [a,b]. Then

b b
/a F(x)g(x)dx = F(b)G(b) — F(a)G(a) — / F(0)G(x)dx.

e Proof outline:
— Let H(x) = F(x)G(x).
— Then H'(x) = f(x)G(x) + F (x)g(x).

- H' € % since f,g € Z and F,G are continuous and therefore also
F.GeZ.

— So by the fundamental theorem of calculus
b
/ H'(x)dx = H(b) — H(a),
a

and

/a bH’(x)dx: / bF(x)g(x)dx—l— / ’ f(x)G(x)dx.
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Uniform Convergence and Integration

L4 Suppose [R Thm 7.16]

— o is monotonically increasing on [a, b];
- fheZ(a)forn=1,2,...;
— fu — f uniformly on [a, b].

Then
- feZ(o);
— limy e [? frda = [P fda.

e Proof outline:

— Let &, = sup|f,(x) — f(x)].
— Then f, — &, < f < f,, + €&, and therefore

[a)fda > /ab(fn—en)da = /abfndoc—en[a(b) —a(a)]
[ taa< [ (+eyda [ fdasla) - ata).
- So . b
0< /afdoc _ /afdoc < 2&,[a(b) — a(a)] — 0.
and therefore f € Z(a).

— Since upper and lower integrals are identical and identical to the
integral of f,

/abfdoc—/abfndoc

< gla(b)—ala)] = 0.
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Improper Integrals

o If f € % on [c,b] for every ¢ € (a,b] define IR Prob 6.7

b b
/a f(x)dx=1im [ f(x)dx

c—a j
if the limit exists and is finite.

o If f € Z then this coincides with the usual definition, since f is bounded
and

/ " F)dzx| < suplf()|(c—a) =0

as ¢ — da.

o If f € % on |a,b] for every b > a define

oo b
/ f(x)dx=lim [ f(x)dx
a b—oo Jg
if the limit exists and is finite.

— If the limit exists then the integral is said to converge.

— Ifthe limit exists with f replaced by |f| then the integral is said to
converge absolutely.
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Integral Test For Series

e Suppose f > 0 and f is monotonically decreasing on [1,o0). Then

/100 f(x)dx

converges if and only if

converges.
e Outline of proof:

— Since [ lb f(x)dx is increasing in b and Y}, f(k) is increasing in n is
enough to show one it is bounded if and only if the other is.
— Consider the partition of [1,n] given by P ={1,2,...,n}.

— Since f is decreasing,

n—1
UPS) =Y (&)
k=1
L) =Y F(k).
k=2

- So
n n n—1
Y flk) < / F@ax< Y f(k).
k=2 1 k=1

— So either both converge or both diverge.
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Weierstrass’ Approximation Theorem

e Suppose f : [a,b] — oo is continuous. Then there exists a sequence f;, of 1726
polynomials such that f,, — f uniformly on [a, b].

e A proof using probability:
— Assume, without loss of generality, that [a,b] = [0, 1].

— Let X ~ Bin(n, p), let¥,, = X and let

Ja(P) = Enplf (Ya)] = ké)f (S) (Z) p(1=p)y*.

— fn 1s a polynomial of degree n in p.

— f is continuous on the compact set [0, 1] and therefore uniformly
continuous and bounded.

— Let M = sup|f(x)].
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— Fix € > 0 and choose 0 > 0 such that

£ = f)] < =

2
when |[x —y| < 6.
— Then
() — fu(P)| = |Enplf(P) — f(Ya)]]
<Ep[lf(p) = f(Ya)l)-
— Now

Enpllf(p) — fFX)l =Enpllf(P) — fFVu) 1y, —pi<5}]
+Enpllf(p) — )1y, pi>5)]
Sg +2MP, (1Y, — p| > 6).

— By Chebychev’s inequality,

Pn,p(|Yn_p‘ >6) <

M
— Soforn > <

and therefore

1f(p) = fulp)| <€
for all p € [0, 1].
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Convergence of Descent Algorithms

e Many computational problems can be formulated in terms of

— an objective function f : X — [0,00] on a metric space X;
— a solution set S={x € X : f(x) =0};

— the goal of finding a point in or close to the solution set.

e A general iterative algorithm is described by a function A : X — X that is
used to produce a sequence of approximate solutions

— starting with an initial value xy € X;

— then computing x,,+1 = A(xy,).

e An algorithm A is a descent algorithm if

f(Ax)) < f(x)

for all x € X, and
fA(x)) < f(x)
for all x £ S.

e Suppose f and A are continuous.

— Then S contains all limit points of x;,.

— If S consists of a single point x* and there is a compact set K O S
such that x,, € K for all n, then x,, — x*.
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e Proof outline:

= fnp1) = f(A(xn)) < f(xn), 50
x f(x,) is a decreasing sequence;
+ for any subsequence x,, the values f(x,, ) are decreasing as well.

— Suppose x™ is a limit point of x,, and x,, is a subsequence converging
to x*.

— Then f(x,,) | f(x*), and, in particular, f(x, ) > f(x*) for all k.
— Suppose x* & S.
— Then f(A(x*)) < f(x*), and we can choose a value z such that

FARXY)) <z < f(x).

— Since f(A(x)) is continuous, there is a § > 0 such that f(A(x)) < z
when d(x,x*) < 8.

— Since x,,, — x*, for all large k we have |x,, —x*| < 6 and therefore
k g k

fOongy) < fQmerr) = f(AG)) <z < f(x),

which is a contradiction.
- Sox* €S.

— If x, 1s contained in a compact set then every subsequence has a
further convergent subsequence; if § = {x*} then these all converge
to x*, and therefore x,, — x*.

e There are more general variants in which

— A returns a set of values;

— Xp+1 1s chosen as an element of A(x;,).

e Many algorithms used in practice are covered by these formulations.
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Smooth Interpolation

e Supposea=x) <x1<xp<:--<x,<b=x+n+1andyy,y,...y, are

real numbers.
e We would like to find a function g such that

- g(xl-) =Yy foralli = 1,...,1’1;

— g is as smooth as possible.
e g is said to interpolate (x1,y1),. .., (Xn,Vn)-
e A specific smoothness requirement:

— g,&',¢" should be continuous on [a, b];
— The roughness measured by
b 1 2
R(g) = / (g"(x))"dx
a

should be as small as possible.

continuous.

Suppose g € . minimizes R(g) and f is another function in ..

Let h= f—gand f,(x) = g(x) + uh(x) for some u € R,

Then f, € ., and for all u, and

RUW) = Rlg) +R0) +2u [ (O () > R(g).

This has to be minimized at u = 0, and therefore
b
/ g’ (x)h" (x)dx = 0.
a

e Furthermore,
R(f) = R(8)+R(f —g) = R(g);
for n > 2 equality holds if and only if f = g.

142

Let . be the set of all interpolating functions f such that f, f', f” are



STAT:5120 (22S:190), Spring 2016 Tierney

e Suppose that g” is differentiable on each of the intervals [x;_1,x;].

e Using integration by parts,
b Xi
8" " () = Ylg" (k' () — " (- ) (i) - X [ " (o ()
a Xi—1

b
= /() () — ¢ (@)W (a) ~ | " () (x)dx

a

e Suppose g’ is continuously differentiable on each of the intervals [x;_p,x;].

e Using integration by parts on these intervals, and the fact that i(x;) =0
fork=1,...,n,

[ ¢ ax = Tl (i) — -0t - F [ g @has

a

= ¢ (b )h(b) ~&" (@ )hla) — [ A0

e These terms will be zero if

— ¢ is zero on each interval;

"

— ¢" and g¢"" are zero on [a,x) and (x,, D]

e This means
— g is linear on [a,x;) and (x,, b];
— gis cubic on [x;_1,x;] fori=2,...,n;
— g,¢',¢" are continuous;
- 8(xi) = yi.

e A function with these properties exists and is called a natural cubic
spline.
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e Efficient algorithms for computing the interpolating spline are available.

e The solution to finding the twice continuously differentiable function g
on [a,b] that minimizes

Y (i~ g(x))* + AR(g)
i=1

for A > 0 is also a natural cubic spline, called a smoothing spline.
e A is called a smoothing or regularization parameter.

e A drafting spline shows the motivation for the term natural spline.
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Wednesday, March 7, 2016

Lebesgue Measure

Intervals

e [ebesgue measure generalizes the notion of interval length or rectangle
area to more complicated sets.

e Aninterval in R” is a set of points x = (xy,...,x,) such that
a; < x; < b
foralli=1,..., p; any of the inequalities may also be strict.

e The measure of an interval is

m(l) = (by —ay) x--- x (b, —ap).

e The measure m is additive in the sense that if / = I} UL, and if 1,1, are
disjoint, then
m(l) = m(]l) + m([z).

e By induction this implies thatif I =1, U---UI, and [ N I; = @ for k # [
then

n

k=1
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Elementary Sets

e A union of a finite number of intervals is an elementary set.
e Some properties of the collection & of elementary sets:

- ifA,Be &thenAUB € &,
- ifA,B€ & then AAB € &, where

AAB = (A\B)U (B\A);

These mean & is a ring of subsets of R”.

Suppose A = I} U--- U1, is an elementary set and the intervals are pair-
wise disjoint. Define the measure of A as

m(A) = i m(Iy,).
k=1

This 1s well-defined: if

A=Jn =7
k I
with
NI =0, JinJ; =0, [ # ]

then, since the intersection of two rectangles is a rectangle,
m(A) =Y m(l) =YY m(I:nJ) =Y m(J)
k ko1 ]

by the additivity of m for rectangles.

o IfAy,...,A, € & are pairwise disjoint, then | J;_; A € &, and

m (U Ak> = Z m(Ak);
k=1 k=1
i.e. mis additive on &.
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Outer Measure

e For any subset B of R? define the outer measure of B as

where the infimum is taken over all collections Aj,A»,...

mentary sets A,, such that
BcC | JA.
n=1
e Some properties of outer measure:

- m*(A) =m(A) forevery A € &.

— m*(RP) = oo,

— If By C B, then m*(B;) < m*(B»).
— If B C U,—; By, then

m*(B) < im*(Bn)

This property is called countable subadditivity.
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Measurable Sets

e A set A is finitely measurable, A € #F, if there exists a sequence of
elementary sets A, such that

m*(AAA,) — 0.

o A set A is measurable, A € #, if it is a union of a countable collection
of finitely measurable sets.

e The collection .# of measurable sets is a sigma-algebra of subsets of
RP:

-RP e #;
- ifA € # then A € A ;
- ifAj,Ap,--- € A then |, A, € M.

e Outer measure is countably additive on 4 if A|,A;,--- € ./ are pair-
wise disjoint, then

m* (OA”> = f:lm*(An).
n=1 n=
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Lebesgue Measure

e A non-negative countably additive set function u defined on a sigma-
algebra such that 1 (0) = 0 is called a measure.

e The restriction of m* to ./ is a measure, and is called Lebesgue measure.
e The sets in .# are called Lebesgue measurable.

e All open sets are measurable.

e All closed sets are measurable.

e All finite or countable sets are measurable.

e A Borel set is any set that can be obtained, by a countable number of op-
erations starting with open sets, with each operation consisting of taking
unions, intersections, or complements.

e The collection of Borel sets is a sigma-algebra.

e The Borel sigma-algebra is the smallest sigma algebra containing all
open sets.

e All Borel sets are measurable.

e For every A € ./ there exists a Borel set B such that

m*(AAB) = 0.

o IfACRPhasm*(A)=0thenA € /.
e Non-Borel sets do exist; these can still be measurable.

e Non measurable sets do exist.
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Friday, March 11, 2016

Measurable Functions

Basic Definitions and Properties

e Let X be a set, and . a sigma-algebra of subsets of X.

e A subset A C X is called measurable, or measurable with respect to M ,
ifAe . #.

e A function f: X — R is measurable, or measurable with respect to M ,
or ./ -measurable, if

{x: f(x) > aj

is measurable for all a € R.
e Each of the following is equivalent:

— f is measurable;

—{x: f(x) >a} e A foralla e R,
—{x: f(x) <a} e A foralla e R,
—{x: f(x) <a} e A foralla e R,
— f~YG) € . for all open sets G;
— f~Y(F) € . for all closed sets F;
— f~Y(B) € . for all Borel sets B.
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Some Details

e If f is measurable, then {x: f(x) > a} € .# for all a € R:
|
{x: f(x) Za}:ﬂ{x:f(x) >a—;}.

o If {x: f(x) >a} € # forall a € R, then {x: f(x) < a} € .4 for all
acR:

{x:flx) <ap ={x:f(x) 2 a}

o If {x: f(x) <a} e # forall a € R, then {x: f(x) <a} € . for all
acR:

{x:f<x)§a}=O{xif(")<“+%}

o If {x: f(x) <a} € .# forall a € R, then f is measurable:

{x:f(x) > a} = {x: fx) <a}’.
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e If f is measurable, then f~!(G) € .# for every open subset of R:
— Every open subset is a countable union of bounded open intervals or
open half lines;
— every bounded open interval is an intersection of two open half lines;
— measurability implies inverse images of open half lines are in ./Z;
— since ./ is a sigma-algebra, intersections and unions of these in-
verse images are in ./ as well.
e Closed sets: take complements.
e If f is measurable, then f~!(A) € .% for all Borel sets A:
— The collection Z of all sets B such that f~!(B) € .# is a sigma-
algebra.
— 2 contains all open sets.

— The Borel sigma-algebra is the smallest sigma-algebra that contains
all open sets.

— So % must contain all Borel sets.
o If f~1(A) € . for all Borel sets A, then f is measurable:

— The half lines (a, ] are Borel subsets of R.
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More Properties

e Suppose F : R” — R is continuous and fi,..., fp are measurable. Then

h(x) = F(fi(x),..., fp(x))
1s measurable.

— Since F is continuous, F~!(G) is open for any open set G C R.

— Every open set in R” is a countable union of open sets of the form
G X ...G), with G; an open subset of R.

p

(fisoos fo) (G1 % ...Gp) = ﬂfi_l(Gi>-

i=1
— Since f; is measurable, f; ' (G;) is measurable.
e Suppose f,g are measurable. Then

— | f| is measurable;
— fT =max(f,0),f” = —min(f,0) are measurable;

— f+g, fg are measurable.
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e Suppose f1, f>,... are measurable. Then

g(x) = sup fu(x)
h(x) = limnsup fn(x)

are measurable. Analogous results hold for inf and liminf.

— Foranya e R
{x:g(x)>a} = D {x: fu(x) > a}.
n=1

— Let
gm(x) = sup fu(x).

n>m
Then
h(x) = inf g, (x).
m

e If f1, f>,... are measurable and

f(x) = lim f,(x)

n—oo

exists for all x, then f is measurable.
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Functions on the Real Line

e Let % be the Borel sigma-algebra on R.
e Let .7 be the sigma algebra of Lebesgue-measurable sets.
— Then Z C Z.

e A function f : R — R is Borel measurable if it is measurable with respect

to %.

e A function f: R — R is Lebesgue measurable if it is measurable with
respect to .Z.

e If f is continuous then f is Borel measurable
— {x: f(x) > a} is an open set, hence a Borel set.
e If f is monotone then f is Borel measurable.

— For an increasing function and any a the set {x: f(x) > a} is of the
form {x:x > b} or {x:x > b} fof some b; these are Borel sets.

o If fis

— the difference of two monotone functions, or

— a function with finitely many discontinuities

then f is Borel measurable.
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e Suppose g : X — R is measurable and f : R — R is Borel measurable.
Then

1S measurable.

— Since f is Borel measurable, B= f~1(A) is a Borel set for any Borel
set A.

— Since B is a Borel set and g is measurable, g~ ! (B) is measurable.
-h A =g 1(f1(A) =g '(B).
e This conclusion may fail if f is only Lebesgue measurable.

— There may exist a Borel set A such that the inverse image f~'(A) is
Lebesgue measurable but not a Borel set.

— In this case & may fail to be measurable.

— Rudin gives a reference.

e When working with functions on the real line we almost always assume
these are Borel measurable.
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Simple Functions

e A function s : X — R is a simple functions if its range is finite, i.e. 1is
takes on only finitely many values.

e For a set A C X define the indicator function of A as
1 ifxeA
lA (x) = .
0 ifxégA.

— Some authors, including Rudin, call these characteristic functions.
— Some use the notation x4.

— In probability and statistics these are used elsewhere.
e If 5 is a simple function with range {ci,...,c,} and
Ai={s:s(x) =c¢}

then

s(x) = ) cila(x)

e If one of the possible values is zero we can discard it and use only the
Nnon-zero c;.
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e For any f : X — R there exists a sequence s,, of simple functions such
that s,,(x) — f(x) for all x.

— If f 1s measurable then the s, can be taken to be measurable.
— If f > 0 then the s, can be chosen such that s, (x) T f(x).

e For f >0 let

forn=1,2,...andi=1,2,...,n% and let

i1
Sy = nan+ZTlAni.
i—1

e For general f write
f=r=f
and apply this construction to f* and f~.

e If f is bounded, then s, converges uniformly to f.
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Week 9

Monday, March 21, 2016

Integration

Definitions

e Suppose

— X is a set
— ./ is a sigma-algebra on X

— U is a measure on ./#

e For a measurable simple function

n
Z CklAk

with ¢ # 0 and a set A € .# define

= Z CkLL(A ﬂAk).
k=1
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e Some basic properties:

— If 51,5 are simple functions, then s + s 1s also simple, and
I4(s1+52) = Ia(s1) +1a(s2).
— If s is a simple function and ¢ € R, then cs is simple, and
Ia(cs) = cly(s).

e If 5 is a simple function, for any A € .# define

Then ¢(0) = 0 and ¢ is countably additive on .Z .

— Suppose
m
S = Z cklAk'
k=1

— Suppose By,By, - € .# are pairwise disjoint, and

B= B,

n=1

— Then

m

¢(B) =Ip(s) = kz ek (BNA)
=1

Ck (i ,LL(Bn ﬂAk)>
n=1

CrUd (Bn ﬂAk)

I
=

»
|

1

I
gk
wgE

S
Il
—_
>~
Il
—_

I
s
&
=

I
s
<
—

o)
N

3
|
—_
3
|
—_
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e For a non-negative measurable function f define

| rdu=supia(s
A

with the supremum taken over all measurable simple functions s such
that 0 < s < f.

This is the Lebesgue integral of f, with respect to i, over A.

This integral may be infinite.

Suppose f is measurable and consider the integrals

[ 1 du | 1 du

If at least one is finite, define

[ fau= [ rrau— [ 1.

If both are finite, f is said to be integrable with respect to U.

e f isintegrable if the integral exists and is finite.
e The set of functions integrable with respect to u is £ ().

e The set of integrable functions with respect to Lebesgue measure is .Z .
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Some Elementary Properties

e If f is measurable and bounded on A and if (t(A) < e, then f € £ on A

o Ifa< f(x) <bforxecAand t(A) < o, then
ap(A) < [ fdu <bu(a)

o If fLge Z(u)onAand f(x) < g(x) for x € A, then

[ ran < [ san.

o If fec X(u)onAandc e R, thencf e Z(u) and

/cfdu:c/ddu.
A A

e If u(A) =0 and f is measurable, then

/Afdu =0.

o If fec X(u)onA,Be #,and BCA,then f € Z(u) onB.
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Wednesday, March 23, 2016

Defining a Measure as an Integral

e Suppose f is measurable and non-negative. For A € .# define

o(a)= [ fau.

Then ¢ is countably additive on .Z .

— Suppose A1,Az,--- € A are pairwise disjoint and

— Suppose s is simple and 0 < s < f. Then

In(s) = i’f*n“) < ilwn).

Taking the supremum over s then gives

[ fau=o) < ilas(An).
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— If ¢(A,)) = oo for some n, then ¢ (A) = o, and

0(4) > Y 04n).

— Suppose ¢(A,) < « for all n.

— Given € > 0 we can chose a simple function s with 0 < s < f such

that
[ sauzo@an-e2 [ sauzg)-e/2
Aq Ay
— Then
6(A1UA) > [ sdp
A1UA,
= [ sdu+ | sdu
Ay Ay

> @A)+ 0(Ar) —€.

S0 ¢(A) = 9(A1UA2) = ¢(A1) + ¢ (Az).

— Therefore, for all n

9(A) = 9(A1) +---+ ¢ (An).

3

— Taking n — oo completes the proof.
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e The result remains true if f € Z(u) and takes on positive and negative
values.

e ¢ is then called a signed measure.
o If u(A) =0then ¢(A) =0.

e This property is called absolute continuity; ¢ is said to be absolutely
continuous with respect to L.

e Common notation for absolute continuity: ¢ < U.
e A measure U on a space X is finite if (X)) < oo.

e A measure U on a space X is sigma-finite if there exists a countable
collection of sets Aj,A,,... such that

— U(A,) < oo for all n;

e All probabilities are finite and hence sigma-finite.

e Lebesgue measure on R” is sigma-finite but not finite.
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Radon-Nikodym Theorem

e Existence: If @, i are sigma-finite and ¢ < U, then there exists a mea-
surable function f such that

o(a)= [ rau
A
for all measurable sets A.

e Uniqueness: if the function g also satisfies

o(a)= [ rau
A
for all measurable sets A, then f = g almost everywhere.

e The function f is called the (Radon-Nykodym) derivative of ¢ with re-

spect to U.
e Common notation:
d¢
f==
i
e The Radon-Nikodym derivative is also called the (Radon-Nikodym) den-

sity.

e Some other notations:
o(a)= [ Fu(d)
floy = 249

(dx

=
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Examples

e Suppose

— X = {x1,x2,...} is a countable set.
— / consists of all subsets of x.

— M 1S counting measure,

[ (A) = number of elements in A.

— P is a probability on X.

Then
fl =90 = P9 _pay
dp u(dx)
e Suppose
- X =RP.

— # consists of the Borel subsets 2P of R”.

— U is Lebesgue measure on 7.

— P is a probability on #” and P < U.

Then P has a density f with respect to i, and

P(A) = | fau

forall A € Z#P.
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Random Variables and Expected Values

e Let (5,4, P) be a probability space.
e A random variable is a measurable function X : S — R.

e The expected value of X is
E[X] = / XdP

if the integral exists.
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Conditional Expectation

e Suppose E[X] exists and let €’ C % be another, smaller, sigma-algebra.

e For example, suppose Y is another random variable and
€=0c(Y)={Y"1A):AcZ).

— This is called the sigma algebra generated by Y .

— It is the smallest sigma algebra with respect to which Y is measur-
able.

e Define ¢(A) = [, XdP forA € €.
e Let P, be the restriction of P to %.
e Then ¢ < Py.

e The conditional expectation of X given € is

d
Em%m:ﬁ%

e Two key properties of E[X|%]:

— E[X|¥] is ¥-measurable.

— ForanyA € ¢
EX1a] = E[E[X[%]14].

e The conditional expectation of X given Y is defined as

E[X|Y] = E[X|o(Y)].
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Monotone Convergence Theorem

e Suppose f1, f2, ... are measurable functions and 0 < f(x) < fa(x) <...
for x € A, and let

f(x) = lim f,(x).

n—yoo
Then
/fdu: lim | f,du.
A n—eo A
— It 1s clear that

n—oo

o = lim / fadu
A

exists and

ag/Afd,u.

— Choose a constant ¢ with 0 < ¢ < 1 and a simple function s with
0<s<f, and let

Ap={x€A: fu(x) >cs(x)}.

— Then
Al CAyC...
and 5
A=A
n=1
— Also

az/fnduz/ fnduzc/ sdu.
A Ay Ap

— Since [z sdu is countably additive in B taking the limit gives

o>c / sdu.
A
— Taking she sup over s, c gives

OCZ/fd[.L.
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Friday, March 25, 2016

More Basic Properties

o If fe Z(u)onAthen |f| € Z(u)onA and
Léfdu‘siALﬂdu-

— LetB={x€A: f(x) >0}
— Then |f| € Z(u) in A since

_ o + _ -~
/A!fldu—/B\fldu+/A\B|f!du—/Bf du+/A\Bf dlL < oo,
— Since f < |f| and —f < |f| we have

[ ran < [ \fiau - [ fdu < [ 17lan

and the result follows.

e If f1, f> are non-negative and f = f] + f, then

[ ran= [ fidu+ [

— Suppose s,.1, 5,2 are sequences of non-negative simple functions in-
creasing monotonically to fi, f>.

— Then s, = 5,1 +552 1s a sequence of non-negative simple converging
monotonically to f.

— So by the monotone convergence theorem
/Afdu = ’}1_r>1010/Asndu = nh_r)rololA(sn)
= ’}I_IE(}OIA(Sn,l +5p2) = lim (Ia(sn.1) +1a(50.2))
= lim IA(Sn,l) + lim IA(Sn_z)
n—oo n—oo
= lim Sn,ld‘u + lim / Sn73d‘u = /fldu —|—/f2d,u.
n—reo JA n—reo JA A A

o If fi,fr € Z(U)onA, then f = fi+ fr € L (1) and
[ ran= [ paw+ [ pau
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Fatou’s Lemma

e Suppose A € ., f1,f>,... are non-negative measurable functions, and

£(x) = liminf £, (x).

n—soo
Then
/fdugliminf/fndu.
A n—ee  JA
e Proof outline:
— Let
gn(x) = inf f,(x).

m>n

— Then 0 < g; < go(x) <....
— Also

gn(x) < fulx)
gn(x) = f(x).

— By the monotone convergence theorem

1mgmy:/ﬂm.
A A

n—yoo

d :lim/ nd <liminf/ wd L.
tAf’u am | gadpt <liminf | fudpt
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Dominated Convergence Theorem

e Suppose A € . . Let f, be a sequence of measurable functions such that

forxe A
Ja(x) = f(x).
Suppose there exists a function g € £’ () such that for all x € A and all
n
[fa(x)] < 8(x).
Then

lim fndu:/fdu.
n—eo JA A
e Proof outline:

- g+ f» >0, so by Fatou’s Lemma
[+ e < timint [ (s + f)ap
A n—oo A
— Therefore,
/fd,u §liminf/fndu.
A n—o0 A
— Similarly, g — f, > 0, and

/(g—f)dﬂ <liminf [ (g — f,)du.
A n—oo  JA

— This implies
- [ fau < ~timint | fuap.
A n—eo JA

or
/fdu > limsup | f,dU.
A A

n—oo

e The result remains true if the sets
B,={x€A:g(x) < fulx)}
are non-empty as long as u(B,) = 0.
e Thus the result is true as long as |f,,| < g almost everywhere on A.

e The result also remains true if f,,(x) — f(x) almost everywhere on A.
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Connections to Riemann Integrals

e Suppose f is Riemann integrable on [a,b]. Then f € £ on [a,b] and the
two integrals are identical.

e If fis bounded on [a,b] then f is Riemann integrable on [a, b] if and only
if it is continuous almost everywhere.

o If f € % on[a,b] and for x € [a,b]

then

— F 1s differentiable almost everywhere;

— F’(x) = f(x) almost everywhere.
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Completeness for a Uniform Distribution

e Suppose Xi,...,X, are independent and uniformly distributed on [0, 6]
for 6 > 0.

e The minimal sufficient statistic 1s
T =X, = max(Xy,...,X,)

with denisty
l.n_ 1

Qn

f(t]0) =n——1p¢(7)-

e Suppose & is a measurable function such that E[h(T)|0] = 0 for all 6.

e The expected value is

n—1 n

t
EhTG:/ h(t dz:—/ h()" L dr.
[h(T)|6] 00 (t)n on 0" Jio. (1)

e Thus E[h(T)|6] = 0 for all 6 > 0 implies
H(O) = /[O’G]h(t)r”‘ldt —0
for all 6 > 0.
e So H'(6) =0 forall 6 > 0, and
H'(0)=0=h(0)6""!
for almost all 6.

e Thus i(6) = 0 for almost all 8, and therefore 2(7') = 0 almost surely.

e So the family of distributions of 7 is complete.
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Moment Generating Functions

e The moment generating function of a real-valued random variable X is
M(t) = E[e'].
— M(t) is defined for all 7;

— M(t) can be infinite;
- M(0)=1.

o Let B={t:M(t) < oo}. Then B is an interval containing the origin and
M 1is convex on B.

— ¢’ is convex, so for any #1,# and any o € [0, 1]

M(ati+(1—a)) =E [eaflxﬂl—a)tzx}

<E [ae" + (1 — a)e?¥]
=oM(t))+ (1 —o)M(t2).

— So M is convex, and if t1,t, € B then M(¢) is finite for any 7 between
t1 and 1.

— This means B is an interval, and since M(0) = 1 the set B contains
the origin.

— B may be the degenerate interval {0}.
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e Suppose M(t) is finite for all ¢ in an open set G containing the the origin.
e Then for all positive integers n
E[[X]"] <ee,

and forallt € G
E[|X|"e] < oo.

— Let A = {X > 0} and write

M(t) = / eXdp+ | *dP.
A A€

— Both integrals are finite for all r € G.

— For i > 0 let
K, (h) = max{y"e ™" :y > 0} < co.
- Fixt e G.
— Since G is open and contains the origin there is a u € G witht < u
and u > 0.

— Then on the set A = {X > 0}
X" — (Xne—uX)euX < Kn(u>euX
X" X — (Xne—(u—t))euX < Kn(u _[)euX

and therefore

E[(XT)" = / X"dP < K,(u) / "X dP < K, (u)M(u) < oo
A A
/ IX|"eXdP = /X"efXdP < K,(u—1) / e"XdP < K, (u—1)M(u) < oo.
A A A

— An analogous argument shows that
E[(X7)"] <o
/ 1X|"e*dP < oo.
— So E[|X|"e'X] < oo for all t € G and
E[IX|"]=E[(XT)"| +E[(X7)"] <ee.
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Monday, March 28, 2016

Moment Generating Functions

e Suppose M(¢) is finite on an open set G containing the origin.
e For ¢t € G and non-negative integers n define
@u(t) = E[X"e™].
Then ¢, is differentiable on G and
Pp(t) = Qi1 (7).
Since G contains the origin, then this implies that

E[X"] = C%M(r) .
t=0

178



STAT:5120 (22S:190), Spring 2016 Tierney

e Proof outline:

— Again let A = {X > 0} and write
oult) = [ XXdP -t | X7¢NaP = 9,1(1) + @ua(0)
A Ac

— Suppose t € G. Since G is open there exist v,u € G such that

r<<v<u.

— By the mean value theorem, for any s,7 and any y > 0O there exists a
¢ between ¢ and s such that

1y _ Sy
e e
:yegy.
r—s
— If s<vandt < vthen
1y _ Sy
e e
0< <ye"?,
r—s
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— Therefore, if s < v and ¢ < v the integrands in

(Pn,l( (Pnl /Xn XX

t—s r—s

are dominated on A = {X > 0} by

XnetX_esX
t—s

and
/e”XdP <M(u) <
A

— So by the dominated convergence theorem

lm(Pn’l( — Puals /X”hm _

s—t r—s s—t

:/XI’H-lethP
A

= (Pn+1,1(t)-

— A similar argument shows that @ »(f) = @u112(t).
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An Inversion Theorem for Characteristic Functions

e The characteristic function of a real-valued random variable X is

ox (1) = E[e"X] = E[cos(tX)] + iE[sin(tX)].

e Some properties:

— The characteristic function exist for all 7.

- (Px(()) = 1.
— |ox(¢)| < 1 forall ¢.

— If Z ~ N(0,1) then @y (t) = e /2.
e Suppose
| lexwlar <=

Then X is absolutely continuous and has a bounded density given by

_1
Y -

Fe) /_ Z e Xy (1)dt.

e Suppose X is a random variable with characteristic function @y, Z ~
N(0,1), 0 > 0, and X, Z are independent. Then

oo

| loxiozldr <=

— The characteristic function of X + oZ 1s
22
Pxroz(t) = ox(t)e /2,

SO

[ 1oxsorlai= [ lgce " Plar < [ e a1 < oo

—0Q
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Uniqueness of Characteristic Functions

e Suppose X and Y have characteristic functions @x and @y.
o If ox (1) = ¢y (¢) for all  then X and Y have the same distribution.

— Let X be independent of X and Y.
— Then X + 0Z and Y + 6Z have the same distribution for all c > 0.

— now let ¢ — 0.
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Uniqueness of Moment Generating Functions

e Suppose X and Y have moment generating functions My and My.

e If My and My are finite and equal on a neighborhood of the origin, then
X and Y have the same distribution.

— Let B be a neighborhood of the origin where Mx () and My (t) are
finite and equal.

— The complex generating functions

Gx(z) = E[e¥]

Gy(z) = E[e”]
are defined and differentiable on the open set D of all complex num-
bers z with R(z) € B.

— Complex functions differentiable on an open subset of C are ana-
Iytic, which implies

* infinitely differentiable

* they have power series expansions near every point of the open
set

— If a function f is analytic on an ope set D, and there is an infinite
subset £ C D such that

x f(z) =0forall z € E;
* E has a limit point in D;

then f(z) =0 forall z € D.

— Since Gy and Gy are analytic on D and
Gx(t+0i) = Mx(f) = My(f) = Gy(f-l-()i)

for all € B this means that Gx(z) = Gy (z) for all z € D.

— Since D includes the imaginary axis, this means that X and Y have
identical characteristic functions.

— So X and Y have the same distribution.
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Wednesday, March 30, 2016

Completeness in Exponential Families

e Let u be a sigma-finite measure on the Borel subsets of R.

e [et

N = {n € R:/_Ze”fu(dt) < oo}

e Define the densities fy with respect to i

e nt
le(t) - ff’we””,u(du) —C(n)e
e A family of densities
{fmnes}

1s an exponential family.

e Suppose D C ./ is an open interval, g is measurable, and

(e}

| szt =0

for all n € D. Then g(z) = 0 for p-almost all ¢.
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e Proof outline:

— Under the hypotheses, forn € D
| _grwerntan = [ g (e utar)
— Suppose for some 19 € D

d= / (1)e™ u dt):/_o;g (1)e™ u(dt) > 0.

— Then %gJF and % g~ are probability density functions with respect to
U.

— Taking 1 = s+ Mo, their moment generating functions are

/ ) (dr)
== / STy (dt).

— These are finite and equal on a neighborhood of the origin.

— So g" = g~ p-almost everywhere, and g = g+ — g~ = 0 u-almost
everywhere.

— So the family of distributions { f;, : 1 € D} is complete.
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Some Function Spaces

e For 1 < p < 0 a measurable function f is in Z7(u) if
/ [fIPdu < oo

e A measurable function f is in £ (u) if

esssup| f| < oo.
e For f € Z(u) Define
£ = {] [ 1f1Pdu
|.flleo = esssup|f|

e Some properties:

— ||fllp is a norm for 1 < p < oo if functions that are p-almost every-
where equal are considered equivalent.

— If || ]| < oo for some r < oo, then

tim 1l = 1/

—If1<p<e, I/p+1/g=1, f € LP(u) and g € L9(u), then
fee £ (n)and
1Fgll < 1f1lpllgllq-
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o £P(u) is a complete metric space for 0 < p < eo.
e Proof outline for p < oe:

— Let f,, be a Cauchy sequence.

— There exists a subsequence f,, such that

1
||fn[+1 _fniHP < E
— Let
k
8k = Z |fn,’+1 _fﬂi‘
i=1
8= Z |fni+1 _fn,-’-
i=1
— Then

k

k
1
8llp < ZT | fnir = fillp < Z@ <L
1= 1=
— By Fatou’s lemma, ||g||, < 1.

— So the series

fn1 + Z(fniJrl - fn,)
i=1

converges on a set A with y(A¢) =0.
— Define

S )+ X (fa () = fr(x)) x€A
fix) = {O 1 xXZA.

— Then for almost all x
k—1
fnk - fn1 (X) + Z (an_l(X) _fn,'<x)) — f(X)
i=1

— We now need to show that f € ZP(u) and || f — ful||, = O.
— Fix € > 0 and find N such that n,m > N imply || f,, — ful|)p < €.
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— Then by Fatou’s lemma
/ f — fulPdu < liminf / o — fulPdpt < €.
1—ro0

- So
1f1lp < I fullp+ILf = fullp < oo

and || f — fall, < €foralln > N.
e Proof outline for p = oo:
— Let A be the set of all x where

)] <[] falls
[fn (%) = ()| < |l fr = finlleo

for all n, m.

— Then p(A€) =0 and on A the sequence f;, converges uniformly to a
function f.

— Set f(x) =0 for x & A.
= Then || f = fulls = O.
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Friday, April 1, 2016

Hilbert Spaces

e For .2 (u) define the inner product

(.8) = [ fedu.

Then || f]l2 = /([ f)-

Since .#?(u) is a complete inner product space, it is a Hilbert space.

Let L be a closed subspace of a Hilbert space and x and arbitrary point.

Then there exists a unique xg € L such that

[lx = xo]| = inf{|lx —y[| : y € L}.

Xo is the unique vector in L such that (x —xg,y) =0 forall y € L.

Xo 1s the orthogonal projection of x on L.

— A normed space is Euclidean if and only if its norm satisfies the
parallelogram identity for all u,v:

it - vII + flu = vI1* = 2]Jul|* + 2]

— Let D =inf{||x—y| : y € L}.
— Suppose y, € L are such that ||x — y,|| — D.
— Then applying the parallelogram identity to

M:x_yn X—Ym
2 2

gives

1 1 1
20 =3l = Sl =l 3 =yl = o= 222

189



STAT:5120 (22S:190), Spring 2016 Tierney

— Since (y,+ym)/2 € L,

Yn =+ Ym

| > D.

[l —

— Since ||x — y,|| — D this shows that y, is a Cauchy sequence which
converges to a limit y by completeness.

— By continuity of the norm, ||x —y|| = D.

— If y/ € L also satisfies ||x—)'|| = D then the same use of the paral-
lelogram identity implies ||y — || = 0.

— If y € L, then for any scalar ¢
Ix —x0 +1y[|* = [lx — xo||> +£*[|y||* + 2t {(x — x0, ).
— This is must be minimized atz = 0, so (x — xg,y) = 0.
o If x| € L satisfies (x —x1,y) =0 for all y € L, then

[lx —xo0[|* = [lx =21 ||* + [Jx1 — x0]|* +2{x — x1,x1 —x0)
> [|lx — x|

So X1 = X0.
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Conditional Expectation as Projection

e Suppose

— (8,4, P) is a probability space;
— € C A is a sigma-algebra;
- X € L2(P).

e Let L he the set of all ¥-measurable random variables with finite second
moments.

e L is a closed subspace.

e There exists a unique random variable Xy € L such that
E[XY] =E[XoY]
forall Y € L.
e Xy is the conditional expectation of X given %.
e E[(X —E[X|¥))) ) <E[(X—Y)*forallY € L.

e This definition can be extended to X € .#!(P) and non-negative X by
taking limits.

191



STAT:5120 (22S:190), Spring 2016 Tierney

Linear Functionals on a Hilbert space

e A linear functional on a vector space is a real-valued function f such that

— f(ax) = af(x) for any vector x and scalar a;
- f(x+y) = f(x)+ f(y) for any vectors x,y.

e If f is a continuous linear functional on a Hilbert space, then there exists
a vector y such that

f(x) = ()

for all x.

e This is called the Riesz representation theorem. There are several other
related results known by the same name.

e In finite dimensional Euclidean spaces all linear functionals are contin-
uous, and this result is easy to establish by considering an orthogonal
basis.

e In infinite dimensional spaces not all linear functionals are continuous.

2

e For example, in C[a b

the norm

» the space of continuous functions on la,b] with
b
Il =/ [ xoyar
a
the evaluation functional

1s linear but is not continuous.

e One possible proof for the general case is based on projections.
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e Qutline of proof:

— If f(x) =0 for all x use y = 0.

— Suppose there is some z such that f(z) # 0.

— Let L={x: f(x) =0}.

— L is a subspace since f 1s linear; L is the null space of f.
— L s closed since f is continuous.

— Let z¢ be the projection of z onto L, and let v = z — zp.

— Then (v,w) =0forall w € L, and f(v) = f(z) # 0.

— Let
_fO)

y= %
V]2

— So (y,w) =0forallw € L, and

v 2
£6) = T = o1 = ().

— For any x the vector

is in L since

f ( _ @y) = 10— I ) = £ — £ =0

fo) f)
— Therefore )
<y7x_ my> = 07
and
(N N TR
(¥, x) = (, f<y)y>+<y, f(y)y> =70 »,y) = f(x).
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Reproducing Kernel Hilbert Spaces

e Suppose the elements of a Hilbert space are real-valued functions on
some domain D.

e The evaluation functional

is a linear functional.

e If these functionals are continuous for all # € D then the Hilbert space is
said to be a reproducing kernel Hilbert space (RKHS).

e By the Riesz representation theorem, for each ¢ there exists a function y;
such that

Je(x) = (1)

e The reproducing kernel is
R(s,1) = ys5(t) = (s, 1)

e Reproducing kernel Hilbert spaces are used heavily to study a wide range
of regression and machine learning methods.
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Monday, April 4, 2016

Orthogonal Systems and Bases

e A collection {x} of points in a Hilbert space is an orthogonal system if
x| > O for all ¢ and
<x0¢1 ’th2> =0

for all o # .

e An orthogonal system is an orthonormal system if ||xy|| = 1 for all c.

e If a Hilbert space is separable then any orthogonal system is at most
countable.

e An orthogonal system is complete, or an orthogonal basis, if the smallest
closed subspace containing the system is the space itself.

e Every separable Hilbert space has a countable orthonormal base.
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e Suppose ¢1,P,,... is an orthonormal system and x is an element of a
Hilbert space.

— For a fixed n the expression

2

n
x—Y ai¢;
i=1

1s minimized by
a; =c; = (x,9;).

— The minimal value 1s .
2 2
Ix]7 =) ¢
i=1

— This implies Bessel’s inequality

)i <
i=1
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e Proof outline:

— The space L spanned by ¢, ..., ¢, is a closed linear subspace.

— By the general projection result there is a unique closest point xg € L
to x, and x — xq 1s orthogonal to all elements of L.

- Soif .
xo =Y bif;
i=1

then fork=1,...,n
0= (x—xo0, ) = (x, ) — <Zb¢1a¢k>—ckbk

— S0 by = ¢ = (x, P).
— Since x¢ € L and thus (x — xg,x) = 0, it follows that

]l = flx = xol| + 1o

- So
Ix = xol|* = [Jx]|* = Ilxoll*,

and
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o If 01,0, 03,... 1s an orthonormal basis, then

lim
n—soo

n
x—Y cify
i—1

and

2 v o2
ell® =} 7
i=1

e This identity is known as Parseval’s Theorem.

e The coefficients ¢; = (x, ¢;) are called Fourier coefficients

e The series
Y cio
i=1
is called the Fourier series.

e A basis for #? on [, 7] is given by

1, cost, sint, cos2t, sin2t,

198
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Orthogonal Complements and Direct Sums

e Suppose L is a closed linear subspace of a Hilbert space H.

o Let
L*={xcH:(x,y)=0forallyc L}

e L is called the orthogonal complement of L.

e L1 is a closed linear subspace of H.

e Every vector x € H can be written as
X =X1+X0

with xo € L and x; € L*. This decomposition is unique.

e H is said to be the direct sum of L and L*:
H=L®L".

e Direct sums are also called tensor sums.

e The orthogonal complement is also sometimes denoted
L"=HolL.

e Suppose

— Ly,...,Lg are closed linear subspaces of L;
— (xj,x;) =0 for any x; € L;,x; € L; with i # J;
— every x € L can be written as x = x; 4 --- +xg with x; € L;.

Then L is the direct sum of Ly, ..., Lg,

L=L & &Lg.
e This is often used in hypothesis testing for linear models, with

— L representing a full model;
— L C L areduced model;
— L, the orthogonal complement of L within L,

L,=LOSL,.
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Projection Operators

e Given a closed subspace L or a Hilbert space H the projection operator
Py 1s the function that returns the projection of its argument on L:

X0 = PLX.

e The projection operator Pr

— 1is a linear operator;

— 1S continuous.

e If L,..., Lk are closed subspaces of L and
L=L1®L,® - DLk,

then
P = PL] —I—PL2 +-- --I-PLK.

e IfycLandx Ly, ie. (x,y) =0, then Px | yas well:

- <x7y> - <X—PLx,y>+<PLX,y>.
— (x—Ppx,y) =0since y € L.
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Wednesday, April 6, 2016

RKHS and Model Fitting

e Suppose we have data of the form (x1,y1),..., (xn,yn), With

— x; € D for some domain D;

-y eR.

e We eould like to model the relationship between the predictors, or fea-
tures, x; and the responses y;.

e A parametric model might consider functions f of the form
K
flo) =) djg;(x)
j=1

for some basis functions gi,...,gk.

e The coefficients dy,. .. ,dk could be estimated by minimizing a loss func-
tion representing lack of fit, minimizing

L (yi, ) djgj(xi))
&~ 4

i j=1

e The loss function could be

— squared error L(y, 0) = (y — 0);

— anegative log likelihood term, e.g. for a generalized linear model
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e A more flexible approach allows f to vary in infinite dimensions.

e Minimizing a loss function over too many parameters results in over-
fitting.

e To avoid over-fitting requires regularization, or a penalty.

e Penalties usually are functions J( f) that are larger for functions behaving
less nicely, e.g. larger for functions with less smoothness.

e Regularized, or penalized, function estimates are obtained by minimizing
n
Y L(yi, f(xi)+AJI(f)
i=1
where A > 0 is a regularization parameter.
e An intermediate version minimizes
n K
Y L{yi,) digi(x)+f(x) | +AJ(f)
i=1 j=1
over f and dy,...,dg.

e The estimates of dy,...,dk are not penalized, or regularized.
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e Many methods of this type

— take the set of admissible functions f to be a RKHS H with kernel
R(s,1);

- take J(f) = || f]*.

e A function f can be written as

x) = zn: cjR(xj,x)+p(x)

j=1
where p(-) L R(xj,-) for j=1,...,n

e As aresult,

and

e Furthermore,

2

J() =117 = ZC] (x| + el
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e Thus the penalized loss function is

L(yi, f(xi)) + AJ(f)

™=
N

2
+Allpl2.

n
ciR(x;,")
=1

J

= ZL (yi, i ch(xj,xi)) +A

i=1 j=1

2 which is minimized

e p enters the objective function only in the term ||p
by p =0.

e So the problem of minimizing the penalized loss over the infinite di-
mensional space H reduces to solving the finite dimensional problem of
minimizing

2

CJR (xj ) )

1

L (yi, Z ch(xj,xi)> +A
= 4

J=1

n

J

~

OVer ci,...,Cp.
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e A common variation takes

J(f) =P
where L is a closed subspace.

e This approach considers representations of f of the form

n

K
f(x) = Zldjgj(x) + Z’ICJ'RL(X]',X) —|—p(x)
j=

] =
where

— g1,...,8k is a basis for L*;
— Ry 1s the reproducing kernel corresponding to L;
— Rr(x,-) € Lfor all x;
—-p€Landp L Ry (x;,-).
e Minimizing
L(yi, f(x:)) +AJ (f)

n
i=1

over f is then equivalent to the finite dimensional problem of minimizing

2

CjRL(xjvx)
1

n

n K n
L (yi, Z djgj(x) + Z CjRL(Xj,X)> +A
i=1 = =

J

overdi,...,dg and cy,...,cp.

e The coefficients dy,...,dg are not affected by the penalty term.
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e For D = [0, 1] and m a positive integer

— let H be the set of all m times differentiable functions on D

— with the inner product
m_1 , 1
(.8 =X 19000+ [ 17 @) @)a
j=0

e The unpenalized basis functions go,...,g,—1 are

e The subspace L is the orthogonal complement of the span of gg, ..., gmn—1.

e The penalty function is

Pl =10 = [ ()

and

Ru(x.) :/0 (m—1)1 (m— 1+)! ai,
where (x); = max(x,0).

e m = 1 corresponds to fitting piecewise linear continuous functions, with

Ry (s,t) = min(s,?).

e m = 2 corresponds to cubic smoothing splines, with

max(s,t)min(s,z)?> min(s,z)>
Rufsr) = X0 min(s 0 min(s

e Support vector machines are another fitting approach that builds on RKHS
methodology.
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Multiple Integration

e Suppose

— M = AP, the Borel sets in R”;

— W = m, 1s Lebesgue measure restricted to the Borel sets.

e For a Borel-measurable function f : R” — R the Lebesgue integral

[ an—= [ fam,

is defined if f is non-negative or f € .Z(m,).

e To compute the integral for, say, p = 2 we would like to have

[ rams = [ ( [ reeom (@) mi(ay
= [ (f rwspm(a))mi(a

e This 1s the subsect of Fubini’s theorem.
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e Suppose (X,.#,u), (Y, /", Vv) are measure spaces with sigma-finite mea-
sures.

o LetX xY ={(x,y):xeX,yeY}.

e Asubset A X B C X x7Y is called a measurable rectangle if A € .# and
Be. V.

e The product sigma-algebra .# x ./ is the smallest sigma-algebra con-
taining all measurable rectangles.

eIfX=Y=Rand # =4 =R, then #x % = %"
e For ECX xY,x€X,and y €Y define

Ex={y:(x,y) €E}
EY={x:(x,y) €E}

These are called the x-section and y-section of E.
e IfEc . # x NV thenE,€ A and E’ € .# forallxc X andy € Y:

— Let Qbetheclassofall E € .#Z x .4 suchthatE, € .4 forallx € X.
— If E = A X B then

o _ B ifxeA
Tlo ifxgA

So Q contains all measurable rectangles.
- (XxY)y=YeN.
— If E € Qthen (E€), = (Ex)“ € A, 50 EC € Q.
- IfE\,Ey,--- € Qand E = |JE; then

E,= (UE’)X =|J(E)xe N,

so E € Q. SoQ C .# x ./ is a sigma-algebra containing all open
rectangles.

— Therefore Q = .4 x N .

— The proof for y-sections is analogous.
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Friday, April 8, 2016

Multiple Integration

The 7 — A Theorem

e A common line of argument for proving results will be:

(i) show the result holds for measurable rectangles;
(i1) show the result holds for A€ if it holds for A;
(iii) show the result holds for A = J;—; A; if it holds for Aj,A,. ...

This then implies that the result holds for the product sigma algebra.
e Sometimes it is easy to show (iii) only of the A; are assumed disjoint.
e The © — A theorem bridges the gap.
e The collection of measurable rectangles is a 7-system.

e A collection & of subsets of a set X is a w-system if A,B € & implies
ANBe Z.

e A collection .Z of subset of a set X is a A system if
-XeY%;
— if A € &/ then A€ € &;
- if Aj,Ay,- - € o are pairwise disjoint, then |~ | A; € .Z.

e If a A system is also a -system then it is a sigma algebra.

e The m — A theorem: If & isa w, £ is a A system, and & C %, then
o(Z)cCZ.

e Thus to show that a property holds for all sets in .#Z x .4 it will suffice
to show

— that is holds for all measurable rectangles;

— that the collection of sets in .# x .4 for which it holds is a A-
system.
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e For a function f on X x Y and each x € X define
fey) = f(x,y).

e Similarly, for y € Y define
Fx) = fxy).

o If fis .# x ./ -measurable, then f, is ./ -measurable for each x € X,
and f” is .# -measurable for each y € Y
— IfGCRisopen, then E = f~!(G) € .4 x 4 since fis measurable.
- 1 (G)=E, en.

o ForE € . # x N let

Qe (x) = V(Ey)
We(y) = 1(E).

e Then @f is .# -measurable, yg is .4/ -measurable, and

/(pEd,u:/l//Edv.
X Y
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e Proof for the case where p(X) and v(Y) are finite:

— Let Q be the setof all E € .# x .4 for which the conclusion holds.

— If E = A X B is a measurable rectangle,

Paxs(x) = V(B)14(x) Wax(y) = 1(A)15(y)
and thus
(PAde.u L(A) / YaxpdV,
and E € Q.
— X XY € Qsince it is a measurable rectangle.
— If E € Q then

9e<(x) = V((E)) = V((E)) = v(¥) = V(E) = V() — 95 (x)
Wee(y) = R((EY) = 1((EY)) = p(¥) — u(E”) = w(X) — ().

So ¢ and yr are measurable. Furthermore,

/X Prespt = /X v(Y)— @edu = p(X / Pedy
= pn(X)v(

—/wEdv:/uX —l//Edv:/t;/Ecdv
Y Y Y
So E€ € Q.

— A similar argument shows that if E1,E,--- € Q and are pairwise
disjoint, then | JE; € Q as well.

— S0 Q C . # x ./ is a A-system containing the 7-system of measur-
able rectangles.

— Therefore Q = . # x .V .
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e The product measure it X v on .# x .4 is defined as

(xv)(E) = [ v(ENdp = [ u(E)av

forE € # xv.

e If m, is Lebesgue measure restricted to the Borel subsets of R”, then
mp Xmp = mj.

e (L X V is the unique measure A on .# x .4 such that for all measurable
rectangles A X B
A(AxB)=u(A)v(B).

e If 1 and v are probabilities and

Vix,y)=x
W()C,y) =Yy

then 4 x v is a probability under which V and W are independent.
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e Suppose f is non-negative and .# X ./ -measurable.

e Let
or(x) = [ fiav w) = [ P

e Then @ is .# -measurable, yy is ./ -measurable, and

Axyfd(MXV)z/waduz/wadV-

o If fc LN (uxV)

— fr € ZY(v) for p-almost all x;
— € L' (u) for v-almost all y;
— @¢(x) is defined for p-almost all x and is in £ (u);
— y¢(y) is defined for v-almost all y and is in £ (v);

— The integrals are defined, finite, and equal.
e These results are known as Fubini’s theorem.
e The results for non-negative f are sometimes called Tonelli’s theorem.
e The proof

— uses the results already obtained to handle simple functions;
— monotone convergence extends to non-negative functions;

— positive and negative parts handled separately for integrable func-
tions.
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e Suppose U is a sigma-finite measure on the Borel subsets of [0, o).

/ xdu = / / y)dydu
[ omt
/[0,«0 /[o,oo> )
= / u((y
0,00

e If i is a probability measure with CDF F(y) = u([0,y]), then

:/xdu:/ooo(l—F

e Then

e The result is true

— evenif E[X] = oo

— for any distribution on [0, e0), whether continuous, discrete, ...
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Riemann Integrals and Sequences of Partitions

e Suppose f is a bounded function on [a,b] and P, and Q, are sequences
of partitions such that

li_I>I°1°L(Pn,f) — li_rgoU(anf)'

Then f € Z on |a,b]:

lim L(P,, f) < supL(P. f) < infU (P, f) < lim U(Qy. f).

n—oo P

e For a converse, define the mesh of a partition P with points a = xp < x1 <
xn<-.-.-<x,=bas

|P| = max Ax; = max |x; —x;_1|.
1<i<n 1<i<n

o If f € % on |a,b] and € > 0, then there exists a 6 > 0 such that

b b
| fax—e<1pp) v < [ favre

for all partitions P with |P| < o:

— Since f € Z there exists an M such that |f| < M and a partition Q
with points a = yg <y <yp < --- <y, = b such that

b b
[ fax=5 <po <v@s) < [ faxe .

— Given a partition P, let P’ be the common refinement of P and Q.
— Then

b
UP.f)<UQ.1) < [ fax+ 5.
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— Now in the difference of sums U (P, f) — U (P, f)

* the contributions from all intervals that do not contain a point
from Q are equal and cancel;

* at most m — 1 intervals contain a point in Q;

« these each contribute at most M|P| to each sum and hence at
most 2M|P| to the difference;

* so the difference is bounded by
U(P.f)—U(P',f) <2M(m—1)|P|.

— Let e

6:4M(m—1)'

— Then for a partition P with |P| < &
U(P.f)~U(P.f) <2M(m—1)|P| <.
and
UPf)=UP,f)+U(Pf)-UP,f) < /abfders.

— The lower bound is analogous.
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Weak Convergence of Probability Measures

Basic Definitions

e Suppose

— X is a complete, separable metric space.
— % is the Borel sigma-algebra on X.

— U, Uy, U, ... are probability measures on 2 .

® [, is said to converge weakly to U if

[ faw,~ | rau

for all bounded, continuous f : X — R.
e A common notation is U, = U.
o AsetAc 2 isa p-continuity set if (dA) = w(A\A®).

e Suppose Y, Y1,Y,,... are X-valued random variables with distributions L,
Ui, o, . ... Then Y, converges in distribution to Y if u, = U.
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Equivalent Characterizations

e The following are equivalent:

(@) tn = U
(b) limsup,, w,(F)

< u(F) for all closed sets F.
(¢) liminf, u,(G) > u(G) for all open sets G.

(d) lim, w,(A) = u(A) for all u-continuity sets A.
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e (a) implies (b):

- Fix e > 0.

— For y > 0 define
F'={x:d(x,F) <y}

— Since F is closed, F = ﬂy F?Y, so we can find 6 > 0 such that

W(F®) < u(F) +e.

— Let
1 ifr <0
op(t)y=<1—t if0<r<1
0 ifr>1,
and set

1o =0 (5a00)).

— f is continuous and bounded by 1.
— f=1onF and f =0 on FO.
- So

P = [ fap, < [ fan,
[ fdu= [ fdu < p(F%) <p(p)+e
— Therefore
limsup p,,(F) < ligl/fdun = /fdu < u(F)+e.
— Since this holds for all € > 0 (b) follows.

e (b) implies (c): take complements.

e (b), (c) imply (d):
— Forany A € &
1(A%) < liminfp1,(A°) < limsup 1, (A) < p(A).

n

— If A is a pu-continuity set then u(A°) = u(A).
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e (d) implies (a):

— Let f : X — R be a bounded continuous function.
- Fix e > 0.

— Since f is bounded we can find a,b € R such that a < f(x) < b for
all x.

— There are at most countably many y € (a,b) such that
u({x: fx) =} > 0.

— So we can choose yp = a < y; <y2 < ...yr = b such that
x yi—yim1 < &fori=1,...,k;
x w({x: f(x)=y;} =0fori=0,1,... k.

- Let

Ai={x1yi1 < f(x) <yi}
Bi={x:yi1 < f(x) <yi}
Ci={x:yi1 < f(x) <yi}

— Since f is continuous,
* B;is open and B; C A7
« C;is closed and A; C C;.

— U(Bi) = u(Ci), so
p(9A;) < u(C\B;) = u(Ci) —u(Bi) =0

and A; is a U-continuity set.
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- Let

k
s(x) = ;)71'—1 La; (x)

— Thens < f <s+e.
- So

/sd,ung/fd,ung/sdun+s

/sdug/fdug/sdque

— Since the A; are p-continuity sets

k k
/Sd#n = Z,yi—llln(Ai) — ) yicil(A) = /Sdli-

i=1 i=1

— Soforany € >0

limsup fdung/fdu+8

n—soo

liminf | fdu, > / fdu—e.
n—yoo
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Some Properties

e Suppose every subsequence U, of u, contains a further subsequence
Moy, such that H, = u. Then u,, = u:

— Suppose U, 7 L.

— Then for some bounded, continuous f and some € > 0O there is a
subsequence U, such that

|/fdunk—/fdu‘28.

— No subsequence of u,, can converge weakly to L.

e There exists a metric p on the set of all probability distributions on
(X, Z") such that u, = p if and only if p(u,, ) — 0.

e This result may fail if X is not separable.
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Convergence in Distribution on the Real Line

e Suppose X = R and let

e Then u, = u if and only if lim,,_,. F;,(x) = F(x) for all continuity points
xof F.

e Necessity:

— The boundary of (—eo,x] is {x}
— If F is continuous at x then (—eo, x| is a {-continuity set.

— Soif w, = p then F,(x) — F(x).
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e Sufficiency:

— Let f : X — R be a bounded continuous function.
- Fix € > 0.

— Let M be an upper bound on | f(x)]|.

— Select continuity points a < b of F such that

F(a)<e 1-F(b) <e.

— Since f is continuous we can select xo = a < x| < - -+ < x; = b such
that

* X0,X1,.-.,Xx are continuity points of F;
x |f(x) — f(x;)] < € forall x € [x;_1,x].
— Let

— Then lim;, 0 Sk , = Sk, and

<e+MF(a)+M(1—F(b)) < (2M+1)e

'/fdu—Sk

< e+MFEy(a)+M(1—Fy(b)) < (2M + 1)e.

‘ [ fatn=Se
— Therefore, for all € > 0,

liminf/fdunZSk—(2M+1)82/fdu—2(2M+1)8

n—so0

lim sup fdunSSk+(2M+1)sg/fdu+2(2M+1)e.

n—o0

tim [ f, = [ fdu.
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Wednesday, April 13, 2016

Skorokhod’s Representation Theorem
e Suppose (S, %, P) is a probability space.
e V:S— X is arandom element if V=1(A) € Z forall A c 2.

e The probability distribution of a random element V is the probability
measure

uy(A) =P(VHA) =P({seS:V(s) €A}).

e If V has probability distribution y we write V ~ L.

o If V.V, V,,... are random elements, we say V, = V, or V,, converges to
V 1in distribution, if
My, = Uy .

e Suppose W, = . Then there exists a probability space (S,%,P) and
random elements V., V|, V,,... suchthatV ~ u,V, ~ u,, and for all s € §

lim V,(s) = V(s).

n—oo

e The probability space can always be taken to be ([0, 1],%,m) with Z the
Borel subsets of [0, 1] and m Lebesgue measure.

e This is known as Skorokhod’s representation theorem.

e For the case X = R, use the left-continuous inverse CDFs,

V(s)=F (s
Va(s) = F; ' (s)

at points s where F~! is continuous and set V(s) = V,,(s) = 0 otherwise.
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Helly’s Selection Principle

e Suppose F; is a sequence of non-decreasing functions on R with a <
F, <b.

e Then there exists a subsequence F;,, and a non-decreasing, right continu-
ous function F such that

lim F,, (x) = F(x)

k—ro0

for all continuity points x of F'.
e Proof outline:

— Let r{,r,... be an enumeration of the rationals.

— Since [a, b] is compact, the sequence F,,(r1) has a subsequence F;,,  (r1)
that converges to a limit Fy(ry).

— From the corresponding subsequence of functions extract a second

subsequence F,, |, Fy,,,... such that F,, (r2) converges to a limit

Fy(r2), and so on for r3,ry,....
— Let F,, = Fy,- Then F, (r) — Fo(r) for every rational r.
— Fj is non-decreasing.
— Define F as

F(x) =inf{Fy(r) : r € Q and r > x}.

— Then F is non-decreasing and right continuous, and for and x € R
and any s,r € Q with s <x <t

Fo(s) < F(x) < Fy(t).

[If x € Q we could have Fy(x) # F(x) as Fy need not be right con-
tinuous. |

— Suppose x is a continuity point of F' and fix € > 0.

— Since x is a continuity point of F, there exist a 6 > 0 such that
[F(y)—Fx)| <e
when |y —x| < 6.
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— Choose y,z€ Rand s, € Qsuchthatx—d <y<s<xandx <t <
z<x+9.

— Then

limsup F;,, (x) < klim F,(t)=F(t) <F(z) <F(x)+¢
—»00

k—yo0

and

liminfF, (x) > 1_i>ank (s)=Fo(s) > F(y) > F(x)—¢

k—ro0

— So F;,, (x) converges to F (x).
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Tightness and Prokhorov’s Theorem

e Even if

lim F,(x)=a lim F,(x) =b

X—r—00 X—ro0

for all n, all we ca say for F is

a< lim F(x) lim F,(x) < b.
X—>—oo0 X—>o00

e For distribution functions F;, this means that probability mass can “es-
cape” to oo,

e To ensure this does not happen we need something like: for every € > 0
there exists a positive number M such that

F,(—M) <e¢ F,(M)>1—c¢.

e By increasing M if necessary we can take +M to be continuity points of
F.

e Then

F(-M)=limF, (-M)<e  F(M)=limF, (M)>1—¢.

k—>o0 k— oo

e So F is a proper distribution function.

e A family & of probability distributions on a metric space is said to he
tight if for every € > 0 there exists a compact set K such that

n(K®) <e
forall u € &

e Prokhorov’s theorem: If the metric space is separable and & is tight,
then there exists a sequence of probabilities u, € & and a probability u
such that u, = u.
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e If 1, = u then the collection {, } is tight.
e This is easy to verify if X = R”: take
K =[-A,A)P
for A sufficiently large.

e More generally, if closed balls are compact, let
K={x:d(x,xo) <A}
for some xg and A sufficiently large.

e To handle more general separable metric spaces we need to use the fact
a subset of a metric space is compact if and only if it is closed and totally
bounded.
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e Proof outline:

- Fix € > 0.
— Let x1,x7,... be a countably dense subset of X.

— For each k let
A ={x:d(x,x;) < 1/k}.

— Then J;A;x = X.

— Choose my such that

my, €
u (L_JlAi,k> > I—W.

— Then, since the union is an open set and i, = U,

my
.. E
Him infu, (HA%) 21—

and there is an integer Ny such that
my, €
Hn (UAi,k> >1- o
i=1

— Increase my, if necessary so

my, €
Un (UAi,k> >1- o
i=1

forn=1,...,Ng as well.

for all n > Nj.
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- Let
my
Br=JAix.
i=1
and set B = (", Bx.
— Then xq,...,x,, 1sa %—net for B for every k, so B is totally bounded.

— K = B is compact,

K°Cc B°=JBj,

and N N
C C 8
n(K€) < Un(B°) SZ S;?ZE

for every n.
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Characteristic Functions and Weak Convergence

e Suppose U, U, have characteristic functions ¢, @,.
o If u, = u then @,(tr) — @(¢) for all ¢.

— f(x) = sin(zx) and g(x) = cos(zx) are bounded and continuous for
all 7.

e Suppose U, is tight and @,(t) — ¢(¢) for all 7.

— Let u,, be a subsequence of L.
— This subsequence is tight as well.

— So by Prokhorov’s theorem there is a further subsequence L, that
converges weakly to some probability u’ with characteristic func-

tion ¢'.

— Then ¢y, (1) — @' (1) for all 7.

— But we also have ¢, (1) = ¢(t) for all 7.

— So ¢'(t) = ¢(¢) for all 7.

— By uniqueness theorem for characteristic functions this means g’ =
U.

— So every subsequence of U, has a further subsequence that con-
verges weakly to U.

— Therefore u, = u.

e It turns out that the fact that ¢ is continuous at the origin is enough to
ensure tightness.
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Characteristic Functions and Tail Probabilities

e Suppose the probability ¢ on R has characteristic function ¢.

e The behavior of ¢ near the origin can be used to bound the probability
of [-M,M]¢ for large M:

1 ¢ 1—Ro(r)dt = é/_a /l—cos(tx)u(dx)dt

aJ—a
1 [ 1=cosearn(ay

a —a

_ 21/(1 B sin(ax)u(dx)

- 2/1 _sinax])
|ax!

with sin(0)/0 = 1.

— Foru>1
usin(1) > sin(u)

and therefore
{_ sin(u)

u

2/1— sin( w(dx) > 2/1 (lax|) _ sin(jax]) 1 (dx)
|ax| |ax|

> 2(1-sin(1) / 11 (x| 1 ()
= 2(1—sin(1))p([~1/a,1/a]).

> 1—sin(1)

— Soforany M >0

. M 1/M
H(l=M. M) < 2(1—sin(1))/—1/M1_9{(p(t)dt
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Friday, April 15, 2016

Class Canceled
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Week 13

Monday, April 18, 2016

Weak Convergence of Probability Measures

Characteristic Functions and Weak Convergence

e Suppose U, is a sequence of probabilities on R with characteristic func-
tions @,.

e Suppose ¢,(t) — @(t) for all r and ¢ is continuous at the origin. Then

— @ is the characteristic function of a probability u;
- U= U.
e Proof outline:
— Continuity at the origin of ¢ implies that that the sequence L, is
tight.

— By Prokhorov’s theorem there exists a subsequence L, and a prob-
ability i such that u,, = u.

— @ = lim ¢, is therefore the characteristic function of L.
— Every subsequence has a further subsequence that converges.

— The limit of the further subsequence has characteristic function @,
soitis U.

- So U, = M.
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e To show tightness:

- ¢,(0) =1 forallzso ¢(0)=1.
— Fix € > 0. Choose M such that

1= Ro()] < 5(1=sin(1))

for [t| < 1/M.

— Then by the dominated convergence theorem

M /M R
: . C < 1 —

M 1/M
~ 2(1—sin(1)) /—I/Ml Rl

€
<.
— 2

— So there exists an N such that p,([—-M,M]¢) < € for alln > N.

— Increase M if necessary so that w,([—M,M|°) < e forn=1,...,N
as well.
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Multivariate Characteristic Functions

e If Y takes values in R” and ¢ € R”? then the multivariate characteristic
function of Y is

0(1) = Elexp{ir" Y] = Elexp(i ¥ ni}).
k=1

e Uniqueness and convergence results carry over to p dimensions.

e A consequence is the Cramer-Wold device:

— Y and Z have the same distribution if and only it a’ Y and a’ Z have
the same distribution for all a € R”.

— Y, =Y ifand only if a’ ¥, = a’ Y for all a € R”.

e These follow from the observation that

Qury (5) = @y (sa).
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Convergence of Moment Generating Functions

e In general weak convergence does not imply convergence of moment
generating functions.

e A uniform boundedness condition 1s needed to obtain this.

e Suppose Z is a collection of probabilities on (R, %) and that for some
t >0 and some K < o

/esxv(dx) <K
forall ve & and all s € [—t,1].

e Then & contains a sequence L, with moment generating functions M,,(¢)
that converges weakly to a probability p with moment generating func-
tion M, and

’}EEIOMn(S) =M(s)
for all s € (—t,1).

e In particular, if t,, have moment generating functions M,, such that
M,(s) <K <

for some # > 0 and all s € [—t,¢], and if w, = u, then the MGF M of u
is finite on (—¢,7) and

lim M, (s) = M(s)

n—soo
for s € (—t,1).
e Key points in the proof:

— Uniform boundedness of the moment generating functions provides
a uniform bound on tail probabilities.
— This establishes tightness.

— The bound is strong enough to uniformly bound tails of the MGF
integrals.
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e Proof outline:

— For any A € &2 and any A > 0 by Markov’s inequality
A((A,0)) = A({x:e™ > }) < e_tA/e”%(dx) <e K.
and

A((—o0,—A)) =A({x: e >4} < e_tA/e_”% (dx) < e ™K.

— This implies that & is tight, so by Prokhorov’s theorem there exists
a sequence U, € & and a probability u such that u, = u.

— Since the sets (A, o) and (—oo, —A) are open and p, = 1 we have

p((A,%)) <liminfu,((A ) < e K
1((e0,—A)) < liminfp, (o0, —A)) < e K

n—oo

— Suppose s € [0,¢). For any probability A and any A
[ = [ + [ = e (A,
— Since the integrand is non-negative, for any probability A
/ (€% — €)1 4 o) (1) A (dx) = /0 Ak et — et > ud)du
_ /wa({x L > ut e ))du
/e:l({x e >vl)dv
[, A ((1og(v)/s.0))a
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— If A satisfies the inequality
A((A,)) = e K.

for all A, and the u,, and u do, then
/ A((log(v)/s.)dv <K [ vty
_ Ky K sna
t/s—1 r—s ‘
— This shows that the moment generating function of u is finite at s.

— Fix € > 0 and chose A such that

SK (50
r—s

<8
5

— The function e*™"*4) is bounded and continuous, SO

lim esmin(x,A)un(dx) _ /esmin(x,A)‘u(dx)-

n—oo

— Therefore
limsup |M,(s) —M(s)| < €

n—oo

— Since this holds for all € > 0 we have

lim M, (s) = M(s)

n—oo

for all s € [0,1).

— The case s € (—1,0] is analogous.
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e Suppose U, are probabilities with moment generating functions M,,, i is
a probability with moment generating function M, and for some ¢ > 0

lim M, (s) = M(s) < oo

n—soo
for all s € [—1,¢]. Then u, = u.

— Since M,,(t) and M, (—t) converge to finite limits there is a constant
K < oo such that

M,(1) <K M,(—t) <K

for all n.

— Since moment generating functions are convex, this means M,,(s) <
K for all n and all s € [—1,¢].

— Let u,, be a subsequence of u,. Then there exists a further subse-
quence i, that converges weakly to a limit u’ and for which the

moment generating functions converge to the MGF of u’.

— Then u’ and u have identical finite moment generating functions on
a neighborhood of the origin, and therefore u’' = .

— Thus every subsequence of 1, has a further subsequence that con-
verges weakly to U, so U, = U.

241



STAT:5120 (22S:190), Spring 2016 Tierney

Wednesday, April 20, 2016

Weak Convergence of Probability Measures

Product Spaces

e Suppose (X',d’),(X",d") are separable metric spaces with Borel sigma
algebras 2/, 27"

o Let X =X’ x X" and
d((x',x"),(',y")) = max(d'(x,y"),d" (x",")).
e Then (X,d) is separable with Borel sigma algebra 2, and
X =2"x2".

e Suppose U, U, are probabilities on 2™ and v, v, are probabilities on 2.
e Then u, x v, = u x v if and only if i, = ¢ and v,, = v.

e For random elements, if U,V are independent and U,,, V,, are independent
for each n, then (U,,V,) 4 (U,V) if and only if U, 4 U and I’A Ay,
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Continuous Mappings

e Let Y be a separable metric space and suppose /& : X — Y is measurable.

e For a measure u on the Borel sets of X define
ph™H(A) = u(h1(A)) = p({x: h(x) € A})
for all Borel sets of Y.
o If f: Y — R is measurable and [ fd(uh~') exists, then

[ fdtun ) = [ f)undy) = [ fnte)uiax)
e Suppose U, U, are probabilities on the Borel sets of X and u,, = L.

e If /1 is continuous, then p,h~! = uh=:

— If f is a bounded continuous function on Y then

[ £ )™ (@) = [ Fh)a(a)
= [ rnt)ui@n) = [ 1i)undy)

since g(x) = f(h(x)) is a bounded, continuous function on X.
— For random elements U, 2 U and V,, = h(U,),V =h(U),
E[f(Va)] = E[f(h(U,))] = E[g(Uy)]
— E[g(U)] = E[f(h(U))] = E[f(V)].

e More generally, if Dy, is the set of points in X where % is not continuous
and u (D) = 0, then u,h~ ' = uh:

— If F is a closed subset of X, then
(h—Y(F)) Cc DLUR™(F).

— Therefore
limsup p,h ' (F) = limsup w,(h ' (F))
n—oo n—oo

< limsup u, (M)

< p((h=1(F))) < p(Dy) +p(h™'(F))
= uh™1(F).
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Simple Random Walks

e Suppose Y1,Y>,... are independent with

e Then E[Y;] =0 and Var(Y;) = 1.

o LetSo=0andforn=1,2,...
n
Sp=)_ Y.
i=1

e S, 1s called a random walk on the line.

e Some simple simulations:

rw <- function(n) {
y <= 2 x rbinom(n, 1, 0.5) -1
c (0, cumsum(y))

}

plot (rw(10), type = "1")

plot (rw(100), type = "1")

e By the central limit theorem,

1
— S, = Z ~N(0,1)
NG
e Plotting \/iﬁSk against % for k =0,1,...,n stabilizes the picture:
plot ((0O : 10) / 10, rw(1l0) / sgrt(10), type = "1", ylim = c(-2.5,2.5))
lines ((0 : 100) / 100, rw(l1l00) / sgrt(100), col = "red")
lines ((0 : 10000) / 10000, rw(10000) / sgrt(10000), col = "blue")

e The linear interpolation in the plots corresponds to

L (nt — Lntj)
Xl) = 28 ) T Y]
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e A useful variation is

k
n
e Then V=V, =0.
rwb <- function(n) {
s <— rw(n)
s — s[n+ 11 » ((0O : n) / n)
}
plot ( (0 10) / 10, rwb(10) / sgqrt(l10), type = "1", ylim = c(-2.5,2.5))
lines ((0 : 100) / 100, rwb(100) / sqrt(100), col = "red")
lines ( (0 10000) / 10000, rwb(10000) / sgrt(10000), col = "blue")

e The linear interpolation in the plots corresponds to

Va(t) = X, (t) — X, (1).
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Empirical Distribution Functions

e Suppose 11,Y,...,Y, are independent with continuous CDF F'.

e The empirical CDF is

F(x) =

S|

o 1(—oo,x](Yi)

A useful measure of how well a distribution F fits a sample is

Dy = sup|Fy(x) = F(x)].

If F is the correct distribution, then the distribution of D,, does not depend
on F', as long as F is continuous.

So just consider the case where F' corresponds to the uniform distribution
on [0, 1].

For Y; ~ Uniform|0, 1] and for large n the sample paths of

Vn(E,(t) = F(1))

behave like the sample paths V,,(¢).
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Distributions on Cjy |

e The linearly interpolated and scaled random walks are random elements
n C[O,l] .

e Co,1] with the distance
d(x,y) = max|x(r) —y(r)|

is a complete separable metric space.

e To show that the probability distributions u, of X,, converge weakly to
some distribution i we need some preliminary results.

e A mapping i : Cjg 1) — R* defined by

h(x) = hy g (x) = (x(t1), ..., x(t))

for some t1,...,1; is called a finite dimensional projection.

e The probability uh~! on the Borel sets of R* is a finite dimensional dis-
tribution.

e Sets of the form
W' (A) = {xeCpy: (x(n),. .., x(1)) € A}
for A a Borel set in R are called cylinder sets.

e The finite dimensional projections are continuous.

e Soif u, = u then u,h~' = uh~! for any finite dimensional projection
h; 1.e. the finite dimensional distributions converge.
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e The collection of cylinder sets is a -system.
e The Borel sigma algebra of Cy 1] is generated by the cylinder sets:
— Every closed sphere in Cyg ;) can be expressed as
{x:d(x,x0) < e} = ﬂ {x:|x(r) —xo(r)| < €}
reQ

— Every open set can be expressed as a countable union of closed
spheres.

e If two probabilities u and u’ agree on all cylinder sets, i.e. have the same
finite dimensional distributions, then they agree on all Borel sets of Cg 1.

e Suppose U, is tight and that for every finite dimensional projection h =
My,...., there is a distribution v, on the Borel sets of R¥ such that ,uh’l =
V.

e Then there exists a probability p such that
- ph™h = v
- Un = U.
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Finite Dimensional Limits for the Random Walk

e Foranyt € [0, 1]

e Furthermore, by the central limit theorem,

() = sl @ﬁsw S

where Z ~ N(0, 1).

nt

e For any s,¢ with r € [0,1] and ¢ + s € [0, 1] the random variables SL |
and S L” (t1s) J -5 L’” J are independent, and

with Z|,Z, ~ N(O, 1).

e So
(X (1), X (2 +5) — X (£)) 2 (Z1V/1,Z00/5)

with Z1,Z; independent.

e Therefore

(Xu(t), Xu(t +5)) 3 (ZINVEZIVE+ Z2\5),

and

Cov(Z\V't,Z\V't +Zo\/5) = tVar(Z;) =t.
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e Put another way, for 71,7, € [0, 1]

2
(Xa(t1),Xu(12)) = (B(11),B(12))
where (B(t1),B(t2)) has a bivariate normal distribution with

E[B(t)] =0 Var(B(t;)) =t;
Cov(B(t1),B(t2)) = min(t1,1,).

e This extends to all finite dimensional distributions.
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Friday, April 22, 2016

Weak Convergence of Probability Measures
Tightness in C[0, 1]

e To show that

— that there exists a probability u that is the distribution of a random
element B with these finite dimensional distributions;

— that X, % B
we need to show that the distributions of X, are tight.
e Asetin Cp j is compact if and only if and only if it is

— closed
— equicontinuous.

— uniformly bounded
e A slight variation: A set in Cj ;] is compact if it

— it s closed;
— 1t is equicontinuous;

— the set of values at one point in [0, 1] is bounded.

e The modulus of continuity of a function x € Cg 1 18 defined for 0 < o<1

wi(8) = sup |x(s) —x(1)]

|s—t|<8

e A set A € Cp ) is equicontinuous if for every € > 0 there exists a 6 €
(0,1] such that
wy(0) < €

forall x € A.
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e A collection & of probabilities on Cj j is tight if and only if these two
conditions hold:

(1) For every nn > O there exists a number a such that

pn({x:[x(0)] >a}) <n
forall u € .
(ii) For every € > 0 and 1 > 0 there exists a 6 € (0, 1) such that

u(fx:wi(8) = e} <
forall u € &.
e Suppose & is tight and fix 1 > 0 and € > 0.

— Then there is a compact K C Cj ;) such that p(K) > 1 —n for all
ue .

— K is uniformly bounded and equicontinuous, so there exists and a
and a 6 such that conditions (i) and (ii) hold for all x € K.

e Suppose conditions (i) and (i1) hold and fix n > 0.

— Choose a such that

H({x: [x(0)] <a}) = u(Ao) = 1 -

|

forall u € .
— For each k = 1,2,... chose 0 such that

i ({x we(8) < %}) = uA) > 1- 5

forall u € &.
— Let N
A=A,
i=0
and let K = A.

— Then K is compact, and for all u € &

C - c S 1
H(K) > p(A)=1-p(A )21—;)N(Ai)21—n;)2,.+1 =1-7.
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e For a sequence U, of probabilities, (i1) can be replaced by

(ii”) For every € > 0 and 1 > O there exists a 6 € (0, 1) and an integer N
such that

t({xw(8) > €}) <
forall n > N.

e This follows since

— every finite set of probabilities is tight;

— therefore, once 6 and N have been found, é can be increased until

ta({x:wi(8) > €}) <1
forn=1,...,N—1 as well.

e This can be useful when the bound is easier to establish for large n.
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e Suppose 6 € (0,1) and7p =0 <1, <...t, = 1 is a partition of [0, 1] with
—ti—ti1 >0 fori= I,....m—1.
— The last partition interval might be smaller that

o f0<u<vy<1andv—u< 9, then either

-ti1<u<v<tiforsomei=1,...,m,or

—ti1<u<ti<v<tyiforsomei=1,...,m—1.

For x € Cp 1 let

M,(6)= max  sup |x(s)—x(t)|

i=0,...,m—1 1;<s<tiy

If u,v are in the same partition interval [;,7;1], then

e(u) —x(v)] < () — x(t:) |+ [x(v) — x(5;)]
< 2M,(9).

o Ifuc titit1] and v € [ti11,t42], then

[x(ue) = x(v)] < o) = x(0) [+ xe(ts) — x(ti01)| + [x(v) = x(ti1))]
< 3M,(8).

Therefore w,(0) < 3M,(0).

e This implies that
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Tightness for the Random Walk

e For the random walk, take p, to the distribution of X,, and fix n > 0 and
e>0.

e Condition (i) is satisfied since X,(0) = O for all n.
e Fora & € (0,1) use a partition with #; = £ [n8 | and

1 | 2
m=l5l=5t1=%

e Then, because of the piece-wise linear form of X,,, fori < m —2

£ 1 £
P( sup Xn(S)Xn(tl)Z§> =P % max ‘S]‘Zg

1<s<ti11 j<[ns]
e For the possibly shorter final interval this becomes an inequality,

P sup | X, (s) X(t)|>8 <P I ma |S|>8
u n S)— n\l; =z = < - X | > =
1 <5<t 3 Vn i E 173

e Thus
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e Because of the symmetry of the random walk,
P <max\5j\ > a) <P (maliiSj > a) +P <minSj < —a)
i<

J<k i<k
=2P (maXSj > a)
J<k

e Using the reflection principle,

P (maij > a> = P(Sy =a)+2P(Sy > a)

i<k
S 2P(Sk Z a).
e Using Markov’s inequality, for a > 0
E[S}
2P(S, > a) = P(|Si] > a) < [4’<]
a
k(3k—2) _ 3k?
= <
at T at
e So
2
P (max|Sj| >a> < —
J<k

e And therefore
2 6(n5-‘2 B 972 {n(ﬂz
S8 (yne/3)*  Sn2e

P(wx,(8) > &) <

e For a fixed 0,
972 [n8]* 9726
e Omlet gt

e So for the given 1 > 0 and € > 0 chose § such that

9726 ~-n
et 2
and N such that 5
972 [ng‘
on2et
foralln > N.

e So the sequence u, of distributions of X, is tight.
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Monday, April 25, 2016

Weak Convergence of Probability Measures

Brownian Motion

e The probability 1 on Cy 1 that is the limit of the distributions p, is called
Wiener measure.

e A random element B with distribution u is called Brownian Motion.
e Brownian motion

— has B(0) = 0;
— has continuous sample paths;

— has finite dimensional distributions that are normal with mean zero

and
Cov(B(t1),B(t2)) = min(t1,1,).

e This implies that for t; <1, < --- <ty the increments
B(ll),B(lz) —B(Il), ... ,B(l‘k) —B(l‘k_l)

are independent.
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e With probability one Brownian motion paths

— are nowhere differentiable

— have infinite length
e [f0<a<b<1and

B~ Bb+ (1 - t_)c;) — B(a)

the B; has the same distribution as B. This is sometimes called self-
similarity.

e The process
By(t) = B(t) —tB(1)

is called a Brownian bridge or tied-down Brownian motion.

e The Brownian bridge can also be obtained as the limit, as € — 0, of
Brownian motion conditioned on the event B(1) € [—¢, €].

e Brownian motion can be extended to ¢ € [0,0) by piecing together inde-
pendent Brownian motions on [0, 1].

e A Brownian motion on [0,c0) can also be obtained from a Brownian
bridge as

B(1) = (1+1)Bo (ﬁ) |
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Limiting Distribution of the Kolmogorov-Smirnov Statistic

e Suppose Y7,...,Y, are independent with common continuous CDF F.

e Let F, be the empirical CDF for the sample.

e Then
D) = v/asup(F,(x) — F(x)) % sup Bo(t) =D
X 0<r<1
D = Vainf(Fy(x) — F(x)) 2 Jinf Bo(t) =Dy
X <t<

9
D, = v/nsup|F,(x) — F(x)| = sup |By(t)| = Dy
X

0<r<1

e The distribution of D(J{ 1s easy to obtain using the reflection principle.
— Fora > 0 and D" = sup,, B(?)
P(D§ >a)=P(D" >a|B(1)=0)
= lif(r)lP(D‘L > a|B(1) € (—¢,¢))
€

_ i P(D" >a,B(1) € (—¢,¢€))
a0 PB()e(—ee)

— By the reflection principle, assuming € < a,

P(D" >a,B(1) € (—¢,¢))

P(DY >a,B(1) € 2a—¢,2a+¢€))
P(B(1) € (2a—¢€,2a+¢)).

— Thus

. P(B(1)€ (2a—¢€,2a+¢€))
~elo P(B(1) € (—¢g,¢£))
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e For the two-sided case consider, for a,b > 0,
P(D" >aor D™ < —b) = P(By hits either a or —b).
o [et
Ay ={Bphits a} B) = {By hits —b}.
e Then
P(By hits either a or —b) = P(A{ UB;) = P(A;)+P(B1) —P(A1 NB)
o [et
Ay = {By hits a then —b} By = {By hits —b then a}.

e Then

P(A1 ﬂBl) = P(A2 UBQ) = P(Az) —i—P(Bz) —P(Az ﬂBz)

So if P(A,;) — 0 and P(B,,) — 0 then

P(By hits either a or —b) = i (=)™ (P(A,) 4+ P(By)).

m=1

For A,

P(A;) = P(B hits a then —b|B(1) =0)
1 P(B hits a then —b and B(1) € (—¢,¢€))
) P(B(1) € (—€,€))
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e Using the reflection principle twice gives

P(B hits a then —b and B(1) € (—¢,¢))
= P(Bhits 2a+b and B(1) € (2a—¢€,2a+¢€))
=P(B(1) € (2a+2b—¢€,2a+2bg))
~2ep(2(a+D))

e So

P(Az) _ (p<2(a+b)) _ e—Z(a—O—b)z.

¢(0)

e Using the reflection principle m times for m > 2 gives

Q(m(a+b)) _ _wiatbps2

P(Am) = (P(O)

e Since a, b appear symmetrically, P(B,,) = P(A.,) for m > 2.

e Thus P(A,;) — 0 and P(B,,) — 0 and

P(By hits either a or —b) = e_Z“ + 2 Z 1) tlem *(at+b)?/2.

e Taking b = a then gives

P(D > a —2a ) Z m+1e—2m2a2

-2 Z (_l)m—i-le—Zm a?

e Except for small a this series converges very quickly.

e Some plotting and simulation code is available on line.
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Wednesday, April 27, 2016

Linear Transformations

e Some basic notions:

— vector space or linear space

— (linear) span of a set of vectors
— (linear) independence

— dimension

— basis

e A mapping A of a vector space X into a vector space Y is a linear trans- rvero.
formation if

Alx;+x2) =A(x1) +A(x2) A(ex) = cA(x)
for all x,x1,x, € X and all scalars c.

e A(x) is often written as Ax.

o If {x1,...,x,} is a basis of X then the action of A is completely deter-
mined by Axy,... ,Axy:

— Each x € X has a unique representation of the form

n
X = Z CiXi.

i=1
— In terms of the ¢;,

n
Ax = Z ciAxi.
i=1
e A linear transformation of X into X is called a linear operator.

e If A is a linear operator that

(1) is one-to-one
(i) maps X onto X

then A is invertible with inverse A~ L.

e If A is invertible, then A~ is a linear operator.

262



STAT:5120 (22S:190), Spring 2016 Tierney

e A linear operator A on a finite dimensional vector space is one-to-one if ®mmo.s
and only if the range of A is all of X.

o [et [R Ref 9.6]

— L(X,Y) be the set of all linear transformations from X into Y;

— L(X) be the set of all linear operators on X.
e L(X,Y) and L(X) are vector spaces.

e If X,Y,Z are vector spaces, A € L(X,Y),B € L(Y,Z), define

(BA)(x) = B(A(x)).

e Then the product BA is in L(X,Z).

e The norm of a linear transformation A € L(X,Y) is defined as

IA[] = sup [[Ax]].
IxlI<1
e If A has norm ||A||, then
[[Ax]| < [|A[[|x]

forall x € X.
e A linear transformation A is said to be bounded if ||A|| < oo.

e If X is finite dimensional, then every linear transformation from X into Y
1s bounded.

e ||[A|| is a norm on the set of bounded linear operators, and d(A,B) =
|A — B|| is a metric on this set.

e fAcL(X,Y)and A € L(Y,Z), then

IBA[ < [[BI[[|A]l-
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e Let Q be the set of all invertible linear operators on R”.

-IfAe€Q,BeL(R"), and

IB—AflA~" <1
then B € Q; this implies that Q is an open subset of L(R").
— The mapping A — A~ is continuous on Q.

e Suppose {xi,...,x,} and {y1,...,yn} are bases for X, Y.

— Every A € L(X,Y) determines, and is determined by, numbers a;;

such that "
AXj = Z Cl,‘jyl'.

i=1

— The matrix
air anr
a a
[A] _ 21 22
am1 am2

will differ for different bases.

o If

— S is a metric space;
— a;j(p) : S — R are continuous;

— A, is the linear transformation determined by the a;;(p);

aln
azy

Amn

Tierney

then the mapping p — A, is continuous from S into L(R",R"™).
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Differentiation

e Suppose X,Y are complete normed linear spaces (i.e. Banach spaces).
e Suppose E C X is open.

e A function f : E — Y is differentiable at x € E if there exists a bounded & pero.11)
linear transformation A such that

lf(x+h) — f(x) —AR||

lim 0.
h—0 |||
e If such a linear transformation exists then it is unique: [R Thin 9.12]

— Suppose A and A, both satisfy this definition.
—lLetB=A;—A>. Thenash— 0

IR _N\fGxth) = fo) —Arh]] | |lf(x+h) — flx) — Ash|

= Tl 7] —0
— For a fixed v # 0 and scalars ¢ let h = tv.
— Then
o 1B B
AT I

SoBv=0forall vand thus B=0and A|; = A».
e The bounded linear transformation A 1s the derivative, or differential,

fix)=A 51(x) = A.

e If X is finite dimensional then all linear transformations in L(X,Y) are
bounded.

e A differentiable function is also said to be Fréchet differentiable, in par-
ticular if X is infinite-dimensional.

e The differential/derivative is also called the Fréchet differential/derivative.
e The derivative definition can also be written as [R Rem 9.13]
f(x+h)=f(x)+Ah+o(h).

ash— 0.
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For a fixed x the derivative f’(x) is a function mapping X to Y.

If f is differentiable for all x € E then f’(x) is a function mapping E into
the bounded linear transformations in L(X,Y).

If f(x) = Ax for some A € L(X,Y) and A is bounded, then f is differen- ®eo.
tiable with derivative f’(x) = A.

Chain rule: Suppose [R Thm 9.15]

— f maps a neighborhood of xp € X into Y and is differentiable at xy
with f'(xg) = A;
— g maps a neighborhood if yg = f(xp) into Z and is differentiable at
yo with g'(yo) = B;
- F(x) = g(f(x)).
Then F is differentiable at xp and
F'(x0) = &' (f(x0))'(x0) = BA,
e Proof outline:
— For sufficiently small h € X,k €Y
u(h) = f(xo+h) — f(xo) —Ah
v(k) = g(yo+k) —g(yo) — Bk.
— Then
lu(h)[| < e(h)||A] [v(®)Il < n (k)|

with €(h) - 0ash—0and (k) - 0ask — 0.
— Letk = f(xo+h)— f(xo).
— Then [|k[| = [|[Ah+u(h)|| < [[|A]| 4 &(R)][|A]], and

F(xo+h) —F(x0) — BAh = g(yo + k) —g(yo) — Bk + B(k — Ah)
=v(k)+ B(k — Ah)
= v(k) + Bu(h)
— Therefore as h — 0
|F(x0+h) — F(x0) — BAh]|
2]

< n(&)[lIAll + ()] +[|Bl[e(h) — 0.
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e For a vector v € X the directional derivative of f at x in the direction vis rp217

defined as
Slx+tv) = f(x)

t—>0 t

(Dyf)(x)lim

if the limit exists.

e The directional derivative is also called the Gateaux derivative, in partic-
ular in infinite dimensional settings.

e If f is differentiable at x, then (D, f)(x) = f'(x)v.

e If is possible for f to be not differentiable at x but for the directional
derivatives at x to exist for all v.

e If X =R"and {ey,...,e,} is the standard basis for R”, then we can define
(Djf)(x) = (De; f)(x).
o Ifv=3"_,vjejthen
n
=Y (D
j=1

e If Y = R™ with standard basis {u; ...,u, } then the components fi,. .., fi,
of f are defined by

e The partial derivatives of f are

<afi> (x) = (Djfi)(x) = limfi(x+tej) —fi(x).

8xj t—0 t

e If f is defined on a neighborhood of x and is differentiable at x then the
partial derivatives exist and

=) (Difi)(x

i=1

267



STAT:5120 (22S:190), Spring 2016 Tierney

Friday, April 29, 2016

Differentiation

e Suppose

— E C X is an open, convex set;
— f is differentiable at every point in E;
— ||/ (x)|| <M < o forall x € E.

Then
1£(x) = FWI < Ml[x—y]]

for all x,y € E.
e Proof outline:

— Fix x,y € E, and for ¢ € [0, 1] define

= Then g'(r) = f'(v(t))Y (t) = f'(¥(1))(x — y), and
lg" @I < 1L (v Hlx =yl < Mllx—yl].

— By Theorem 5.19 in Rudin, this implies that
1) = FO)II = 1lg(1) — g(O) || < Ml[x—yl.

— Theorem 5.19 is valid for any Banach space Y.
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e A mapping f from an open set E CX into Y is continuously differentiable rvers20
on E if

— f is differentiable at every x € E;
— the mapping f/(x) : E — L(X,Y) is continuous.

e The collection of continuously differentiable mappings from E to R is
denoted by ¢”(E).

e A mapping f from an open set E C R” into R” is in ¢”(E) if and only if ®mmoan
the partial derivatives D f; exist and are continuous on E.
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e Suppose f € ¢'(E):

~ Then (D; i) (x) = (Df)(x). ) = (f (e ).
— Soany x,ye E

(D fi)(¥) = (D fi) (%)

— Thus D f; is continuous on E.
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e Suppose D f; exist and are continuous on E for all i, j.
- If f1,..., f are continuously differentiable, then f is continuously
differentiable, so it is enough to consider m = 1.
— Fixxe E and € > 0.

— Choose 6 > 0 such that ||y —x|| < 6 implies that y € E and for j =
I,....,n

E
(D)) = (Dif) )] <
— Suppose ||h|| < 8, h=}"i_| hjej, setvo=0, and for k= 1,...,n set
Vi =hie;+ -+ -+ hey.

— Then

f(x+h)— fx4+w) — fx+ve1)).

||M=

— Since {y: ||y —x|| < 8} is convex, every point
Ve =X+ Vi1 + they

for ¢ € [0,1] on the segment between x + v, and x + v, satisfies
[[ye.4 = x|| <6.

— By the mean value theorem there exist 6; € [0, 1] such that
Jx4v) = fx+vi1) =hi(D;f) (x+vi_1+8jhje;). = hi(D;f)(ve, ))-

— Therefore

M:
I
M:

fx+h)— hj((D;f)(ve,.;) = (D;f)(x))

1

Z [ \— <|alle.

j=1
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Examples

e Suppose X = [0,0) X [0,0) and

= iy @) #(0,0)
f&) {o (x,) = (0,0).

— f is continuous at (0,0) since
0<f(x,y) < min(x,y).
— The partial derivatives are
Y 2 0 X 2 0
o =] &) #0 oy = (&) 7
0 y=20 0 x=0.

— These are not continuous at (0,0) since for y # 0
lim(D; f)(x,y) = 1.
x—0

— The directional derivative in direction v = (v1,v;) at (0,0) in

(va>(() 0) — lim f(tvlatVZ) B ViV

t—0 t n vi+vy

— This is not linear in v, to f is not differentiable at (0,0).
— Some plots:
x <— seqg(0, 1, len = 101)
y <— X
v <- outer(x, y, function(x, y) x * vy / (x + vy))

persp(x, y, V)
contour(x, vy, V)
contour(x, y, v, nlevels = 30)
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e Suppose X = Cjp 1] and

7= [ (x(5)as

— The directional derivative in direction v is
d
(Dyf)(x) = o flx+1v)|—o
d ! ’
= & [ o) +iv(o) s

= s) +1v(s))?ds
- @

:2/xsvsds
0

— The linear operator A defined by Ah = 2 fol x(s)h(s)ds is bounded:

|Ah\—2'/ 5)ds

— By the mean value theorem, for each s € [0, 1] there is a u(s) between
x(s) and x(s) + h(s) such that

(x(s) +h(s))* = (x(5))* = 2(x(s) + u(s))(s).

< 2|x[[[[A]]-

- So

fxth)—f(x) =

— Therefore

1
ot )= 79 anl =2 [ ancsyas| < 21l

— So A is the Fréchet derivative of f.
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Monday, May 2, 2016

Inverse Function Theorem

L4 Suppose [R Thm 9.24]

— fis a ¢’ mapping of an open set E C R" into R";
— f'(a) is invertible for some a € E, and let b = f(a).

Then

(a) there exists open sets U,V C R*, ac U, b €V, f is one-to-one on
U with f(U) =V;

(b) if g:V — U is the inverse of f, then g € €'(V), and fory € V

g0 = ().
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e Proof outline for (a):

— Let A= f'(a) and
|

A=
2[|A~Y|

— Let U C E be an open ball with center a such that for x € U
1f'(x) — Al < 4.
— Fory € R" define @) : E — R" as
o) =x+A" (y— f(x)).

— Then f(x) =y if and only if ¢,(x) = x.
— @y 1s differentiable with

o (x) =1-A"'f'(x) = A" (A~ f'(x)),

SO

/ - , 1
losll < IA~H A = £l < 5

— Therefore if x1,x € U then

1
@y (x1) — @y(x2) || < EHxl —x2]|.

— So @, can have at most one fixed point in U and thus f is one-to one
onU.

— Let V = f(U). We need to show that V is open.

— Pick yg € V; then yg = f(xp) for a unique xo € U.

— Let B be an open ball with center xo and radius r small enough that
BCU.

— Suppose y satisfies ||y — yo|| < Ar.

— Then

1y (x0) —x0]| = IA™ (= f(xo)) | < A7 [[[ly —oll < %
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— Therefore if x € B then

1 r
1y (x) —x0]| = [ @y (x) — @y (x0) | +[| @y (x0) —x0l} < S [lx =0l +5 <7

and so @y(x) € B.
— So ¢, is a contraction of B into B.

— This implies that ¢, has a fixed point x € B, and this fixed point
satisfies f(x) =y.

— Soye f(B) C f(U)=V, and thus V is open.
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e Proof outline for (b):

— Fix y € V and suppose k satisfies y+k € V.
— Then there exist unique x,x+ A € U such that

y=f(x) y+k=f(x+h).
— Then
Oy(x+h) =x+h+A"(y— f(x+h))
= @y(x) +h+A" (f(x) — f(x+h))
= @y(x)+h—A"'k.
- So

_ 1
M—AIWZH%@+M—%@WSEWW

and hence ||[A~'k|| > ||| and

. 1
Il <207 1kl = o 1l

Soh—0ask—0.
— By the definition of A and U, f’(x) has an inverse, T, and

g(y+k)—g(y)—Tk=h—Tk
= Tf' (x)h—T(f(x+h) — f(x))
= —T[f(x+h) — f(x) = f (x)h].

— This implies
“g(y+k) _g(y) _TkH < HTH Hf(x_‘_h) _f(x) _f/(x)hH
K] B &]
< TS Cet1) = £(x) = f' (Al
A |72l
—0
ask — 0.
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— So g is differentiable as y and

— Finally,

* g 1S continuous since it is differentiable;

* f is a continuous mapping of U into Q, the set invertible linear
operators;

* computing the inverse operator is a continuous mapping from
onto Q.

So ¢'(y) is continuous on V.
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Method of Moments

e The method of moments assumes that moments can be expressed as nice
functions of the parameters,

i = f1(61,...,6)

e = fi(61,...,6k),

or
u=r(6).
e Sample moments my,...,m; are then computed, and parameters are esti-
mated by solving
m= f(6)

e If g is the inverse of f, then 6 = g(u), and
6 = g(m).

e If f is continuously differentiable near 0, then g is continuously differ-
entiable near U, and for large samples

0 = g(m) ~ g(u)+g'(1)(m—p).

e Limiting distributions are typically obtained using a central limit theorem
for the sample moments m and approximations

279



STAT:5120 (22S:190), Spring 2016 Tierney

Implicit Function Theorem
e Suppose f(a,b) = 0. The implicit function theorem addresses when
flxy)=0
can be solved uniquely for x when y is near b.
o Ifx=(x1,....x,) ER"and y = (y1,...,ym) € R™, write [R Not 9.26]

(X,y) = ()Cl, ey Xy Y1y 7ym) € Rn—i—m.

o If A € L(R"™™ R") define
Ach = A(h,0) Ak = A(0, )
for h € R* k € R™.
o Then A, € L(R"), A, € L(R",R"), and

A(h,k) = Ach+ Ayk.

e Linear version: If A € L(R™" R") and A, is invertible, then for every rmmoz
k € R™ there exists a unique 4 given by

h=—A;'Ajk

such that A(h.k) = 0.
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e General version: (R Thm 9.28]

— Let f be a ¢’ mapping of an open set E C R"™™ into R" such that
f(a,b) =0 for some (a,b) € E.
— Let A = f'(a,b) and assume A, is invertible.
— Then there exist open sets U C R"™™ W C R™, such that
* (a,b) €U and b € W,
« for every y € W there exists a unique x = g(y) such that

(xy)eU fx,y) = f(8(y),y) =0;
* g is a ¢’ mapping of W into R”;
x g(b) =aand

8/([9) = _A;lAy-
e This can be obtained from the inverse function theorem:

- LetF(x,y) - (f(xay)7y)
— F is a ¢’ mapping of E into R"™™ with

F'(a,b)(h,k) = (A(h,k),k),

which is invertible.

— So F has an inverse G near (0,b) with
G(M,V) - (G](M,V),Gz(u,\/)) - (Gl (M,V),V).

Let g(y) = G1(0,).

e By writing y = f(x) as
fx)=y=0

the inverse function theorem could also be obtained from the implicit
function theorem.
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Wednesday, May 4, 2016

Implicitly Defined Statistical Functionals

e Suppose X1, ...,X, is a sample from a population with distribution F.

e A number of estimates are defined as the solution to equations of the
form

0= / w(x,1)Fy(dx)
with F, the empirical distribution.
e Examples include

— maximum likelithood estimators;

— M-estimators.

e The population characteristic estimated generally satisfies
0= /l//(x,t)F(dx).

o [et

1) = [ wenn)F(ds).
e Then 7 (F) is the implicit function defined by the equation
0=f(t,F).
e The derivative of T'(F) with respect to F is

DT = —(D.f) Y (Drf).

282



STAT:5120 (22S:190), Spring 2016
e For well-behaved v
D.f =D, / w(x,1)F (dx) = / Doy (x,1)F (dx)
and for H=G—-F

(Drpf)H /l//xt H (dx)

:/1// x,1)G(dx) —/lll(x,t)F(dx)
)G (dx)

e So

(DeT)(G —F) (/D,w X T(F ))F(dx)>_l/l//(x,T(F))G dx

e For G = 0, this produces the influence function

-1

I1Cr(x,F) (/D,w X T(F ))F(dx)) w(x, T(T))

e The sample mean corresponds to W(¢,x) =x—¢, SO
ICx, (x,F) =x— UF.
This 1s unbounded.

e For the Huber M-estimator the influence function is bounded.
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e For G = F,,

VA(T(Fy) ~T(F)) ~ —ﬁz( [ Dyt ) [y

([ >>F<dx>) S L YT

i=1

1 n
=Y ICr(X;,F
\/’7,-; T(Xi, F)

e Viewing the value of y as a column vector, the central limit theorem
gives

Z (X, T(F)) 2 Y ~N(0,%)
V5

with
L=Ely(X,T(F)y(X,T(F))"]

e This then gives
Va(T (Fy) = T(F)) %V ~N(0,A)

with
A= BYBT

_ (/D,l//(x,T(F))F(dx)>_1.

e This is sometimes called the sandwich formula.

and
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A Generalized Inverse Function Theorem

e Suppose X,Y are Banach spaces.

e Let f be a continuously differentiable mapping of an open set E C X into
Y.

e A point xo € E is a regular point if f'(xy) maps X onto Y.

e Suppose xq is a regular point of f. Then there exists an open set V C Y
and a constant K such that

- yo=f(x) €V;
— for any y € V there exists an x € X such that f(x) =y and

[lx = xol| < K|y = yol|

e This can be proved using some of the same ideas used to prove the regular
inverse function theorem.
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e Suppose

— f is real-valued;

— f and H are continuously differentiable on an open set E;
— xo € E 1s a regular point of H;

- H(xg) =0;

— X is a local extremum among all points x € E satisfying H(x) = 0.
Then f’(xp)h = 0 for all A satisfying H' (xo)h = 0.

— Suppose xg is a local minimum.

= Let F(x) = (f(x), H(x)).

— F is continuously differentiable.

— If f/(xo)h # 0 and H'(xo)h = 0 for some & then F’(xp) is onto.

— By the generalized inverse function theorem, given any € > 0O there
exists an x and a 6 > 0 with

||x—xo|| < €

and

F(x) = (f(x0) — 8,0).

— This contradicts the assumption that xg is a local minimum.
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e Suppose X =R" and H : R" — R™.

e Suppose x is a local extremum of f subject to H(x) = 0.
e View H'(xo) as an m X n matrix of partial derivatives.

e f’(xo) is orthogonal to the null space of H'(xp)

e This implies that f'(xg) is in the row space of H'(xp).

e So there exists a vector A = (44,...,A,,) such that
f/()C()) + ATH/()C()) =0.

e Together with H(xg) = O this provides a set of n -+ m equations in n+m
unknowns.

e The A; are called Lagrange multipliers.

e Versions of this result for more general spaces are also available.
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Friday, May 4, 2016

Derivatives of Higher Order

e Suppose f is real valued defined on an open set E C R”.
e Suppose f has partial derivatives D1 f,...,D,f on E.

e If the partial derivatives are differentiable then the second order partial
derivatives are defined as

Dijf =DiD;f
fori,j=1,....n.

e If the D;;f are all defined and continuous on E then f is said to be €”
onE.

e If f maps E into R™ then it is ¢ if each component is.

e For simplicity just consider m = 1 and n = 2.
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A Mean Value Theorem

e Suppose D1 f and D, f exist at every point of E.
e Let O C E be a closed rectangle with

— sides parallel to the axes
— opposite corners (a,b) and (a+h,b+ k), for h # 0 and k # 0.

o Let
A(f,Q) = fla+h,b+k)— fla+h,b)— f(a,b+k)+ f(a,b).
e Then there is a point (x,y) in the interior of Q such that
A(f,Q) = hk(D21f)(x, ).

e Proof:

— Letu(t) = f(t,b+k)— f(z,b).
— Then A(f,Q) = u(a+h) —u(a).

— By the mean value theorem there is an x between a and a + & such
that

u(a+h)—u(a) = hi'(x) = h(D1 f)(x,b+k) — (D1 f)(x,b)).

— Using the mean value theorem again, there is a y between b and b+ k
such that

(le)(x7b+k) - (le)(xab) — k(DZIf)(xay)
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Derivative Order

e Suppose

— D1 f,D> f,D>f exist at every point of E;

— Dy, f is continuous at some (a,b) € E.
Then Dy, f exists at (a,b) and (D12f)(a,b) = (D21 f)(a,b).
e Proof:

— Let A = (D21 f)(a,b).
- Fix € > 0.
— For h, k in the definition of Q sufficiently small we have Q C E.

— Since D5 f is continuous at (a,b), for all sufficiently small 4,k and
for all (x,y) € Q
A= (Da21f)(x,y)| <e.

— Thus for all sufficiently small non-zero A,k

'—A(Z{Q) —A‘ <E.

— Using the fact that D, f exists everywhere in E, fix & and let k — 0

to get
(DZf)(a+h7b) _ (DZf)(avb)
h

for all sufficiently small & # 0.
— Since € > 0 was arbitrary, this shows that D1, f exists at (a,b) and

—A‘ <e.

(D12f)(a,b) = A.

o If f € Cg”(E) then Dipf = D1 f on E.
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Differentiation of Integrals

Suppose @(x,t) : [a,b] x [c,d] — R.

Suppose « is non-decreasing on |a, b|.

A useful notation to view ¢ for a fixed ¢ as a function of x:

¢'(x) = @(x,1).

Suppose ¢’ € Z (&) on [a,b] for every t € [c,d].

Suppose (D) (x,t) exists for all x € (a,b) and t € (c,d).

Fort € [c,d] define

f(t):/ab (x,t)do(x /cp

Suppose s € (¢,d) and for every € > 0 there exists a d > 0 such that

|(D20)(x,1) = (D290) (x,5)| < &
for all x € [a,b] whenever |t —s| < §.
e Then

- (D29)* € Z() on [a,b];
— f'(s) exists, and

76)= [ D20y = [ (D0 xs)dat)
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e Proof outline:

— Consider the difference quotiont

III(X,[) _ (P(X,Z) B (p(x,s) .

r—s

fort # s with |t —s| < 0.

— By the mean value theorem for each x, ¢ there is a u, ; between s and
t such that

W(x,1) = (D200) (x, thyy)-

— Then for ¢t with |f —s| < 6 we have |u,, —s| < 6 and therefore
(W (x,1) = (D20) (x,8)| = [(D200) (¥, 1) — (D200) (x, )| <.

— Thus y' — (D, ¢)* uniformly on [a,b] as t — s, and therefore

/ab vida — /ab(Dz(p)‘da.

— Since

FO1O) _ [ e,

r—s

this shows that f’(s) exists and has the value claimed.
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Final Notes

e We have gone over many mathematical results and methods.
e All are used within statistics and probability.

e Many will come up again in courses you take in the future.

e You have practiced developing and presenting careful proofs.
e This will help you

— to convince yourself that your new method is working;
— to convince others that your new method is working;

— to make sure your computer programs are doing the right thing;
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