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Abstract

Modern constructive type theory is based on pure dependently typed lambda calculus, augmented
with user-defined datatypes. This paper presents an alternative called the Calculus of Dependent
Lambda Eliminations, based on pure lambda encodings with no auxiliary datatype system. New
typing constructs are defined which enable induction, as well as large eliminations with lambda
encodings. These constructs are constructor-constrained recursive types, and a lifting operation to
lift simply typed terms to the type level. Using a lattice-theoretic denotational semantics for types,
the language is proved logically consistent. The power of CDLE is demonstrated through several
examples, which have been checked with a prototype implementation called Cedille.

1 Introduction

Lambda encodings are schemes for representing datatypes and related operations as pure
lambda terms. The Church encoding, where data are encoded as their own fold functions,
is the best known (Church, 1941), and is typable in System F (Bohm & Berarducci, 1985;
Fortune ef al., 1983)). Lambda encodings were abandoned as a basis for constructive type
theory almost thirty years ago, due to the following problems, identified some time ago by
several authors (Coquand & Paulin, 1988 [Werner, 1992):

1. Accessors (like predecessor for numerals, or head and tail for lists) are provably
asymptotically inefficient with the Church encoding (Parigot, 1989).

2. Induction principles are not derivable for lambda encodings (Geuvers, 2001).

3. Large eliminations, which compute types from data, are not possible with lambda-
encoded data, at least not in normalizing type theories. This is because such theories
distinguish different levels of the language, such as terms, types, kinds, etc., and one
cannot apply a function at one level to compute a term at a higher level. Also, using
impredicative quantification VX : x one level up leads to failure of normalization and
hence logical consistency (Coquand, 1986).

4. Without large eliminations, it is not possible to prove basic negative facts about
lambda-encoded data, like 0 # 1 (Werner, 1992).

On the positive side, there is one powerful benefit of typed lambda-encodings, not available
with primitive datatypes:

e Higher-order encodings — where datatypes contain embedded functions whose types
have negative occurrences of the datatype symbol — are permitted without violating
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normalization. With primitive datatypes as in Coq or Agda, negative occurrences of
the datatype in the datatype definition very easily lead to failure of normalization.

Parigot solved the first problem with an alternative lambda encoding, which is typable
in System F plus positive-recursive types, where accessors are computable in constant
time, as expected (Parigot, 1988)). By Geuvers’s result, there is no alternative but to add
something to the core impredicative dependent type theory, to solve even just the problem
of induction (Geuvers, 2001). The present paper proposes two new type constructs for
this, called constructor-constrained recursive types and lifting. The former deepens earlier
work by Fu and Stump on System S, which solves the problem of induction using a typing
construct called self types, to allow the type to refer to the subject of the typing via bound
variable x in 1x.T (Fu & Stump, 2014). To prove consistency, they rely on a dependency-
eliminating translation to System F, plus positive-recursive types. This method is not
applicable to analyze a system with large eliminations, where dependence of types on
terms is fundamental.

In the present paper, a deeper analysis of intrinsically inductive lambda encodings is un-
dertaken, with a direct lattice-theoretic semantics which can account for large eliminations.
In the rest of this section, the two new features that enable intrinsically inductive lambda-
encoding and large eliminations with lambda-encodings, respectively, are surveyed. Then
we turn to the definition (Sections[2]and [3)) and analysis (Sections[5]and[6) of the new type
theory incorporating these features, called the Calculus of Dependent Lambda Eliminations
(CDLE). This system is a type-assignment system, not suitable for implementation. An
algorithmic approach to CDLE, which has been implemented in a prototype tool called
Cedille, is then considered, together with examples (Sections[7]and[§)). A comparison with
related work is in Section [I0] We begin by looking in a little more detail at the problems
with lambda encodings in pure type theory.

1.1 The problems, in more detail

Church’s encoding of natural numbers in untyped lambda calculus defines each numeral n
as follows (Church, 1941):
As.dz.s «+ (s 2)
——

n
With this encoding, every function on the natural numbers is to be computed by iteration,
and numbers are identified with iterators. Kleene found a clever way to compute the prede-
cessor of Church-encoded # in this framework, but the operation requires O(n) reduction
steps, instead of the expected O(1). This limitation has been stressed many times in the
literature as a point against lambda-encodings. But Parigot solved this problem some time
ago, with an encoding where data are represented not as iterators but as recursors (Parigot,
1988). Every call to the iterated function is presented with the predecessor number as well
as the result of iteration on that number. So 2 is encoded as As.Az.s 1 (s 0 z). While
in theory the space required for normal forms is exponential, in practice closure-based
implementations of lambda calculus compute efficiently with Parigot encodings, as has
been found in several studies (Stump & Fu, 2016; Koopman ef al., 2014). And Parigot
encodings can be typed in a normalizing extension of System F with positive-recursive



7U064-05-FPR

paper 7 November 2017 13:47

Journal of Functional Programming 3

types (cf. (Abel & Matthes, 2004} Mendler, 1988)). So efficiency of accessors is not a
problem for lambda encodings in total type theory, if one uses the Parigot encoding.

Let us consider then the problem of induction. Based on the Church encoding in untyped
lambda calculus, Fortune, Leivant, and O’Donnell proposed an encoding of natural number
n in the second-order lambda calculus (Fortune ez al., 1983); i.e., System F (Girard ez al.,
1989):

AXAs: X —>XAz:X.s -+ (s 2)
——

(Here we are writing AX for abstraction over types.) This idea was extended to a schematic
encoding for a class of inductive datatypes by Bohm and Berarducci (Bohm & Berarducci,
1985)). An even more general encoding for inductive datatypes in the Calculus of Construc-
tions (CC) was proposed by Pfenning and Paulin-Mohring (Pfenning & Paulin-Mohring,
1989). The type for natural numbers in these typed encodings is

Nat = VX.X—=>X)—»X—X
The constructors Z (zero) and S (successor) are defined this way:

Z = AXAs:X—=>XAz:Xz
S = An:NatAXAs: X —>XAz:Xs(nXsz)

The definition of Nat above is second-order, but not dependent. So it is sufficient for
computation — and indeed one can define the basic numeric functions using it — but it is not
adequate for proofs. For example, one can define addition thus:

add = An:Nat.Am: Nat.n Nat S m
And one might then wish to prove a theorem like commutativity of addition:
Vn : Nat.N'm : Nat.Eq Nat (add n m) (add m n)

This is standardly proved by induction (with two subsidiary lemmas also proved by induc-
tion). Under the Curry-Howard correspondence widely used in constructive type theory,
a proof of such a theorem is a closed term which inhabits that dependent type, using a
standard representation of Leibniz equality Eq in type theory. So for induction, needed for
proving such theorems, we are seeking an inhabitant of the type

VP : Nat — x.(¥n: Nat.Pn— P (Sn)) - PZ —Vn:Nat.Pn

Geuvers proved that this type cannot be inhabited in second-order dependent type theory,
for any choice of Nat : x, S : Nat — Nat, and Z : Nat (Geuvers, 2001). This remarkable
result, proved by a model construction, would seem to close the door on lambda encodings
for inductive theorem proving. This is the first main problem.

Another way to see the difficulty is to consider how to extend the definition of Nat

Nat = VX.(X - X)—>X =X

to a dependently typed version. So the goal is to define numbers not as their own iteration
principles, but rather as their own induction principles. We must go from a type X : x to a
predicate P : Nat — *. And instead of step and base case of iteration of type X — X and X
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respectively, we need step and base cases of induction. One could try out something like
the following:

Nat = VP :Nat — *.(Vx: Nat.P x — P (Sx)) = PZ—P?

There are several issues here. First, the definition needs to be recursive, if we are to define
Nat in terms of predicates P on Nat. Fortunately, the occurrence of Nat on the right-hand
side of this equation is positive, so we do not violate the positivity requirement needed to
preserve normalization. But then we have some puzzles. The definition needs to refer to the
constructors S and Z for this datatype. But how could we hope to define those prior to this
definition, since they are operations on the type Nat? Even if somehow some simultaneous
definition were possible, we have the question of what to put for the question mark. An
intrinsically inductive natural number n must prove any given property P for n itself, given
proofs of the step and base cases. It is completely unclear a priori how one could set this
up. Indeed, Geuver’s result implies that there is no way to do this, without an extension to
the type theory. We will how this is solved with CDLE, in Section|[I.2]

The second main problem is that of large eliminations, or computing types by recursion
on terms. In System F, with the usual definition of the Nar type, large eliminations are
impossible, since to compute anything recursively from »n of type Nat, we must first instan-
tiate the universally quantified type variable in the definiens of Nat, to the type which we
will compute by recursion on n. In order to compute a type, this instantiation should be
by %, since this is the type for types (and we are seeking to compute a type). But it is well
known that positing that “type” is a type (i.e.,  : ) leads to failure of normalization for the
language (see (Coquand, 1986)), also (Meyer & Reinhold, 1986)).

So there is no way to compute a type by recursion on a Nat in System F; in other words,
large eliminations are not possible. This is bad enough, but there is another undesirable
consequence. The usual proof in type theory that constructors have disjoint ranges — so for
example, 0 # 1 —relies on large eliminations. Leibniz equality states that equal expressions
satisfy the same predicates, and using large eliminations we can define a predicate P on
natural numbers n which is True if n is zero and False otherwise. Here, True can be taken as
any inhabited type, such as VX : x.X — X; and Fulse as any uninhabited one, like VX : x.X.
If 0 equals 1, then P O implies P 1. Since P 0 is True and P 1 is False, we can inhabit False
from an assumption that 0 equals 1. Without large eliminations, this proof method fails,
and indeed as Werner argues, the erasure of the statement of Leibniz equality of 0 and 1 is
just VP.P — P, where one erases types of CC by dropping all term parts of types (Werner,
1992). So if we could inhabit (Eq Nat 0 1) — VX : .X in CC, we could also inhabit
True — False in System Fy, (to which one erases CC terms and types); but this type is not
inhabited. So not only does the proof method using large eliminations fail, the type 0 # 1
simply cannot be inhabited, or else its erasure True — False would be, too (and the latter
is not).

Traditionally, the solution proposed to these problems has been to add primitive in-
ductive types to type theory. One way is to follow the methodology of Martin-Lof, and
also Constable et al., and work with open type theories, where new inductive types can be
added as extensions of the theory (Martin-Lof, 1984;|Constable ef al., 1986)). This approach
has been proposed also for impredicative type theory, by Coquand and Paulin (Coquand
& Paulin, 1988). Alternatively, one can define a closed type theory with type and term
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constructs for some class of inductive types. This is the approach of the Calculus of
Inductive Constructions developed by Werner, which is the foundation of the Coq interac-
tive theorem prover (The Coq development team, 2015} |Werner, 1994). One can also find
an interesting intermediate approach in the literature: in Pfenning and Paulin-Mohring’s
approach, inductive types are lambda-encoded but their induction principles and associated
reduction rules are added as extensions of the theory (Pfenning & Paulin-Mohring, 1989).

This paper proposes new solutions to the two main problems of induction and large
elimination for lambda-encoded data, in a closed type theory, without primitive inductive
types or primitive induction. Let us take a brief initial look at the two new typing constructs.

1.2 Constructor-constrained recursive types

To define intrinsically inductive lambda-encodings, we begin with the dependent intersec-
tion types of Kopylov (Kopylov, 2003). We will denote these types with prefix notation
tx : T.T' instead of Kopylov’s x : TNT'. Let S and Z be meta-level abbreviations for
An.AsAzs (n s z) and As.Az.z, respectively. Also, we will make use of a top type %,
inhabited by all closed A-abstractions. Now at the meta-level, define a sequence of types
by recursion on meta-level natural number k, with increasing support for dependent typing:

Naty = Y
Natyyy = 1n:Naty.VP: Natp — *.
(Vn:Naty.Pn— P (Sn)) > PZ—Pn

Naty1 denotes the subset of Nat;, for which induction holds, for predicates on Nat;. We
use intersection types, because the natural proof that n is inductive may be identified, in a
type assignment system such as we will consider, with # itself. This striking observation is
due to Leivant (Leivant, 1983). We will see this in more detail below (Section .

Now the goal is to internalize the limit of this sequence of types as a single type N, using
a positive-recursive type. This is not possible with standard forms of recursive types, due
to type dependency. For suppose we tried to define N as

WUNat:*.1n:Nat.
VP:Nat — x.(¥Yn:Nat.Pn—P (Sn)) > PZ—Pn

To kind this type, we would have to kind (P Z), which requires showing that As.Az.z can
be assigned type Nat. To do this, we would unfold the definition of Nat, and then before we
could add local variables s and z to the context, we would be forced again to kind (P Z),
since this would be the type for z. There is a circularity here, which System S avoided by
using an ad-hoc form of mutually recursive types (Fu & Stump, 2014).

Here, we handle the problem with a closer connection to the semantics for types we
will develop. We introduce the novel type form vX: x| ®. T, for what we call constructor-
constrained recursive types. Here k is a kind, and @ is a set of typings that hold for % and
are preserved by 7’. We will define N to be

VNat:x|S € Nat — Nat, Z € Nat.1n:Nat.
VP:Nat — x.(¥n:Nat.Pn—P (Sn)) > PZ—Pn

Semantically, this will be interpreted as the greatest lower bound of the decreasing se-
quence of meanings for Naty, defined above. The key new idea is to include this set @
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(here, S € Nat — Nat, Z € Nat) of typings which hold for % and are preserved as we
pass further into the sequence. This is so that we can kind the body of the v-type. For
the semantic analysis, it will turn out to be critical for ® to hold not just for the decreasing
sequence of meanings, but also for the greatest lower bound of that sequence. Without some
restriction, this appears not to be guaranteed. Here, we require that each typing constraint
in ® must be of the form I'x; : 73.---Ilx, : T;,. T, where the v-bound variable occurs only
positively in 71,...,T,, and only at the head of T (i.e., T is either X or X applied to some
X-free expressions). Nat — Nat meets this requirement, as a simple example, but so do
more complex types.

CDLE’s type system has a rule for folding and unfolding v-types. There is also a rule
for typing of constructors: I' 7 : [N/X]T is derivable for all # € T in the constructor set O,
once a V-type N = VX : x| @®.T’ has been kinded in context I.

1.3 Lifting terms to the type level

The basic idea for supporting large eliminations with lambda encodings is to lift ex-
pressions explicitly from the term level of the language to the type level. While it is
well-known that one cannot lift the entire term language to the type level without losing
normalization (Coquand, 1986), there is no problem with lifting simply typed terms. For
example, the term As.Az.s (s z) representing 2 in the Church encoding can be lifted to the
type level as As : kK — k.Az: K.s (s z), for any particular kind k (for example, *, the kind
which classifies types). Certainly the ability to do arithmetic with simply-typed lambda
encodings is limited (cf. (Leivant, 1991)). But typically for large eliminations, one seeks
just to do a single fold over the datatype to compute a type from the data. For example,
for statically typed printf, as proposed by Augustsson (Augustsson, 1998), one wishes
to compute the type of the rest of the arguments to printf from the format string. This
requires just a single fold.

CDLE introduces a novel construct 1; ¢, representing the type obtained by lifting a
simply-typed term 7 to the type level. The type L is a lifting type, which serves to constrain
the type of 7 to be simply typed, and also shows how that type should be lifted to a kind. For
example, to lift Church-encoded 2 to the type level, one writes T, ), 2, where * is a
primitive lifting type used to represent the kind x. We are not lifting 2 at its polymorphic
type VX : %.(X — X) — X — X, of course, as this type is not permitted at the kind level.
Instead, we are lifting an instantiation (X — X) — X — X of this type, where x indicates
the instantiation points.

One technical issue that must be addressed with this idea is the presence of variables
which occur free inside a lifting expression. For a simple example, suppose we have a free
variable x of type VX : x: X — X., and consider this type, where x is being instantiated to
*:

Tems AY.X Y

It is tempting always to push lifting across A-abstractions, but if we do that here, we will
get:

Ayixd. ()
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The body is not typable, because x (instantiated to have type * — ) is being applied to a
type, namely y of type *.

One can imagine several solutions to this problem. Here, we opt not to push lifting across
a series of A-abstractions unless the body is of the form x 7, where x is bound in that series.
We will form type-level B-redexes for the arguments 7, in case they are not headed by a
variable in the series. So we will lift the successor As.Az.s (n s z) of Church-encoded n to

Asik = x A2k S (T (o As-Azns 2) s 2)

Despite this trick, we will still need some additional conversion principles for lifting, which
we will see below.

Note that in this paper, to avoid further technicalities, we only formalize lifting pure
simple types over *. The Cedille implementation, however, also supports the obvious
extension of this mechanism to simple types whose domain types are not lifting types,
like « — Nat — *. This example lifts to the kind x — Nat — *.

2 Syntax

Figure gives the syntax of CDLE. We are separating clauses of the grammars with ||, to
avoid confusion with the single vertical bar in the syntax for v-types. We use V consistently
in the types for functions for which no argument is explicitly given when the function is
called. So these are implicit products, as introduced by Miquel (Miquel, 2001). IT is used
for explicit products, where an argument is required when applied. We do not use kind-level
implicit products, so the bound variable in any type-level A-abstraction must be annotated.

The type % is a universal type, inhabited by all closed A-abstractions. In the construct
vX : k|©.T, the scope of bound variable X is ® and the body T. We are using v instead of
UL, because our semantics will make vX : k| ©.T the greatest fixed-point of T'. Nevertheless,
we will focus here on using this type for inductive datatypes, not coinductive ones (which
are outside the scope of this paper). Several rules related to v-types will make use of a
notation % for a top type at kind k. We define this by recursion on x:

U, = U
%Hx:T.K = A,XZT. %K
Uix.kw = AX:K U

We usually elide the final *“;-” from constructor sets ® and typing contexts I". We use
other standard notations for typed lambda calculus, in particular T — T’ for IIx: T.T’
when x is not free in T’. The type 1x: T.T’ is a dependent intersection type, as introduced
by Kopylov (Kopylov, 2003). We use ¢ € T to denote a constraint that term ¢ has type T,
as opposed to a declaration of a variable x to have type T (written x : T'). Here we see one
unusual feature of the type system, which is that the context may contain hypotheses that
a term has a given type (¢ € T). This feature comes in with the constructor-constrained
recursive types VX : k|0.7. We will see how to avoid it when we turn to the Cedille
implementation of CDLE (Section [7). We implicitly assume that I" does not declare any
variable x or X twice, and that bound variables are renamed to enforce this. If the set ® is
empty, we may write vX :k.T instead of vX:k|®.T.
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variables x,X

terms t s= x|l Axt|| et
kinds x = x||Ix:T.x||IX: k. &
types T s= X || Mx:T.T || VX:k.T || Vx:T.T' ||

1x:T.T' || vX:k|®.T || Ax:T.T' ||
AX:x.T||Tt||TT || % || 1t

lifting types L i= x||L—=L
constructor sets ® = -||[t€T,0
typing contexts' == - ||[LX:x||[,¢t:T||IteT

Fig. 1. Syntax of CDLE, and typing contexts

(x:T)er FV(Ax.t) Cdecl(T)

I'kx:T I'EAx.t:%

The:T TETsT THT:x The:T TET'>T T i=pt

'te:T I'tet:T 'te:T

TET:% Tox:THAxt)x: T’ Fke:Nx:Ty.T, THY:Ty (t€T)el
I'+Ax.t:x:T. T Thtd: [ /xT TCke:T

I'-x:0 ILX:xkt:T I't:VX:x.T TFHT :x Trt:ix:T.T
'tt:VX:x.T Tke: [T'/X|T Tk je/x]T’

TET:x Dx:TrHe:T' x@FV(t) Trt:Vx:Ti.To THETY et T. T

Chr:Vx:T. T Cht:[d/xT kT
I'te:T rl—t:[l‘/x}T/ t+:T TE®
Ct:x:T.T' I'tteT,® k-

N=vX:x|®,teT,0,.T" THN:«k
Tkt [N/X|T

Fig. 2. Typing of terms and constructor sets

3 Type Assignment

We consider now the type assignment rules for CDLE. These include a number of features
that would make them unsuitable for direct use in a practical implementation. By accepting
some nonalgorithmic features, we can more easily establish, in CDLE, a firm theoretical
foundation for the practical implementation of dependent typing based on pure lambda
encodings. We will see how this works out when we turn to the Cedille implementation
(Section[7).

The typing rules for terms and constructor sets are in Figure[2] We also use kinding rules
for types, in Figure [3] Figure [4] gives kinding rules for constructor sets, and superkinding
rules. (Note that the U in the superkinding judgment is considered part of the syntax of
the judgment, not a separate form of expression.) Figure [6] defines judgements imposing
the restriction mentioned above on the form of types in constructor sets ®. To express our
positivity requirement for kinding v-types, we use a judgment X €” T for p € {+,—}. The



7U064-05-FPR

paper 7 November 2017 13:47

Journal of Functional Programming

'k :x Tx:TiFTh:x Thx:0O IX:xET:x I'tTy:x Tx:T1ETh: %
I'Evx:T1. T : '-vX:x.T:% I'Ex:Ty.75 %

I'-T:% Tx:THT % '-T:%« T,x:THFT :x '-x:0 TX:x-T:«
FH1x:T.T : % IFAx:T.T :Mx:T.x FFAX:x.T :TIX: k. &

THT:Ox:T'.x Trt:T THT:NX:x.& THT :x (X:x)el

THTt:[t/x]x C=TT :[T'/X|K '-X:x
X :xkt:|Llx
I't% :x 1ot lift(L)
XetT
I'kx:O Ctorsy ® LX:x-O: %

' [%/X]1® T, X:x,0F[T/X]® T.X:x,0FT:x
I'-vX:x|0.T:x

Fig. 3. Kinding of types

I'tT:x THO: %
'-:% I'(teT,®):* I'%:0

I'tT:x Tx:Thx:0 Thx:0 MX:xbx':0
I'FMx:T.x:0 Ir-nx:x.x:0

Fig. 4. Kinding of constructor sets, and superkinding

N=vX:x|O.T

THNo[N/X]T T (Ax:T.T')t>]t/x]T’ T+ (AX:k.T) T'>[T"/X]T
£t gl Tht:T X¢FV(T')  lifo(t)=T

C+ETe>TH r=vxX:T.T'>T’ =1 ()T
TEFV() | =] L] =% = |T|

Tt p Ax @)ooyt T Moy Axt) T (Mo t) T)oti o (Ax(t (' %)) T

Fig. 5. Computation rules for conversion

CtorTpy T Ctorsy ® ¢ ¢ terms(®) X et T CtoTpy Tr
Ctorsy (r € T,0) Ctorsy - CtorTpy IIx:T7. T
HeadOnlyy T X ¢ FV(T)
CtorTpy T HeadOnlyy X HeadOnlyy T
HeadOnlyy T HeadOnlyy T X & FV(T")
HeadOnlyy (7 ?) HeadOnlyy (T T')

Fig. 6. Definition of helper judgements for constructor sets
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lift(x) = *
lif (L — L) = lift(L) — lif (L)
|+ |x = X
|S*>S/|X = ‘S|X*>‘S/|X
lift, 1, (Ax.1) = Ax:life(Ly).liftg, (y,(vor,)) ()
lift, (x7) = xliftargsy ,(7), if x— L) €v
liftargsL]%Lz,v(tv f) = ((Tv—)Ll A‘V'[) V) ) liftargst.v (f)

liftargsy, . (-) =
Fig. 7. Meta-level functions related to lifting

definition is unsurprising, so we omit it. Note, however, that a more flexible approach is
proposed in (Abel & Matthes, 2004), using kind-level variance annotations. Adding these
to CDLE should be straightforward future work. We also write FV(T') for the set of free
variables (term and type) in 7, and decl(I") for the set of variables (term and type) declared
inI'viax: T or X : k. We write terms(®) for the set of terms ¢ with constraint # € T listed
in ® for some 7.

Our system has a direct-computation typing rule, as in Nuprl (Constable et al., 1986).
This rule uses a relation =g, which is just standard -equivalence of pure untyped lambda
calculus. Direct computation allows us to use a more general typing rule for A-abstractions:
in the premise, we apply the A-abstraction, rather than typing its body. Note that the rule
also implies type preservation under -reduction; the soundness of this will be established
with our semantics. CDLE has forward and backward conversion rules for typing, using a
directed conversion relation . The computation rules (central axioms) for > are given in
Figure [5] Additional rules including transitivity, reflexivity, and rules making the relation
a congruence are straightforward, and omitted for space reasons. Note that the congru-
ence rules augment the context when relating the bodies of abstractions. Using a directed
(nonsymmetric) relation just means that it may be necessary to perform a sequence of
forward and backward conversions; the key point is that the backward conversions require
an additional kinding derivation. One could also consider a conversion rule for kinding,
but simple situations that would require this can be solved by type-level 1n-expansion,
and including kind-level conversion complicates inversion on kinding. So to avoid such
distractions this is omitted from CDLE. We will consider the nature of CDLE conversion
further in Section[5.1] below. Several of the rules deal with lifting. We will see more about
how they work below (Section[9.2).

The kinding rule for types 1; ¢ (in Figure , uses a meta-level function /ift(—), defined
in Figure[7] which maps lifting types to kinds as follows. The idea is to lift a type like * — *
to the kind * — . We could also allow a lifting type [1x:T.L to enable lifting the bodies
of abstractions without lifting the classifier for the bound variable, for quantifications over
terms. We omit this here for simplicity, and because it is not required for our examples.
We cannot lift implicit products, because CDLE does not have these at the type level, and
adding them introduces semantic complications. We also use a meta-level function |L|y,
also defined in Figure[7] to turn a lifting type into a type, replacing * with X.
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Figure|7| defines a third function Zift_ _ (—), which attempts to lift a term to a type (but
may be undefined). We use vector notation 7 for a possibly empty sequence ty,...,f, of
terms, where - denotes the empty sequence. We write |7| for the length of the sequence.
The notation x f means that x is applied in a left-nested fashion to the terms 7. This
lift_ _(—) function attempts to push the lifting operator (1) down into a A-abstraction.
Roughly speaking, it tries to turn 1 (AX. x; f) into A X: K.x; T’, where the kinds & are
derived from the lifting type given as the first argument to lifi_ _(—), and the types 7" are
new lifting types derived from the arguments

In describing these syntactic operations, we use some special notational conventions in
Figure [/| with the meta-variable v, which ranges over sequences of bindings x — L (where
L is alifting type). In the first equation for the liftargs_ _(—) helper function, we write Av.t
to mean that all the variables listed in ¢ should be A-bound around ¢, in the order they appear

s

in v. Also, we write v — L to mean that the lifting types in v should be added as domain
types, in order, for an arrow type around L. And we write ¢ v to mean that the variables
in v should be given as arguments, in order, for an application of 7. These notations are
used to implement the idea discussed in Section of creating type-level B-redexes when
pushing lifting to arguments.

4 Church-encoded natural numbers

As discussed in Section we use the following definition for the type N of the natural
numbers, where S and Z are meta-level abbreviations for An.As.Az.s (n s z) and As.Az.z:

VNat:x|S € Nat — Nat, Z € Nat.
tn:Nat.¥ P:Nat — *.
(Vn:Nat.Pn—P(Sn)) >PZ—Pn

These are Church-encoded numbers, because the type for the input s for successor,
namely Vn:Nat. P n — P (S n), uses an implicit product (V). For the Parigot encoding, one
just changes this to an explicit product (IT). We will mostly focus on the Church encoding
in this paper, since it is somewhat simpler and more familiar than the asymptotically more
time-efficient Parigot encoding.

Let us see now in detail how to kind this type, using the v-kinding rule:

XetT

I'Fx:0 Ctorsy ® LX: xF®:%

I'-[%/X® T,X:x,0F[T/X]® IX:kx,0FT:Kx
'-vX:x|0.T:x

The first premise is obvious, though note that Nar occurs positively but not strictly posi-
tively; the occurrences in the body of the type are in the domain parts of an even number of
abstractions. The second premise is trivial. For the third premise, we can confirm easily that
the constructor set for this example satisfies Ctorsy,;, as required. For the fourth premise:
with Nat :  in the context, we can kind the constructor set S € Nat — Nat,Z € Nat. For the
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fifth, we can assign % — % to S, using our direct-computation rule:

Uin:U & Ashzs (nsz): % Sn=gAshzs(nsz)
Cn:%+-Sn:%
'eS:%—%

We can also assign % to Z.

For the sixth premise, we must show that our constructor set is preserved by the body of
the v-type. So in the context (call it I') Nat : x,S € Nat — Nat,Z € Nat, we must show the
following typings, where we write NAT to abbreviate the body of the v-type:

o I'-S: NAT — NAT
e I'Z:NAT

Let us just consider the second (the first also holds). Expanding NAT, we see we must show

I'=Z:1n:Nat.VP:Nat — *.
(Vn:Nat.Pn— P (AsAzs (nsz))) —
P (AsAz.z) = Pn

From our constraints in I', we have that ' Z : Nat. So we can assign the first type in the
dependent intersection. It remains to assign the second type, where n is instantiated with
Z. For this, we can apply some introduction rules (together with direct computation) to
reduce the problem to the following typing, where types like P Z are kindable, from the
constraints in I':

[,P:Nat— x,s:Vn:Nat.Pn— P (Sn),z: PZ+-z:PZ

This holds by the variable typing rule.

For the seventh premise, we must be able to assign kind % to the body of the v-type,
assuming Nat : x and the constructor set have been added to the context. The interesting
observation for this is that the applications of P can be kinded. For example, to kind P (S n),
we use the constraint S € Nat — Nat to assign type Nat to S n.

If we have a term of type N, then by unfolding the v-type and then taking the second
projection of the dependent intersection, we can use that term for dependently typed it-
erations; for example, inductive proofs. Of course, we can also use it for simply typed
iterations as a special case, so we can implement basic terminating functions like addition,
multiplication, predecessor, and so forth, in the usual way for Church-encoded numbers.
We will see this more in our Cedille implementation below (Section 3.

4.1 A note on equality types

It may be of interest to some readers to know that CDLE validates axiom K for equality
types (Hofmann & Streicher, 1998). K, which is equivalent to uniqueness of identity proofs,
is all one must add to Martin-L6f Type Theory (MLTT) to support dependent pattern-
matching, and thus is desirable for practical programming with dependent types (Goguen
et al., 2006). But K is incompatible with Homotopy Type Theory (HoTT) (Univalent
Foundations Program, 2013)), where distinguishing proofs of the same equality is essential
to the approach. So CDLE is not appropriate, without significant modification, for HoTT.
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= = AM:xAda:A.VE:A—x|Axx€Ea. Ab:A.
(tu:Eb.VYP:Vb:AEb— . (PaAxx)— Pbu)
A(u:Ea.YP:Ea— . (PAxx)— Pu))

Fig. 8. Equality type satisfying axioms J and K both

In more detail: CDLE allows one to define an equality type with both J- and K-style
elimination. The definition is in Figure where we are writing T AT’ for tx: T.T' when
x € FV(T'). Note that here, the top type %« that is used when kinding K is defined (at
the meta-level) to be Ax : A.% . So we indeed have Ax.x in %4, a, when checking that
the constructor set is satisfied by the top type. We can easily prove, using similar reasoning
as in Sectionabove, that Ax.x has type VA : x.Va: A. a JgA a.

Any relation purported to be an equality relation in type theory should be substitutive,
and indeed, given ¢ of type a J:KA b, we may use the first part of its conjunctive type to
transform any type containing a into one containing b, as expected. And, as expected for
axiom J, to prove something about such a term ¢ as a proof of a Jé{A b, it suffices to reason
just about Ax.x as a proof of a J:KA a. But we also have the second conjunct of the type

a JgA b, which allows us to prove any property of u of type a JgA a by proving it for Ax.x
of that type. This is axiom K.

5 Semantics of Types

To define a semantics for types, we need a few preliminary definitions. We will work with
set-theoretic partial functions for the semantics of higher-kinded types. An application of
such a function is undefined if the argument is not in the domain of the partial function.
(As standard in set theory, such functions are themselves sets.) We consider any meta-level
expressions, including formulas, which contain undefined subexpressions to be undefined
themselves. In lemmas and theorems, if we affirm formulas involving possibly undefined
expressions, we are implicitly affirming all those expressions are defined. We write A — B
for the set of meta-level total functions from set A to set B; that is, total functional subsets
of A x B. We write (x € A — b) for the (meta-level) function mapping input x in the set A
to b.

For our semantics, we prove results about closed terms only, though for the semantics of
the lifting operation we will have to consider open terms. Let . be the set of closed lambda
abstractions (i.e., terms of the form Ax.r with no free variables), and let 4~ C . be the set
of closed normal-form terms. We will write ~~ for (full) -reduction. We also write =g for
standard f3-equivalence restricted to closed terms, and [t].g for the set {t' | # =.g '}. The
latter operation is extended to sets S of terms by writing [S].g for {[t].g | € S}. In a few
places we write nf{¢) for the (unique) normal form of term ¢#; this is undefined if # has no
normal form. We write Q for an arbitrary term without normal form, like (Ax.x x) (Ax.x x).

Definition 1 (Reducibility candidates)
%= {[Sls | SC ).

A reducibility candidate (element of %) is a set of -equivalence classes of A-abstractions.
We will use this definition to develop as technically light a semantics as possible, while
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still being sufficient to show logical consistency (Corollary [I4] below). Further adaptation
would be necessary to show normalization, but this is not needed for our consistency proof.
One exception is that we will need to reason about normalization for proving soundness of
lifting. Throughout the development we will make use of a choice function {. Given any
set E of terms, { returns a A-abstraction if E contains one, and is undefined otherwise.

Lemma 2

If E = [Ax.t].g, then [((E)] g = E

Lemma 3 (Z is a complete lattice)
The set # ordered by subset forms a complete lattice, with greatest element [£].5 and
greatest lower bound of a nonempty set of elements given by intersection.

Lemma 4
(AN ]ep € X, and 0 € Z.

Figure [9] defines our semantics for types and kinds, by mutual structural recursion. The
semantic functions take arguments ¢ and p, in addition to the type or kind to interpret.
We require that ¢ maps term variables to terms, and p maps type variables to sets. The
interpretations of types and kinds are then also sets. We will get more precise descriptions
of the domains and codomains of the semantic functions later. The interpretation of v-
types uses the notation F”(a) for (meta-level) iteration of the function F n times on a:
F(F(...F(a))). The operation Nk ¢ p used in the semantics of v-types, and the value
T4,0,p used in the semantics of %, are defined in Figure |10} The meaning of a type can be
empty, and so in interpreting Vx: 7. T’ we must take the intersection using Ny, which returns
the top element of Z if the interpretation of 7' is empty. The meaning of a kind cannot be
empty, however, so we do not need to worry about this situation when interpreting VX :x. 7.
For the semantics of I'lx : 7.k, if [[T]}G,p ¢ %, then the meaning of the I1-kind is undefined.

An important principle in the definition of this semantics is that if the meaning of a type
is defined, then it satisfies the semantic counterparts of the conversion rules in Figure[5] So
loosely, if 77" and [T is defined, then [T]] = [T’] just based on the definition of [T]
(not any auxiliary information). This greatly simplifies the semantic connection between
conversion and typing for the proof of semantic soundness (Theorem |13|below).

Figure [1 1| defines a semantic lifting function to lift terms to semantic functions at the
(set-theoretic) level where they are in the interpretations of kinds. We do not need to carry
the valuations ¢ and p through the definition, since we have restricted lifting types to be
simple types over *. A different kind of valuation 0 is used, which maps term variables to
pairs (L,S) where L is a lifting type and S is a set. If we included types I'lx : T.L as lifting
types, then we would need to make use of ¢ and p in the definitions in Figure

5.1 About the conversion relation

Most type theories are defined using a congruence relation on types which is then shown
to be algorithmic by proving its confluence and normalization. For CDLE — and, it seems
likely, any system combining dependent and recursive types — the situation is somewhat
more complicated, as indicated by the following theorem:

Theorem 5
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[X]o,p = pX)
[[%ﬂo,p = T
[Mx: T1. D)6 = [{Axrt|VE € [Ti]sp-
[[E(E)/x]t]ep € [Tl oo (e o Hep
[VX:k.T]op = m{[[T]]O',p[XD—)S]l Se[klop}
[Vx:T.T']6p = {7 lopscE)p | E€Tlop}
[tx:T.T"]6p = {E€[T]oplE€[I"]optE)p}
[AX:kT]sp = (Selklopr— IIT]]G,p[XD—)S])
[Ax:T.T"]op = (E€[Tlop = [T'lopcE)p)
[T '] = [T]op([T']op)
IT to.p = [T]op([(01)]cp)
[vX :k|®.T]sp = gq, where
g=Nkp{F"(Tkop)|neN}and
F=(S€[«]opr— HTHO',p[XHS])};
ifF(q)=q
[t (D]op = (n0)§
[<lop = Z
[TLx: T.x]s p = (E€[Tlop = [KlopwtcE)p)
if [T]op €2
[Mx: k.x'Jo.p = (S€[klop = [Klopxiss)

Fig. 9. Semantics for types and kinds (see also Figures[I0]and [TT))

XCiop?Y & XCQY
X ng:T.K,G,p Y & VEe€ HT]]OT,P'

X(E) Sy oxmt(E)p Y(E)
X Crixeee ¥ < VSe [[K]]Gsp'

X(S) gK’,G,p[X'—)S] Y(S)

T = [j]cﬂ
T‘)«,O’,P = T*
THX:T.K,G,p = (E € [[T}]G,P = TK,G[xb—)C(E)],p)
TIx:x.x',0,p = (Selklop+— TK',G,p[XHS])
- NX,ifX#0
NeX N { T,, otherwise
Ni,0,pX = MNX
(E€[T]op—
N F(E) | FeX}),
MerwopX = 1 piclgeene(FENFEX)
TreT.x,0,p, Otherwise
(S €[xlop —
Nyer F(S) | FeX}),
mHX:K.K’,G,pX _ ifK)kci[gHS]{ ( )‘ })

Tek.x',0,p, Otherwise

Fig. 10. Pointwise-extended lattice operations
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(i)™ = S e [LToo > (s

(7% = S(n)g) - (()g),
if 8(x) = (S,L — L) with |L| =n = 7|

Fig. 11. Semantic lifting ({ ))

There is no recursively enumerable convertibility relation between types in context which
is sound and complete with respect to equality of interpretations.

Proof
We can reduce extensional equivalence of primitive recursive numeric functions to this
problem. That relation is not r. e., since if it were, it would be decidable (inequivalence
is obviously r.e.), and it is known not to be so. Suppose f and g have type N — N, and
consider the following two types, where S denotes successor for Church-encoded numerals
as above:
VP:N—=*VX:N—oxAn:N.P(fn)—X(Sn)
VP:N—=*VvX:N—oxAn:N.P(gn)—X(Sn)

These types have the same interpretation (with empty functions for o and p) iff f and g
return the same values for all inputs n:N. [

So CDLE must be defined using a particular incomplete conversion relation. Further use
of the theory will be required to see if further (semantically justified) principles need to be
added for practical use. Additional analysis of this relation, such as studying decidability
or complete formulations for subrelations, must remain to future work.

5.2 Reasoning about lifting

To prove soundness of the conversion and kinding rules for lift types 1; ¢, we need some
intricate and interesting reasoning, summarized in the following lemmas. Several of these
can be viewed as semantic lemmas about simple typing. To justify the main conversion
axiom about lifting, we have this lemma:

Lemma 6

Suppose lift; () is defined, and suppose that 8(x) = (S,L) holds for some S € [lift(L)]o,0
iff v(x) = L. Suppose also that nf(¢) is defined, and FV(¢t) C dom(6). Then ({t»é,@ﬂ =
[tifty,, (t)]o,pr» Where p’(x) = S iff 8(x) = (S,L’) for some L'. '

The main lemma needed to justify kinding of lift types is the following, where we first
introduce a definition relating valuations 6 used in semantic lifting (Figure [TI) and the
valuations ¢ mapping term variables to terms.

Definition 7 ((0,R)-constrained)

Suppose 6 is a given valuation of the sort used in Figure and R € Z is also given.
Then o is called (6, R)-constrained iff the following holds: & (x) € [|L|x]g,ix—r) iff 6(x) =
(S,L).

Lemma 8 (Main Lifting Lemma)
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Let ¢ be a possibly open term in normal form, and assume a valuation 6 with dom(0) 2
FV(t), and such that for all x € dom(6), 6(x) = (S,L) iff S € [lift(L)]p0. Also, make
the following main assumption about ¢ and L: for all nonempty R € %, for all (6,R)-
constrained &, we have [0t].g € [|L|x]o x.&)- Then (1))§ € [Lift(L)]o.0-

This main lemma uses what turns out to be a powerful semantic idea: since the kinding
rule for 1 ¢ has premise I', X : x = ¢ : |L|x, we know that we have ot € [|L|x o, (x, for any
R € #. This additional quantification over R is crucial for getting the proof to go through,
and leads to other interesting consequences. First, we get normalization, because we can
instantiate R with [.47].g (the set of closed normalizing terms):

Lemma 9
Suppose that for all R € %, we have [t].g € [|L|x],x.r)- Then is normalizing.

Next we have to note two lemmas, easily proved by induction on the lifting type L in
question.

Lemma 10
Let p = [X — R], where R € % is nonempty. Then [|L|x ] is nonempty.

Lemma 11
Suppose [t1].g € [|L1]x]o,, Where p = [X — R] for some nonempty R € Z%. Then for any
L, there exists a term of the form Ay.t such that [Ay.t].g € [|L1 — La|Jo,p but [[t1/y]t2] &

[1Z2[]o.p-

With these, we can derive the following strong property about inclusion of interpreta-
tions, which is needed for Lemma 8] The proof is interesting enough that it is given here in
full.

Lemma 12 (Trivial semantic subtyping for simple types)
Suppose that for all nonempty R € %, [|L|x]o,x—r < [IL'|x]o,x.>x- Then L=L'.

Proof

The proof is by induction on the structure of L', considering several cases. We will refer
to the assumption of the theorem as our semantic subtyping assumption. Let L and L' be
sequences of lifting types with |L| = |L'| = n, for some n.

Case: Suppose Lis L — * and L' is L' — L, — Lj, for some L, and L;. Then we can easily
violate our semantic subtyping by instantiating R with [.#"].g and taking [AX.1y.Q] g as

an element in [[|L‘X]]0,[Xb—>[</1/](,ﬁ] but not in [[|L/|Xﬂ0s[XH[WL-ﬁ]'

Case: Suppose L is L — L" — %, for some nonempty L”, and L' is L' — *. Instantiate R

in our semantic subtyping assumption with {[Ax.x].g}. Now we will have AX.A%".Ax.x €

[“Z/ L= *‘X]]@,[XH{[XX.X]CI; L where |JZ”| = |L//|. But this term is not in [Hl_,/ — *|Xﬂ0,[X>—>{[7Lx.x]CB ¥
(using the fact that the quantifications imposed by the semantics of function types are not
vacuous, by Lemma [I0).

Case: So we are left with the case where L is L — x and L’ is L' — % (and |L| = |L'|).
Suppose some L; differs from L], and suppose that i is the greatest position at which this
occurs. Now let L, be Ljty — --- — L, — *. We can prove that L§ must be a semantic
subtype of L;, by the following argument. Assume this is not the case. Then there is
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(cdx—t,p)elx:T] & (o,p) €[] A [Tlop €Z A [tlep € [Tloyp
(c,pWX—=S)elLX:x] < (o,p)e[l]ASE[K]sp

(o,p)e[l,teT] < (0,p)€[T] A [Tlop €Z A [ot]g €[Tlop
(070) € [H]

Fig. 12. Semantics of typing contexts I"

[klx®lop = {S€lklop|[Olspxiss}t

[eT,0lop < [TlopeZ A lotls € [Tlop A [Olop

Fig. 13. Definition of [k |x ®]s p, and semantics of constructor sets ©

some nonempty R € % such that E € [|Li|x]g x—r but E & [|Li|x]o,;x—r But then by
Lemmathere is aterm Ay.t" such that [Ay.t'] g € [|Li — Lal]lo,x—r) but [[§(E)/¥]t']cp &
[ILalx]o,1xr)- Consider the term A%.Ay.r". We have [A%.4y.t"].g in [|L — []o x. k], bY a
simple application of the semantics of function types. But we do not have [AX.Ay.t'] g €
[IL" — %[]o,x.»&)- This follows (using also Lemmato instantiate the variables X) because
E € [|Li|x]o,x—r)> but we deduced [[{(E)/y]t'|cp & [|Lalx]o,xr)- SO we have L} as a
semantic subtype of L;, and we may then apply the IH to conclude that L} = L;. This
contradicts the assumption we made that those types are different.  []

6 Soundness for Typing

Figure [I2] defines a semantics for typing contexts, for purposes of the following main
theorem. In that definition, we write o & [x — ] to mean o[x — ¢| where x & dom (o) (and
similarly for p W [X — S]). Figure [13|defines [k |x ®]s p to be the set of those elements
of [k]s,p which satisfy the constraints given by @ for type variable X. These two helper
notions are used in stating the main theorem below.

Theorem 13 (Soundness of typing and kinding)
If (o,p) € [IT, then

. IfTF«x: 0, then [K]q p is defined.

ITET :x, then [T]sp € [K]o,p-

. IfTFH¢:T,then [ot].g € [T]o,p and [T]s,p € Z.

fTrFO@:xand® =1t €Ty,....1, € T, then [Ti]op € Z,...,[Th]op € Z.

. IfTF O, then [O]s .

I TCETeT and [T]sp € [K]o,p for some kind k, then [T]sp = [T"]cp-

. Suppose (X : k) €', and let 0 = 6 W0, and p = p; WP, [X +— S]. Suppose also that
S Cko1,p S and A C [K], p,» With A # 0.

(@) UTHT:«, [K']o, p, is defined, and X €T T, then

I N N

i [[T]]c,p[x»—m] grc/,cl,pl [[T]]G,p[XHS’]
i mk’,thl{[[T]]O',p[X»—)S] | S GA} gK’.Gl,pl
[[T]]c,p[XHmK.glvplA]
(b) HTET:x and X € T, then [T]s pixiss] Sit o101 [T o pixiss)-
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() T+ «": 0, [K']6, p, is defined, and X €T «’, then
i [Kop C [KTopxess)
il m{[[K/]]cf,p[x»—m] | Se A} - [[Klﬂc,p[thx‘al Al
(d) fTF«":Oand X €~ &/, then '] pixis5 € [K]op-

8. If [[s p is defined, I', X : k= @ : x, [@] 5 5[x.T,]> and Ctorsx O, then ([k|x Ols.p, Ck.6,p
,Nik,c,p) is a complete lattice.

K]’

These parts must be proved by mutual induction on the structure of the assumed deriva-
tion in each part. Parts (1), (2), and (3) of Theorem are statements that the main
judgements of CDLE — superkinding, kinding, and typing, respectively — are sound with
respect to our semantics. Parts (4) and (5) express soundness of two helper judgements
dealing with constructor sets @. Parts (5) and (6) express soundness of directed conversion.
Parts (7) and (8) are critical for reasoning about v-types. Parts (7ai) and (7ci) express
monotonicity of the semantics for type variables occurring only positively, and parts (7b)
and (7d) express antimonotonicity for type variables occurring only negatively. Parts (7aii)
and (7cii) are expressing one part of continuity, which is used in establishing that the
meaning of a v-type is indeed a fixed-point of the interpretation of its body; the other
ends up following from monotonicity. Part (8) embodies one of the central insights of
constructor-constrained recursive types: if a constructor set ® satisfies Ctorsy O, then it is
preserved not just through the chain of iterates of the interpretation of the body, but also in
the limit of that sequence, its greatest lower bound. Without preservation of ® in the limit,
we cannot show that the meaning of a v-type is the appropriate fixed point.

Corollary 14 (Logical consistency)
There is no derivation of - -7 : VX : x.X, for any term ¢.

Proof
By Theorem [13] part (3) and the semantics of V-types, if - -7 : VX : «.X is derivable, then
t €NZ.But NZ is empty since 0 € Z. [

7 Cedille: an Implementation of CDLE

I have implemented a system called Cedille based on CDLE. At first glance, this may
seem difficult, because of typing rules like direct computation and the introduction rule
for dependent intersections, which do not fit well into usual approaches to algorithmic
typing. But one insight emerges which helps us resolve these difficulties. These trouble-
some features of CDLE are needed solely for kinding recursive types. Once recursive types
are kinded, then it is a relatively simple matter to unfold them when their inhabitants are
eliminated (i.e., applied to arguments). We need never introduce them, if we are content to
use the constructors of the type (from the constructor sets) as the sole means of constructing
inhabitants of recursive types. This rules out defining alternative versions of operations
on lambda-encoded data, such as Rosser’s alternative definitions of multiplication and
exponentiation (though supporting these would require additional rules in CDLE, to allow
typing of non-constructor terms with recursive types). But this is an acceptable loss to
gain the power of higher-order encodings. A final issue is the need to add typings t € T
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to contexts, due to the fact that constructor sets contain typings of arbitrary terms. This
issue is resolved in Cedille by introducing names for the constructors, which are used in
place of those arbitrary terms. Note that while the type-checking algorithm for annotated
terms implemented by Cedille is based closely on the definition of CDLE above, formally
defining this algorithm and proving the appropriate relation to CDLE must remain to future
work.

Cedille supports top-level definition of recursive types with the following syntax:

rec X params : indices | ctors = T with defs

Here, params and indices are telescopes of bindings, the first for parameters fixed for the
whole type definition, and the second for indices, which are inputs to the type constructor
X which may change in the body T of the definition. The cfors are declarations of construc-
tors; this component of the definition is just like ®, except that constraints are of the form
x: T, where x is a constructor name, rather than ¢ € T. The definitions of the constructors
named in ctors, using whichever lambda encoding is being applied, are given in the defs.
For example, Figure [I4] gives definitions of three standard datatypes: Nat is for Church-
encoded natural numbers, List is for Parigot-encoded lists, and Vector is for Parigot-
encoded vectors (lists indexed by their length). Cedille uses the notation —¢ for an implicit
(erased) argument, and A as a term-level binder for implicit inputs. Applications of terms
or types to types are written with the - operator for parsing reasons. In datatype definitions
only, the special variable self may be used as an implicitly t-abstracted variable referring
to the subject of the typing.

Let us consider how Cedille kinds the definition of Nat (Figure[T4), for a representative
example. Cedille uses Unicode, so Cedille code largely matches the mathematical syntax
we have already considered. The constructor sets must first be typed, assuming the kinding
Nat : *. Next, the body is kinded, assuming that self has the recursive type (applied to
any indices). So in this case, self is assumed to have type Nat when kinding the body.
Finally, each constructor definition (the equations following the with keyword) must be
typed. Cedille types a definition ¢ =t by checking that 7 has type T under the assumption
that the recursively defined type is equal to its body, with the self variable explicitly 1-
abstracted. There a variety of other small checks to perform as well (the conditions imposed
by Ctorsy, the starting condition for kinding using the top type %, and a few others).

Cedille implements local type inference to cut down on the number of annotations
required in terms (Pierce & Turner, 2000). We are either checking a term against a type
or a type against a kind, or else trying to synthesize a type for a term or a kind for a
type. Cedille seeks to instantiate i-types introduced by recursive definitons either when
checking against an introduction form (an implicit or explicit A-abstraction), or when a
type is synthesized for the head of an application. The former is intended just for typing
constructor definitions, while the latter is for use there as well as when terms of recursive
type are eliminated. This simple scheme appears sufficient so far to avoid any explicit
reasoning about dependent intersections on the part of the user.

Cedille implements an algorithmic conversion relation based on normalizing term and
type expressions. While this is not strictly speaking justified by Theorem [I3] above, I
conjecture that the proof may, with some effort, be adapted to show not just consistency but
normalization. [ have not invested this effort so far, for the following reason. Consistency is
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rec Nat |
S : Nat — Nat , Z : Nat =
V P : Nat — % .
(Iln: Nat . Pn — P (Sn)) - P Z — P self
with
S=An.AP.As.Az.sn@-Psz,
Z=AP .As . Az.z.

rec List (A : %) |

Cons : A — List — List , Nil : List =

V P : List — % .
(ITh : A.II't : List . Pt — P (Cons h t)) —
P Nil —
P self

with
Cons =Aa.Av.AP.Ac.Ae.cav (v -Pce),
Nil=AP.Ac.An.n.

rec Vector (A : %) : (n : Nat) |
Cons : Vn : Nat . A — Vector n — Vector (S n) ,
Nil : Vector Z =
VP :IIn: Nat . Vector n — * .
(Vn :Nat . ITa: A . Il v: Vector n .
Pnv —> P (8n) (Cons -n a v)) —
P Z Nil —
P n self
with
Cons=An.Aa.Av.AP.Ac.Ae.
cnav (v-Pce),
Nil=AP.Ac.An.n.

Fig. 14. Cedille definitions of three standard datatypes

the crucial property for a type theory, as it tells us that we may safely avoid reducing some
terms, and still know that they would reduce to canonical values. Normalization is nice in
theory, but in practice the enormous computational complexity of functions which can be
written in type theory means that there are terms which will cause type checking to run
so long as to be practically indistinguishable from nontermination. So any type theory that
truly requires a bound on the time required to check terms will have to do more than just
prove normalization (and such theories have, of course, been developed; e.g., (Hofmann,
2000)).

Cedille itself is coded in Agda. Agda is a dependently typed programming language
under development (in its Agda 2 form) for around a decade. The main implementation
was done by UIf Norell, with subsequent additions from other researchers (Norell, 2007).
Cedille makes use of the lowa Agda Library, an alternative standard library I am devel-
oping, currently at a little under 5000 lines of code. This library is the basis for my book
on Agda (Stump, 2016)). While I have not verified deep properties of the implementation
using Agda’s theorem-proving capabilities, I have expressed a number of simple program
invariants using dependent types, and used type-level computation to simplify and con-
dense some of the code.
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EQq<ITA:x . A=A —= %=
AA:%x.Aa:A.Ab:A.VP:A—>%.Pa—>Pb.

refl <« VA:x.VYVa:A.Eq-Aaa-=
AA.Aa. AP . dAu.u.

Fig. 15. Leibniz equality

8 Basic Examples

Now let us consider some examples demonstrating the features of CDLE, as implemented
in Cedille.

8.1 Inductive reasoning about Church-encoded numbers

First, let us show that we can indeed perform dependent eliminations with Church-encoded
numbers, by proving a basic inductive fact about addition. We can define Leibniz equality
in the usual way, as shown in Figure [T3] The statements shown in the figure are of the
form x < e = ¢, for checking expression ¢’ against classifier (type or kind) e, and
then adding a definition of x to equal ¢’ to the global context. So here we define the type
Eq for Leibniz equality in a standard way, and then give an inhabitant refl for reflexive
equalities. As noted above, more complex forms of equality can also be defined using
constructor-constrained recursive types, but this is sufficient here.

If we define addition in the standard way, we can then write the following very basic
inductive proof about it, showing that x + 0 = x for all x:

add <« Nat — Nat — Nat =
An.Am.n:- (An:Nat. Nat) (A n . S) m .

addZ < Il x : Nat . Eq - Nat (add x Z) x =

Ax.x-(Amn: Nat . Eq - Nat (add n Z) n)
An.Au.AP.Av.u-@Ax:Nat .P (8x)) v)
(refl - Nat -Z)

As is well known, this theorem does not hold simply by reducing add x Z, because add
iterates on x. The term we have given as the definition for addZ has an induction on x
matching this iteration. The induction is carried out by a dependent elimination, where x
is applied, in the second line, to the predicate to be proved. The third line of the code gives
the step case, where u is the proof of P (add n Z), for an arbitrary predicate P postulated
by Leibniz equality, and the return value is then the proof of P n. The fourth line gives the
base case, which follows trivially using conversion.

8.2 True not equal to false

Figure [I6] defines the Bool datatype using a constructor-constrained recursive type to
support dependent eliminations on booleans. The figure also gives standard impredicative
definitions for the types True and False.
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rec Bool | tt : Bool , ff : Bool =
V P : Bool — x .
Ptt - P ff — P self

with
tt=AP.Aa.Ab.a,
ff=AP.Aa.Ab.b.

True < x =V X : x . X — X .
triv < True = A X . A x . x .

False <« x =V X : x . X .

Fig. 16. Booleans, and true and false types

tt-not-equal-ff < Eq - Bool tt ff — False =
Au.u-@Ab.Av.
TX.b-@Ab.X): (x— % — %)) - True - False)
triv .

Fig. 17. Proof that boolean true is not equal to boolean false

Using these definitions, we may then write the proof in Figure [I7] deriving a contradic-
tion from an assumption that tt (boolean true) equals £f, where the notion of equality
is again Leibniz equality. Note that this fact is not provable for Church-encoded booleans
in Coq, for instance (Werner, 1992). Here, we instantiate the variable P from the Leibniz
equality with a predicate which uses lifting (the 1 expression) to compute the type False
from boolean ff and True from tt. This allows us to cast triv from type True to type
False. Using large eliminations is the standard way to prove this fact with primitive
datatypes, but large eliminations are not available for lambda encodings in other theories.
Lifting in CDLE makes this possible. In the Cedille implementation, we must explicitly
introduce the type variable X (immediately following the 1 sign), which the term being
lifted will use to indicate the positions in the type which are to be lifted to the kind «.

8.3 Higher-order encoding of System F types

Let us see how CDLE allows large eliminations with higher-order encodings of datatypes.
We would like to represent the types of System F (constructed by universal quantification
and function-space formation from type variables), using a higher-order encoding. So we
do not want to encode the universally bound variables as de Bruijn indices, for example.
Rather, we will use CDLE’s variables to represent these System F type variables.

tp&E+=VX:x. =2>2X=2>X > E-=>X =X =X

interp < tp — x =

AT . TY . (T -Y) : ((x—= % — %)= (x> %) = %) = %) -
(AA.AB.A—B)-
(AF.VC:%.F-0

Fig. 18. Higher-order encoding of System F types, and its interpretation
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Figure [I8] declares the type tp, of kind * to represent System F types. The type says
that for all types X, a tp can take in a function of type X — X — X and also one of type
(X — X) — X, and return a value of type X. The first function is the one to use if the
tp is representing an arrow type (and then the values computed for the domain and range
types will be supplied as the two arguments of type X). The second function takes in a
X — X function and returns a value of type X. Here we see the higher-order aspect of the
encoding. Due to the negative occurence of X in the domain type X — X of this type, this
would not be allowed as part of an inductive datatype definition in Coq or Agda, though it
could be defined in the pure A-calculus fragment of Cogq.

But Coq does not have anything like the lifting operation of CDLE, and so one could
not write the type-level function interp-tp of Figure [18] which interprets a tp as the
corresponding actual type of CDLE. This definition lifts the tp t to the type level, and then
applies it to functions which compute either the arrow type or the universally quantified
type. In the latter case, the higher-order encoding presents us with F of type x — %, which
maps any input type to the interpretation of the encoded body of the universal type. So we
just introduce a universally quantified C and apply F to that, to compute the interpretation.

For example, we may define the type of polymorphic identify functions as an inhabitant
of tp:

polyid-t < tp = A X . A arrow . A forall .
forall (A x . arrow x Xx)

If we interpret this value using our interp function, Cedille tells us we get
VC:*x. (C— 0

To demonstrate the point that we can eliminate data at multiple levels of the type theory,
let us also define a function to compute the size (as a natural number) of a tp:

size < tp — Nat =
AT : tp .
T - Nat
Am.An .S (add n m))
(A s . S (s one))

Cedille reports that normalizing size polyid-t results in Church-encoded four:
As.Az. (s (s (s (s2))))

It is important to note that in this example, we are using lifting only. Constructor-
constrained recursive types require positivity, which would not hold here. Even though
we do not get a dependent elimination principle for a datatype like tp, we still gain extra
expressive power in CDLE over other impredicative type theories like that of Coq, due to
CDLE’s lifting operation.

8.4 Strong X-types

Strong X-types can be defined in CDLE, using constructor-constrained recursive types, as
show in Figure[T9] As above, we define the type as its own induction principle. Defining
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rec Sigma (A : %x)(B : A — %)

| mksigma : [T a : A . B a — Sigma =

V P : Sigma — x .
(ITa:A.IIb:Ba.P (mksigma a b)) — P self

with

mksigma =Aa . Ab.AP.Ac.cab.

fst <« VA :x.VB:A — % . Sigma - A -B — A
=AA.AB.Ap.
p- (A _ :Sigma-A-B.A) (Aa.Ab.a).

snd <« VA:x.VB:A—= % .Ilp: Sigma-A-B.
B (fst - A - B p)
=AA.AB.Ap.
p-Ap: Sigma-A-B.B (fst - A - B p))
(Aa.Ab.b).

Fig. 19. Strong X-types

first and second projections is then straightforward. For £st, we instantiate the predicate
variable P with a trivial predicate that always returns A for any input. But for snd, we use
a nontrivial predicate, so that the type whichA a . A b . b must inhabit is

Ma:A.IIb: (Ba) . (B (fst (mksigma a b)))
This type is convertible with just
Ma:A.IIb: (Ba) . (Ba

which is inhabited, as required, by A a . A b . b. This is a nice example of how
type refinement, as implemented in languages with dependent pattern matching (Coquand,
1992), is also available in CDLE.

One might be concerned that despite the claimed Theorem [13] above, definability of
strong X-types could somehow put CDLE afoul of Coquand’s result that the Calculus
of Constructions with strong X-types is inconsistent (Coquand, 1986). But the system
considered by Coquand allows the formation of large X-types XX : k.k’, which are crucially
used in the proof of inconsistency. In contrast, the X-types defined in Figure [[9)are small,
so Coquand’s result does not apply.

8.5 Statically typed higher-order abstract syntax

The higher-order encoding of System F types in Section [8.3] may leave some readers
wondering if typed abstract syntax can be represented in a similar way. For System F types
have only a trivial kinding structure, which the encoding of Section[8.3|thus did not have to
take into account. Figure 20| gives a higher-order encoding of the typed syntax for simply
typed lambda calculus. The figure first defines tp, representing the simple types with a
single base type. Constructors arrow and base for this type are then defined. Then trm is
defined, of kind tp — *. Then trm T is the type for representations of simply typed terms
t with type represented by T. The definition of trm first takes in the type T for this family of
terms, and then a type X indexed by tp. The cases for application and A-abstraction come
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tp&Ex=VX:i*x. X=>X—=2X =>X—=>X.

arrow <= tp — tp — tp =
ATL.AT2.AX.242a.Ab.a(Tt-Xab) (T2 X ahb)
base < tp=AX.Aa.Ab.b.

trm < tp = x =

AT : tp.

VX:tp— .

(VTL : tp . VT2 : tp . X (arrow T1 T2) — X T1 — X T2) —
(WTL : tp . VT2 : tp . (X Tl — X T2) — X (arrow T1 T2)) —
XT.

Fig. 20. Typed higher-order abstract syntax for STLC terms

abb < tp = arrow base base.
id <~ trmabb=A X . A a . A 1 . 1 -base -base (4 x . x)

test-tp < tp = arrow abb abb .
test < trm test-tp =
AX.Aa.A1l.
1 -abb -abb (4 s .
1 -base -base (4 z .
a -base -base s (a -base -base (id - X a 1) (a -base -base s z)))).

Fig. 21. Example terms and types in the encoding

next. Note that the A -abstraction case is higher-order: given a function from X T1to X T2,
the function supplied for this case must deliver a value of type X (arrow T1 T2).

Figure 21| defines example terms id and test, of type trm abb and trm test-tp, re-
spectively, where abb and test-tp represent b — b and (b — b) — (b — b), respectively.
The trm id represents Ax.x, and test represents As.Az.s (id (s z)). Because Cedille’s type
inference is currently just basic local type inference, quite a few erased arguments must be
supplied. Improving this situation is future work. The erasure of test, however, is the
following, which does encode the test term as expected:

Aa.Al1l. QA ALs. QA AUz.(as(a@dal) (as 2N

Finally, Figure [22] defines a very simple interpreter for trm. This is interp-trm. To
express its type, we first define interp-tp using lifting. This is a simpler version of the
interp-tp function we saw in Figure[I8|for System F types. The definition of interp-trm
uses interp-tp (of Figure and dependent types to express the idea that the interpre-
tation of a trm T is a CDLE term of CDLE type interp-tp T. The interpretation is
then completely direct: (typed) application is interpreted as application, and A-abstraction
is interpreted as A-abstraction. Interpreting test resultsin A s . A z . (s (s 2)),
which as expected, has evaluated the term as part of interpreting it (cf. normalization by
evaluation (Berger & Schwichtenberg, 1991)).

9 Formatted printing with local definitions

Let us now consider a more complex case of large eliminations with higher-order encod-
ings: adding local definitions to format specifiers for formatted printing as with printf.
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interp-tp < tp — * =

AT :tp. (0X . T -X: ((x =% = %) = x — %))
(A TL i x . AT2: x . TL = T2)
- True.

interp-trm < V T : tp . trm T — interp-tp T =
AT . At .
t - (A T: tp . interp-tp T)
(ATL . AT2 . A f . Aa.fa)
(ATL .AT2 . Ar . Ax.r13).

Fig. 22. Interpreting encoded types and terms

Typing printf is now a standard and quite appealing example of dependently typed
programming, introduced by Augustsson (Augustsson, 1998)). Here, we will allow format
specifiers — for which we will use a dedicated datatype, not a format string — to contain two
types of let-declarations. flet x y will specify that the arguments required by x should
be input to the call to format, and then the resulting string which is computed for x will be
substituted into y. More dynamic is fletd x y, which just substitutes x into y, and thus
could duplicate requirements for arguments (leading to additional arguments to the call to
format). We will print lists of booleans rather than lists of characters, to avoid dependence
on a primitive type of characters.

9.1 Agda implementation

Figures[23]and 24] give Agda code for this example (based on the Towa Agda Library). The
approach used here is not the one which would typically be adopted in Agda, because it
requires that we disable Agda’s positivity checker to use a higher-order encoding, thus sac-
rificing the termination property which Agda seeks to guarantee. The first point of showing
this solution is explanatory: hopefully it will orient readers familiar with Agda or Haskell,
for the subsequent Cedille implementation (Section [9.2)). Secondly, though, it is meant to
highlight that this implementation technique — which results in a reasonable solution for
this novel problem — is not available in Agda without compromising termination. Of course
the example itself could be implemented using other methods, such as de Bruijn indices for
representing bound variables. But with Cedille, the possibility of a higher-order solution to
this problem is available, without compromising logical soundness.

To turn to the code of Figure 23} we have a datatype formatti which will describe the
argument requirements of format specifiers. A format specifier can require an argument
(iarg), no argument (inone), or appended requirements (iapp), or requirements governed
by a dynamic let (ilet). The type formati is the type for the actual format specifiers.
The interesting cases are for flet and fletd, where we use higher-order encoding. In
the static case (flet), we have a function from inputs with argument requirement inone
to outputs with requirement b, and in the dynamic case, the requirement goes from a to
b a. The types of the inputs to these constructors use the formati in negative positions,
and hence would be disallowed by Agda without the initial pragma disabling the positivity
check.
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{-# OPTIONS --no-positivity-check #-}
module format-ilet where

open import lib

data formatti : Set where
iarg : formatti
inone : formatti
iapp : formatti — formatti — formatti
ilet : formatti —
(formatti — formatti) — formatti

bitstr : Set
bitstr = L B

data formati : formatti — Set where
farg : formati iarg
fapp : {a b : formatti} —
formati a — formati b —
formati (iapp a b)
flet : {a b : formatti} — formati a —
(formati inone — formati b) —
formati (iapp a b)
fletd : {a : formattil}
{b : formatti — formatti} —
formati a —
(formati a — formati (b a)) —
formati (ilet a b)
fbitstr : bitstr — formati inone

flit : B — formati inone
flit b = fbitstr [ b ]

Fig. 23. Datatype definitions for format with local definitions, in Agda

The function format-t (Figure[24) computes the type for format from an argument re-
quirement (of type formatti), while format itself (or rather, the helper function formath)
is defined by recursion on the format specifier (of type formati). The formath function
uses a continuation so that interpretation of the format directive can take place before any
input arguments are required (by an farg format specifier).

For a test case, we can define

testi : formatti
testi = ilet (iapp iarg (iapp inone inone))
(A x — iapp x (iapp inomne x))

test : formati testi
test = fletd (flet farg (A j — fapp j j))
(A i — fapp i (fapp (flit tt) i))
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format-th : formatti — Set — Set
format-th iarg r = B — r
format-th inone r = r
format-th (iapp i i’) r =
format-th i (format-th i’ r)
format-th (ilet i i’) r = format-th (i’ i) r

format-t : formatti — Set
format-t i = format-th i bitstr

formath : {i : formatti} — formati i —
{A : Set} — (bitstr — A) — format-th i A

formath farg f x = £ [ x ]
formath (fapp i i’) f =

formath i (A s — formath i’ A s’ — f (s ++ s’))
formath (flet i i’) f =

formath i (A s — formath (i’ (fbitstr s)) f)
formath (fletd i i’) f = formath (i’ i) f
formath (fbitstr s) £ = f s

format : {i : formatti} — formati i — format-t i
format i = formath i (A x — x)

Fig. 24. Formatted printing with local definitions, in Agda

The format specifier test says that we want to print a string consisting of i followed
by a boolean literal tt (f1it tt), and then i again, where i is dynamically defined to be
the static definition flet farg (A j — fapp j j). This requests one argument to be
named j, and then produces j appended to j. Agda’s normalizer reports that as expected,
format test normalizes to

Axx — x::x ottt orroxgooxg oz [

9.2 Cedille implementation

Let us now implement this example in Cedille. It is worth emphasizing that no modification
to CDLE is required (whereas we had to disable positivity checking for the example to type
check in Agda). We should also note that similarly to the example of representing the types
of System F (Section [8.3), we will use higher-order encodings that prevent us from using
constructor-constrained recursive types. Lifting, however, is still available, and is sufficient
for this example. First, we must declare the type formatti for argument requirements.
We break this into two parts: a type-level function formatto, and then the universal type
formatti:

formatto <= * — % =
AX: % . X2 X—>2X=2X) > > X=X =X =X
formatti < x =V X : x . formatto - X

We can define abbreviations for the constructors of this type, the last of which is the
most interesting, since it is there that higher-order encoding shows up:
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formato < (formatti — *) — formatti — x =
A X : formatti — % . A i : formatti.
X iarg —
(V a : formatti . V b : formatti.
Xa — Xb — X (iapp a b)) —
(V a : formatti . V b : formatti.
X a - (X inone — X b) — X (iapp a b)) —
(V x : formatti . VF : VX : x . X — formatto - X.
X x —
X x —
X(AX.Aa.An.Ap.A1l.F -X(xx-Xanpl
anpl) —
X (ilet x F)) —
(bitstr — X inone) —
Xi.
formati < formatti — x =
A i : formatti . V X : formatti — % . formato - X i.

Fig. 25. The type formati for format strings

iarg < formatti =A X . A a.An.Ap.A1l.a.
inone < formatti =AX . Aa.An.Ap.A1.n.
iapp < formatti — formatti — formatti =
Ax . Ay.
AX.Aa.An.Ap.A1l.
p&-Xanpl (y-Xanpl.
ilet < formatti — (Vv X : x . X — formatto - X) — formatti =
Au.Af
AX.Aa.An.Ap.A1l.
l(u-Xanpl) Ax.f -Xxanpl)

The argument f to ilet takes in an X and returns a formatto - X, for any type X. This
can be viewed as saying that f is a member of an extension of the datatype formatti with
a new constructor (since f requires a value of type X for this constructor).

We elide a few easy definitions (Church-encoded booleans, an append operation on
lists, and the bsingleton function for creating a singleton list from boolean input). Next
comes the type formati for format specifiers. Again, we break it into two parts, shown in
Figure 23]

The type for the dynamic let (beginning on the eighth line in the figure) is the trick-
iest, since the argument requirement for the body of the let depends on the argument
requirement x for the let’s definiens. But our definition of ilet requires a F that can
be extended with the value for a variable, which enables expression of this dependence.
For space reasons, we must omit the definitions of constructors for this type, and turn to
the definition of format-th. To make reasoning about this definition more manageable,
we pre-define the type-level functions that will be used for the different cases of a formati
term. The code is shown in Figure[26] The crucial point, of course, is to use lifting to define
the type by higher-order iteration on the input of type formatti.
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k<=0O=%x— % .
Fa< k=A71: % . (Bool — r)
Fn<k=Ar:%.r

Fp<k —>k—=>k=42f:k.2Ag:k
Flek > (ks k) —k=Af:k Ag:kok.Ar:%. (g £-1

format-th < formatti — x — *x =
A i : formatti .
TX.1- X=X : (= % —
(x — *) —
((x = %) - (x = %) =5 (x = %)) —
((x = %) = ((x = %) > (x = %)) > (x = %)) —
(+ - %)) - Fa-Fn - Fp - F1 .

Fig. 26. Definition of the helper function computing the type for a call to format from a
format string

formathr < formatti — x =
A i : formatti . V A : x . (bitstr — A) — format-th i - A .

formath < V i : formatti . formati i — formathr i =
Ai. Ax . x - formathr
(AL . Af . Ab. f (bsingleton b))
(Aa.Ab. Az . A1x2.
AA . AFf . r- - (format-th b - A)
(As.r2-A
(A s’ . f (append - Bool s s’))))
Ao Ar2 .
. r - (format-th b - A)
As.r2 (AL . AEf . £fs)- Af£))
(Ax .AF . Ar . A1x2.
AA . Af .21 Af)
As.AA.AEf . f5s)

(A a.
A A .

»
> >
H T

Fig. 27. Definition of the helper function for |format—

It is convenient to break out the return type for formath as a separate definition (formathr),
and then we have the code for formath itself, shown in Figure Instead of recursive
calls, the higher-order iteration on a of type formati presents us with results r of recursive
calls, in each case. As we are computing a higher-order function (of type formathr), these
results are themselves functions, which we call with a continuation to obtain the printing
function for the part of the format string from which the result was iteratively computed.

The final definition of the format function and its return type is then the following,
where for the outermost continuation we use a function CList which converts Parigot-
encoded to Church-encoded lists. This just makes the output produced by Cedille’s inter-
preter more readable in this case. The code is in Figure[28] We can use Cedille’s normalizer
with the same test as we used for the Agda version, to obtain

(A b . A Db
Ac.Ae.
(cb” (cb” (c (A a . Ab? . a) (cb’ (cb’” e))))))
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format-t < formatti — x = A i : formatti . format-th i - (CList - Bool) .

format < V i : formatti . formati i — format-t i =
A i : formatti . A t : formati i .
formath -i t - (CList - Bool) (toCList - Bool)

Fig. 28. The definition of the format function and its return type

(¢tX. ALa.An.Ap.A21. (F(xanpl)anpl)
((x = %) = (x > %) =5 ((x =5 %) > (x = %) = (x > %)) —
(¢ = %) = (k= %) = (x =5 %)) = (= %)) = (x = %))
-Fa -Fn - Fp-Fl-A)

Fig. 29. A lifting type arising in the flet case

This is indeed a Church-encoded version of the answer we computed with the Agda im-
plementation (at the end of Section[9.1).

In typing the formath term of Figure several conversions dealing with lifting are
required. These are the last two conversions shown in Figure [5] above. Let us see briefly
how these arise. In typing the cases for fapp and flet, Cedille must check that the type
format-th (iapp a b) - Ais convertible with

formath-th a - (format-th b - A)

The latter type arises from the terms r - (format-th b - A) in both cases, while the
former type is the one required by the elimination of the format specifier x. Since lifting
introduces new lifting redexes for arguments to a head variable, normalizing the first type
would, without the 1-contraction lifting conversion of Figure [5 (the first conversion in the
last row of the figure), produce what is essentially an 1-expanded version of a to be lifted.

The last conversion of Figure E]is needed for the fletd case, where Cedille must check
that format-th (ilet x F) - Ais convertible with the type shown in Figure[29] Again,
due to the way lifting produces new lifting redexes, normalization of the first type would
result in a lifting of F being applied to a lifting of x. Those two uses of the lifting operation
need to be consolidated at the top level of the term, in order to match the type of Figure[29]
This is what the final conversion of Figure [5|does.

10 Related Work

We compare the approach of CDLE with some recent works. In “The Gentle Art of Levi-
tation” (Levitation), Chapman et al. present a closed type theory where inductive datatypes
are implemented using a universe of datatype descriptions, which, cleverly, is itself given a
datatype description (Chapman et al., 2010). CDLE does not include a universe, although
as a closed type theory it would make sense to consider extending it with one. Levitation
is concerned with encoding universes of datatypes as datatypes themselves, but not with
foundations of induction. Indeed, least fixed points of functors (polynomial, then strictly
positive), and associated induction principles, are included as primitives of the theory.
Some primitive datatypes are included as part of the type theory; indeed, Levitation affirms
“We cannot dispose of data altogether!” (Section 4.1). In contrast, CDLE defines data as
their own induction principles, and hence reduces induction to the underlying impredicative
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type theory; CDLE does not include any induction principle as primitive, nor any datatypes.
One could imagine attempting to replace the primitive induction principle used in Levita-
tion, with induction as derived in CDLE. But Levitation’s self-describing universe con-
struction crucially relies on a predicative universe hierarchy, which we have omitted here
in CDLE. Levitation also affirms, citing (Geuvers, 2001): “An impredicative Church-style
encoding of datatypes is not adequate for dependently typed programming, as although
such encodings present data as non-dependent eliminators, they do not support dependent
induction”. CDLE overturns the received wisdom that Geuvers’s Theorem implies the
inadequacy of lambda encodings for dependent type theory. The theorem only shows this
for second-order dependent type theory, leaving open the possibility that extensions to that
theory could be adequate — as we have seen with CDLE.

It is worth noting at this point that while universe polymorphism might appear to allow
data to be eliminated across levels — thus solving the same problem as CDLE’s proposed
lifting operator — such quantifications are predicative (Harper & Pollack, 1989). Indeed, a
universe-polymorphic type cannot itself be in any of the universes whose levels it quantifies
over, and in Agda is considered to be at ordinal level @. The computational power of
predicative polymorphism is quite limited compared with impredicative polymorphism,
as analyzed by Leivant (Letvant, 1991). In contrast, CDLE avoids adding a hierarchy of
universes by using a novel lifting operator to move expressions from the term level to the
type level of the language.

Altenkirch et al. pursue a related goal to Levitation’s in “PiSigma: Dependent Types
without the Sugar” (PiSigma): show how to define datatypes (inductive and co-inductive,
indexed) and other central constructs of type theory in a minimalistic core language (Al-
tenkirch ef al., 2010). Special care is paid to the control of reduction during type checking,
for recursively defined types and terms, using lifted types, inhabited by suspended terms.
These are different from CDLE’s lifting types, which actually raise terms to the type level.
PiSigma includes the x : x principle, and so levels cannot be distinguished. Furthermore,
general recursion is allowed, and questions both of termination and metatheory in general
are deferred to later work. This is in contrast with CDLE, which is proved logically sound,
and in which a sound notion of induction is defined.

Let us consider several works more focused on semantics and induction. In “Internaliz-
ing Relational Parametricity in the Extensional Calculus of Constructions” (Internalizing),
Krishnaswami and Dreyer develop a version of the Calculus of Constructions with a built-
in equality type that enjoys equality reflection (Krishnaswami & Dreyer, 2013): if an equal-
ity is provable then it can be used definitionally — the central idea of extensional Martin-
Lof type theory (Martin-Lof, 1984). They devise a relationally parametric realizability
model, and show how this model validates various extensions of their syntactic theory,
includes strong sum types. But these are true extensions: the type theory proposed by
Internalizing does not actually allow typing strong sum types, for example. In contrast, we
saw above (Section[8.4) that strong sigma types can be defined within CDLE (without any
extensions). The same is true for natural-number induction, which again in Internalizing is
shown consistent with their proposed syntactic theory, but has to be added as an extension
to the theory. On the other hand, Internalizing gives examples of (semantically) relating
extensionally equal terms which the semantics for CDLE given in Section [5|above would
distinguish (cf. Section 5.4 of Internalizing). Developing extensional models of CDLE,
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perhaps along the lines of Internalizing or perhaps following the “extensional collapse”
approach of Tannen and Coquand, remains to future work (Tannen & Coquand, 1988). A
similar goal with some stronger results — notably that every indexed functor has an initial
algebra — was achieved by Atkey et al. (Atkey et al., 2014)).

The paper “Fibrational Induction Rules for Initial Algebras” of Ghani et al. proposes
a general induction rule for arbitrary functors with initial algebras (Ghani et al., 2010).
The development is categorical, using the idea of a fibration to generalize the logical
notion of predicate. The paper is focused on categorical semantics, and explicitly avoids
impredicativity. In contrast, the present work on CDLE develops a new impredicative
type theory, with a concrete realizability semantics. The deeper insights into the nature of
induction arising from categorical study could provide more refined analysis of the forms
of induction possible in CDLE, but this must remain to future work.

The lifting types of CDLE and its realizability semantics may put one in mind of “Re-
alizability and Parametricity in Pure Type Systems” (Realizability), by Bernardy and Las-
son (Bernardy & Lasson, 2011). In this elegant paper, the authors seek to shed light on the
relationship between realizability and parametricity, by formally defining both as relations
on terms in a base PTS (first level), using another PTS (second level) viewed as a logic
for the first one. Terms in the first-level PTS are lifted to the second-level PTS, which
may then express statements about them. But in Realizability, lifting, like realizability and
parametricity, are expressed as meta-level operations on PTS terms. In contrast, CDLE’s
lifting types are part of the type theory, which enables computation of types from terms,
within the theory. For the PTS corresponding to CC, for example, this is not possible. The
ideas of Realizability may, however, shed further light on CDLE’s lifting types, as well as
on the best approach to formalizing CDLE’s metatheory. Note finally that while PTSs are
expressed using a unified syntax for expressions (instead of syntactically different classes
for terms, types, and kinds as in CDLE), some form of lifting is still required to lift a typing
judgment. In Realizability this is at the meta-level, while with CDLE it is in the theory.

Next, let us compare the present approach to the works, already mentioned in Sec-
tion[I.T] based on adding primitive inductive types to existing type theories (i.e., (Werner,
1994; |Pfenning & Paulin-Mohring, 1989; |Coquand & Paulin, 1988))). With primitive in-
ductive types, one should determine some set of inductive types which will be accepted
by the type theory, if one wishes to be able to prove any general results about the addi-
tion (for an open theory) or declaration (for a closed one) of a new inductive type. For
example, CIC restricts attention to inductive types generated by strictly positive functors
(see (Werner, 1994)), Definition 2.7). In CDLE, there are more options: if one needs induc-
tion and uses constructor-constrained recursive types, then we require only positivity. If
induction is not needed, then there are no restrictions at all on the functors one may use, for
Church-encoded datatypes (for the Parigot-encoding, of course, positive recursive types are
needed). Describing a class of inductive datatypes is not a simple matter. Indeed, Levitation
proposes an intricate solution to the problem. In Werner’s dissertation, one finds quite long
typing rules with lots of vector notation, to handle the variable-arity nature of both the
inductive types and their constructors (and constructors’ types). None of this is needed in
CDLE. Finally, with primitive inductive types, one must augment the reduction relation,
necessitating a new proof of confluence for reduction. With CDLE, the reduction relation
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is just standard B-reduction on untyped terms, so there is no new confluence theorem to
prove.

Finally, let us compare with a few works on advanced representations of syntax, such
as typed or higher-order abstract syntax. The idea of using higher-order representations in
typed lambda calculus can be traced back to Church’s Simple Theory of Types, where uni-
versal quantification, for example, is defined to be the application of a function IT,,,) (ex-
pressing universality of a propositional function) to a lambda abstraction (Church, 1940).
The term “higher-order abstract syntax” was coined by Pfenning and Elliott for the idea of
representing the syntax of various object languages using typed A-abstractions (Pfenning
& Elliott, 1988). Many works have explored the idea of shallowly embedding object-
language syntax into meta-language syntax. For one example, Mogensen proposed a shal-
low embedding of the syntax of pure lambda calculus in itself (Mogensen, 1992). For
another, Carette et al. in “Finally tagless, partially evaluated: Tagless staged interpreters
for simpler typed languages” show how to define various metaprograms (interpreters,
compilers, and more) by semantically embedding the syntactic structure of an object lan-
guage into a metalanguage (Carette et al., 2009). This gives a typed (shallowly embedded)
syntax similar to the example of Section [8.5] As Chlipala points out, though, directly
mapping object-language types to metalanguage-language types makes it more complex
to perform type-level operations (Chlipala, 2008)). In the cited paper, Chlipala proposes
parametric higher-order abstract syntax (PHOAS) for achieving some of the benefits of
higher-order encodings in Coq (which due to positivity restrictions on datatypes cannot
support HOAS directly). Fegaras and Sheard proposed a method for programming with
higher-order representations in functional programming languages with primitive inductive
datatypes (Fegaras & Sheard, 1996). In contrast to these works, CDLE supports impred-
icatively typed higher-order syntactic representations.

There are many works proposing two-layer schemes, where object-language expressions
are represented in a typed lambda calculus with a relatively weak function space, while
metaprograms are written in a more powerful lambda calculus with pattern matching on
higher-order representations (Poswolsky & Schiirmann, 2009; |Pientka, 2008; |[Schiirmann
et al., 2001). In CDLE, in contrast, there is just a single (typed) language for higher-order
representations and programs over these. One might be concerned that the stronger function
space of CDLE will spoil adequacy of encodings. For developments where it is critical
to capture exactly the object-language syntax instead of over-approximate it, one could
use techniques such as proposed by Crary for representing linear logic proof terms in a
nonlinear metalanguage (Crary, 2010) (see also (Polakow, 2015))), namely Twelf (Pfenning
& Schiirmann, 1999).

11 Conclusion and Future Work

This paper has demonstrated that lambda encodings can be the basis for a dependent type
theory supporting both induction and large eliminations, via the system CDLE and its im-
plementation Cedille. Induction is enabled by the novel constructor-constrained recursive
types VX :k|®.T, where O is a set of typing constraints on pure lambda terms which
must be shown to hold for a top type %, and then be preserved by the body 7. Under
some light restrictions on the use of X in the types in ®, these typings hold not just for
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the elements of the infinite sequence of increasing dependent types one can associate
with the v-type, but also for the limit of that sequence, which our semantics defines the
meaning of the type to be. Large eliminations are enabled by a lifting construct 1; ¢, which
lifts simply typed lambda terms to the type level. We gave a rather simple semantics for
types in terms of complete lattices, and proved the typing rules of CDLE sound with
respect to this semantics. Logical consistency of the system is then a corollary. CDLE
does not use a datatype system, and hence one could hope would be less cumbersome for
formal metatheoretic analysis. The most exciting application of CDLE is for dependently
typed programming with higher-order encodings. We gave several examples, including the
nontrivial one of formatted printing with local definitions.

Programming with higher-order lambda-encodings is a delicate matter (cf. (Washburn
& Weirich, 2003) for one illuminating example). Much more exploration of this area is
required. It would be interesting, for example, to see how much formalized metatheory
one could do using higher-order encodings in Cedille. CDLE has shown that one can have
dependent typing for higher-order encodings, via lifting. Induction for such encodings,
however, is prevented currently by the positivity requirement for constructor-constrained
recursive types. Thus devising inductive higher-order encodings is the most important next
direction for future work.
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Fig. A 1. Polarity of occurrences of type variables in types, constructor sets, and kinds

A Omitted Rules

In this section are listed some straightforward rules omitted from the definition of CDLE
in the main text.

A.l Rules defining judgement X < T

Rules defining judgement X €” T are in Figure We write p for the other polarity
besides p.

A.2 Additional rules for directed conversion

Figure [A 7] gives additional rules for directed conversion. Computation rules were given
in Figure@ The additional rules include reflexivity, transitivity, and then congruence rules
equating expressions where the corresponding subexpressions are equal. Passing under a
binder extends the context, and passing into the body of a v-type adds the constructor set
to the context (just like the kinding rule for v-types).

B Some Basic Lemmas
We collect here some basic lemmas, whose proofs are below

Lemma 15 (Term substitution and interpretation)
If ¢ =.p Ot, then:

o HT]]G[XHI,],P = [[[I/X]T]]G,p

o [kl = [lt/x]K]6p

® II®]]O'[X¢—>I/],[) And [[[t/x}(a]]c,p
o C

=kK,0x—t'],p =C [t/x]x,0,p
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'+ Ti>T, FFTzDT3

=TT FFT11>T3

CETsT Thist FFT1\>T{ FFszTzl FFT1I>T], FF,X:TlFTQDTZ,
THT T 1 THT ThoT) Ty THAX:T. ThoAX T Ty
LX:x-T>T r=neff TX:TiFDLeT, C-TeT T,X:THL>L

THFAX:K.ToAX: K. T' THIX:T. e 1IX:T).T CFIOX:T.LoTIX:T'.L

THT>T] T.X:TiFThoT) IX:kkToT THT>T, T,X:TyFThoTy
THYX:T.TooVX:T].T, TFVYX:k.ToVX kT THIX:T. 01X T|.Ty

CELol Thist THLipLy THLpL [X:k-0>0 I[X:kOFToT
Tttt CHL — Lol = L) FFvX:k|@.Te>vX:x|@.T

I'kivt! THT>T THO>O
I'-»- I'FteT, Ot T, 0

Fig. A2. Additional rules for conversion

Corollary 16 (Term equality and interpretation)
Ifr=cp ¢, then:

i [[T]]c[xn—n],p = [[THG[)o—n/],p

i [[K]]G[x»—n],p = [[Kﬂc[th’],p

i [[®ﬂo[th],p e [[@)Hc[x»—n’],p
Lemma 17 (Strengthening substitutions)
If x ¢ FV(T), then [[T]]c[x»—n],p = [[Tﬂa,p’ HKﬂo[th],p = [[K]]G,p’ and [[@HG[th],p And [[@Ho,p
IfX Z FV(T), then [[THG,p[XHS] = [[T]]o',m [[K]]G,p[XHS] = [[Kﬂc,pa and [[G)Hc,p[XHS] g [[®]]c,p-

Lemma 18 (Type substitution and interpretation)

o [Tlopiesrap) = [T7/X]T]o
i [[K]]G7P[X'—>|IT,]]()'>‘)] = [T //X} Kﬂc,p
o [[®ﬂa,p[xk>[[r'ﬂoﬁp] < [[T'/X]@]6p
Lemma 19 (Equality and inclusion)
Ift =.p 1, then if defined, C 51 p €quals Sy gl p-

Lemma 20 (Complete lattices at higher kinds)

Suppose that [k]sp is defined. Then ([k]s,p,Cx,0,0, k0,p) forms a complete lattice,
with greatest element T 5 (see Figure .

Lemma 21 (Substitution and greatest lower bounds)

If defined, N 5[xss].p = Nit/x]x,0,p> Where t =.p ot. Similarly, if defined, k6,0 X [T]op] =
Oz /x)x.0.p-

Lemma 22 (Definedness and strengthening inclusion)

If [x]s,p is defined, then Cy 5 is equal to Cy e’ pup’» and similarly for Nand T.

Lemma 23 (Top types)
(%] ,p is defined and equals T s p.
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C Proofs for Basic Lemmas from the Start of Section[3 and Section[B]
Proof of Lemma 3|

Proof

Since every set in % is the -equivalence closure of a subset of ., [.Z] g is the greatest
such set. Now let us prove that the intersection NU of a nonempty set U of reducibility
candidates is still a reducibility candidate. We must show that there is some V C . such
that "U = [V].g. Since U is nonempty, let E € U. Define V as {{(e) | e € NU}. By
definition, V C . Note that every e € NU is of the form [),x.t]clg, since every element
in U is a reducibility candidate. So we can apply Lemma 2] as follows:

Vleg = [{E(e) | e U} ]ep = {[S(e)lep | e € NU} = {e |ec U} =NU
U

Proof of Lemma

Proof
The nontrivial case of the proof by mutual structural induction on 7 and k is when T is of
the form 77 #;. We have

71 t1] o, by semantics

0 =
ﬂTlﬂa[th’],p([G[x’_”/]tl}cﬁ) = IH
[[t/x]T1]6p([Ofx+— t'lti].g) = assumption
[[t/x]T1]sp([O[x+ ot]ti].3) = composition of substitutions
[lt/x]T1]6,p([o([t/X]t1)]cp) = semantics
[[[t/x] (Tl tl)ﬂc,p

U
Proof of Lemma
Proof

The proof is by induction on the structure of k. If k is %, then the result follows immediately
from Lemma E} We will just consider the case where k is IIx : 7.k, since the other case
(where « is ITX : k.k») is similar. First let us show that ([k]s p,Cx,6,p) is a poset. We
use the IH to deduce that for all £ € [T]op, ([Ki]opg(E),00 Sry ol (E),p) 18 @ POSEL.
The IH applies, since [&i] gt (k) p is defined for all E € [T]s p. If it were not, then that
would contradict definedness of [«],p, which depends on definedness of [Ki] ¢ (£))05
forall E € [T]s,p.

The fact that ([Ki [ s ¢(£)],0> Sy ol (E)],p) 18 @ poset for all E € [T] p is sufficient,
except for the case when 7] p is empty. In this case, every S,5' € [k]s p satisfy S Ci 5,p
S’. But in that situation, the semantics makes [ILx : 7.x]sp the set containing only the
empty set (as the only function with domain 0). So then § = §', and antisymmetry is
satisfied.

Now let X C [k]s,p. We must show that Ny s X (call this A) is the greatest lower
bound of X, with respect to the ordering Cy 5. If X is empty, then since Cy,5,p compares
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elements of [k]s p pointwise in this case (where k =ITx: T.k), we can easily observe that
x Crop Tkops forall x € [K]g,p. (Again, if [T]sp is empty, then T 5, is the empty
set, which is the sole element of [Kﬂgﬂp, as argued just above.) So T s p is the greatest
element of [x]s p, as required if X is empty.

Now consider the case where X is nonempty. First, let us show A Cy 5 p B, forall B € X.
For this, it suffices to consider arbitrary E € [T]s p, and show A(E) C, 51w (k),p B(E)-
A(E) is defined to be Ny, 5(x¢ (k)0 1F (E) | F € X}. The TH applies to show that

(I<tloes )0 Sxrobost(B)).p0 Mol (B)).p)

is a complete lattice, and hence A(E) Cy, v (k),p B(E), for all B € X, as required.
Similar reasoning shows A is the greatest such element.
O

Proof of Lemma

Proof
The proof is by induction on k. If k¥ = %, then [%]sp = [%]op = T+, as required.
Suppose k is ITx : T.x’. Then we have

[%er x]op = by definition of 2y,
Ax:T.%e]op = by the semantics
(E €[T]op = [%]oscEyp) = H
(E€[Tlop = TwowoseE)p) = definition from Figure[IQ
THx.T.K’
The case for when k is ITX : kj.k» is similar, so we omit it. J
Proof of Lemma 22]

Proof

Since [x]s,p is defined, we can prove by an easy induction that x cannot contain any
variable in the domain of ¢’ or p’. Then by induction on k, and using Lemma [17} we
easily show that C g, (Which is defined by Lemma20) equals Cy guor pupr- [

D Proofs for Lifting Lemmas from Section [5.2]
Proof of Lemma 6]

Proof
The proof is by induction on the structure of ¢, with case analysis following the definition

of lift_ _(—).
Case: Suppose we have
liftp, p, v(Axt) = Ax:ift(Ly).tlifty, y (oor ) (F)

The interpretation of this with respect to @ and p’ is

Se [[lift(Ll)]](Z),p’ — [[ll..ﬁLz,v,(xr—)Ll)(t>ﬂ®,p/[x»—>5]
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By the TH,

) L

[ty o) Ologriess) = (2 5.0
So the above displayed interpretation is equal to exactly what we get for the value of
<<7Lx.t>>élﬁL2 using the semantics for the latter expression.

Case: Suppose we have the following, with (x — L) € v:

li.ﬁL,v (x)=x ll:ftargsL’,v(f)

Let |7| = n. Since we are assuming liftargsy, ,(7) is defined, we must have L' = L — L" for
some L and L”, and then

X ll:ﬁargsL’,v(t_) =x ((TV*)LI ;{'le) v) e ((TvﬁLn ;ijn) V)

Since we are assuming v(x) = L', our assumption relating v and 0 implies that 6(x) =
(S,L'), for some S € [lift(L’)]jp,p- So the interpretation of this term with respect to @ and p’
(where p’(x) = S by assumption) is

STy, Avi) Vopr -+ [((Tvssr, Avta) v)opr

Suppose v=(x; —L}),--, (xx— L;),and let Sy, ..., S be such that 0 (x1) = (S1,L}),---,0(xx) =
(Sk,Ly). Then for all i € [1,n], we have

[[((TvaLilv-ti) V)H(Z),p’ =

[Pz, A%t D)oo = . _
(Sl € [[liﬁ(L/l)]]@‘p’ = S € [[liﬁ(L;c)ﬂ(D,p/ = <<t,>> [xil._>(yl ,Sl)-,"kaH(L}(,Sk)])(S) =
(A

So the meaning of the original term has been shown to be equal to

S ()G o ()

This is exactly the value the semantics gives for ((x t'»g in this case. [

Proof of Lemma |10

Proof

The proof is by induction on L. If L = * then [|L|x]o,, = R, which is nonempty by assump-
tion. If L = L; — Ly, then choose an element E from [|L>|x]e ., which is nonempty by
the induction hypothesis. Then [Ay.C(E)].p is easily seen to be in [|L; — La[x]o,p, by the
semantics of function types. [

Proof of Lemma
Lemmal[Ll

The proof proceeds by induction on L.

Case: L; = . Then our assumption that [t1].g ¢ [|Li|x]o, becomes just [t1].g & R. We
can write Ly as L — * for some L. Let n = |L|. Then we can return the term (to witness
the existential in the statement of the lemma) Ay.Ax.y, where || = |L|, because this term
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may easily be seen to be in [|Ly — L — *|x]gp, but [[t/y]AZ.y].g is not in [|L — *|x]o,p.
because by repeated application of Lemma([l0} there are sets E; € [|Li[x]o,p foralli € [1,n],
but then [[{(E1)/x1,- -+, §(En)/xn]t]cp = [t]cp» Which is not in R by assumption.

Case: L = L, — L. If t # Ax.t’ for any x and ¢, then this implies ¢ ¢ R, and so as in the
previous case we can return Ay.Ax.y, where | x| = |L|. So suppose r = Ax.t’ for some x and
¢'. From our assumption about 7 and using the semantics of function types, we deduce that
there exists some E € [|Ly|x]o,p such that [[C(E)/x]t'].p & [|Ls|]e,p- By our IH we know
there exists a term Ay.7 € [|L, — La|x]o,p such that [[([(E)/x]t') /y]f]cp & [L2]e,p- We can
then return the term Ay'.(Ay.7) (y/ {(E)). This term is in [|L; — Ls|x]o,p, because for any
[Az.t"].p € [Li]o,p. we have

(Ay£) (E(Azt") L(E)) =p (Ayd) ([E(E)/2)t")

where [[{(E)/z]t"].p € [|Ls|x]o,p by our assumptions about E and [Az.1"].g, and hence,
abbreviating [[{(E)/z]t"].p by E’, we have [[{(E')/ylf].p € [|L2|x]o,p by the fact we
deduced by the TH about Ay.f. But [[{([Ax.t']) /y'|((Ay.) (¥ {(E)))]cp is notin [|Lz|x]e,p.
because we have

[E([(Axt) Y I((Ayd
(Ayd) (Ax1") §(E)) =cp
(Ayd) ([E(E)/A1') =cp
([([E(E)/x)t") /31i)
(

And our IH already gave us that [[([(E)/x]t") /y]t]cp & [IL2|x]0,p» as required.  [J

Proof of Lemma
Proof

Instantiate R with [4" ]cﬁ (the set of closed normalizing terms), which we already observed
is in Z (Lemma E]) Let p = [X + [#].g]. The proof is now by induction on L. If L = *,
then [t].g € [|L|x]o,p is just [t].g € [-#].p. By confluence of reduction, this implies 7 is
normalizing (since it is B-equivalent to a normal form). Now suppose L = L; — L,. Then
by the semantics, f =.g Ay.t' for some y and ¢, and we have (applying also Lemma

VE € [|Li|x]o,p- [[E(E)/y]t']ep € [IL2]x]0,p

Writing L; as L — %, we can easily see that [|L;|x], contains the set [AZ.Ay.y i].g.
for this reduces just to checking that Ay.y 7 is in [| * [x]g p, for normalizing 7. Since [| *
xJlo,p is just [4] g, this is obviously true. We are allowed to assume here that the values
f being substituted for the ¥ are normalizing, by the induction hypothesis. Now instantiate
E in the displayed formula above with [A%.Ay.y &].. By the IH, we know that [{(E)/y]¢’
is normalizing, and hence so is [Ax.Ay.y ¥/y]t’, by confluence. This implies that Ay.t’ is
normalizing, because if, say, normalizing reduction of that term ends up applying Ax.Ay.y &
to more than || arguments, we could just as well instantiate E with Ax.Ay.Q, and then the
result would fail to normalize. This shows that from a normalization perspective, Ax.1y.y &
behaves the same as just y, and so ¢’ is normalizing. [
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Proof of Lemma
Proof

The proof is by induction on the structure of 7. Since ¢ is normal, the only possibilities for
the form of ¢ are Ay.t' and y 7.

Case: t = Ay.t’ for some y and #'. In this case, we cannot have L = *, for then our main
assumption would imply that for all R € %, and for all (8,R)-constrained o, we have
Ay.ot’ should be in R. No matter what the form of ¢’ is, we can find either two members of
Z or else two (0, R)-constrained valuations that violate this. So L = L; — L, for some L,
and L,. Then by the semantics, writing 8’ for 8]y — (S,L;)], we have

()5 =S € Wif(L)]oo — (')

By the semantics of function kinds, it suffices to assume an arbitrary S[lift(Li)]o ¢, and
show ((t’)}é% € [lift(L»)]lo.,0. Now by the semantics for function types, our main assumption
implies that for all R € % and for all (6, R)-constrained &, we have

VE € [|Li]x]o,xsr)- [[E(E)/¥]ot g € [IL2]x]o,xR)

This is equivalent to saying that for all (8’, R)-constrained ¢’, we have [6't'] g € [|L2|x]o, x5
That is all that is required to apply our induction hypothesis to conclude the desired

(Ve € [lifr(L2)]o0-

Case: 1 =y [ for some y and 7. Since dom(6) 2 FV(t), we have 0(y) = (S,L') with S €
[lift(L")]o.0. Now L’ must be of the form L — L”, with |L| = |f| = n, for some n, since
otherwise — if L' = L — * with |L| < || — we could instantiate our main assumption with
[#]ep for R and a (6, R)-constrained substitution ¢ where 6(y) = AX.Ay.Q, |%| = |L],
and other values of ¢ can be filled in arbitrarily to match 6, by Lemma [L0] This o(y) is
in [|IL— *‘X]]Q’,[XH['/V]L-[;]’ but ¢(y) 7 has no normal form and hence [ (y) o7].g is not in
(A e = [1* x]o,ixs1.0)5)-

Similarly, for all i € [1,n], our main assumption holds for # and L;, as we now ar-
gue. Suppose f =7',t;, and L = L', L;,L". If there exists nonempty R € % and (0,R)-
constrained ¢ with [6#].g & [|Li[x]o,[x.k]> then by Lemma [11| there exists a term Ay.t’
such that [Ay.t'] g € [|Li — L" |x]o, x> but [[t:/y]t']cp & [IL" [x]lo,1xk)- We can instantiate
our main assumption with R for R and a (6, R)-constrained substitution ¢ where all values
are arbitrarily filled in to match 6 using Lemma[T0] except

o(y) = AT AzAF . (Ayt) z

Then 6(y 7) ~* [t;/x]t', and we have already deduced that [[t;/x]¢'] g & [IL"|x]o,;x—r) This
contradicts our main assumption about # and L, which implies we should have [o(y 7)].5 €
[IL"|xJo.xr)-

For all nonempty R € %, we must have [|L"|x]o x. .z a subset of [|L|x]o x. .- If
not, then from a value in [|L”[x]g x..g but not in [|L|x]e xk We could construct a
substitution ¢ again violating our main assumption, as above. So by Lemma L="r"

Having established that L' = L — L with |L| = |f|

= n, we apply the semantics to get

()6 =S()g - (t)g
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Since we have shown that our main assumption holds for #; and L;, for all i € [1,n], we
can apply the IH to each #; to conclude ((t,))é" € [lift(Li)]o.0, for all i € [1,n]. So by our
assumption about S, we have the following, which suffices:

(g - ()" € lif(L)]oo

E Additional Lifting Lemmas

Lemma 24
Let 0’ = 0[x; — (S1,Ly), - > (Sn,Ln)], and X = x1,- -+, x,, with x; € FV(¢t) and S; €
[lift(Li)]5,p- forall i € [1, n] Then if 1 X', (nf(t X)NE, = (nfle )))’HL( )

Proof
The proof is by distinguishing cases related to nf(t x).

Case: nf(t ) = y 7 with 8(y) = (S,L — L), where |L| > |f. In this case, we must be able to

divide 7 into 7,7, % into ¥, ¥, L into L',L", and § into ', 8" such |¥| = || = |L'| = |§|,

" =x", and nf(r) = Ax .y 7'. In other words,  must accept some number of arguments and

then produce a term headed by y, with the arguments #” which are not consumed by ¢ being

equal to the sufﬁx i of x. Let k= |7'|. Then by the semantics we have the following, where
. L

we write (7')§, for (/] e (e

{(nfle D)) =

(72N =

S@L*)L ) x—// —

Sobot (. ()5 =

sobt (@)L, 5

We must prove this equal to ( f( )))LHL( ), which can be easily done using the semantics
and the fact that nf(r) = AX .y 7:

{(nfe))g"(S) =

<</1x yt_/»LIHLHHL(S’ S”) _

(S1 € L)oo = -+ Sk € WL oo = (Y VE s, .prrsy) (S8 =
(x >>§,[;T£>51 s )8 =

SoL L (F >>§[XIH51,_,_7XWSM 5

The only difference in the final expressions of the above two equational-reasoning chains
is that 7' is interpreted with 6’ in the first and 6[x; — Sy, -+, x; — S| in the second. But
X (and hence ¥”) are not free in ¢ by assumption, so the interpretations are the same by
similar reasoning as for Lemma [I7](which we do not further explicate).

Case: nf(r ¥) = Ay.r'. Then we must have nf(r) = Ax.Ady.t’, or else we could not eliminate
the nested application to X to get Ay.t’. Then we have

(nfle %)) =
(Aye" )G
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But we also have

()5 H(5) =
(Ax Ayt )g7H(S) = i
S1 € [life(L1)]o.0 = Sn € [lift(La)]Joo — (Ay.t") g (S) =
Ayt
]
F Proof of Theorem [13]
Proof

The proof is by mutual induction on the assumed typing, kinding, or superkinding deriva-
tion, for each part of the lemma. We prove the parts successively. In proving a particular
part, if we use the induction hypothesis for that part of the lemma, we will just refer to
it as the IH. If we use the induction hypothesis for a different part of the lemma, we will
indicate which part explicitly.

Proof of part (1)

Case:
I'ex:0
[*]s,p is just Z, which is defined.

Case:
'T:%x Twx:TkHx:O
I'FIIx:T.x: 0O

By the IH, [T]s,p € %, and so [ILx: T.K]sp is (E € [T]o,p — [K]owt(k)),p)- The latter
quantity is defined if for all E' € [T]sp, [K]opog(2),p) 1S, t00. Since [T]sp € Z, every
element E of [T]s, is of the form [Ay.f].g, and so {(E) is defined. We may apply the
IH to the second premise, since (o[x — {(E)],p) € [I',x: T], because E € [T]s,p (by
assumption) and [{(E)].g = E by Lemma This gives definedness of the semantics of the
IT-kind.

Case:
I'Fx:0 ILX:xkx':0O
I'-IX: k.« : O
We must show (S € [k]op — [K]spx—s) is defined. This is true if [k]o p is defined,
which is the case by the IH applied to the first premise; and if for all S € [K]s p, [K] s p[xss)
is defined. The latter is true by the IH applied to the second premise.

Proof of part (2)

Case:
X:x)el
I'HX:«x
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From the definition of [I'], we obtain p(x) € [k]s,p-

Case:
I'% : %
[[%]]c,p = T*,O',p = ["g]cﬁ EX = [[*HO',P'

Case:
I'FT:x Tx:THT 1%
IEIx:T.7 : %

We must show [ILx : T.T"] 5, € #. The semantics defines [I1x : T.T']s  to be [A].g for
a certain A, where if A is defined, then A C .%. So it suffices to shown definedness. By
the TH for the first premise, [T]s p € #. This means that if E € [T]s p, {(E) is defined.
We can then apply the IH to the second premise, since o[x +— {(E)] € [[',x: T], to obtain
definedness of [T"]spust(£).,p-

Case:
I'tET:x Tox:TTETh %
I'EVx:T\.Tp :
By the TH for the second premise, [T2] s ¢(£),p € %, for every E € [Ti]op where
[Ti]s,p € Z%. By the IH for the first premise, we indeed have [7T1]s p € Z. So the intersec-
tion of all the sets [T2] 5[y, ¢(£)),p Where E € [Ti]s p is a reducibility candidate, since each
of those sets is. By the semantics of V-types quantifying over terms, this is sufficient.

Case:
'-x:0 IX:xbET:x
I'EVX:x.T:*%

Similarly to the previous case: by the IH for the second premise, [[Tg]]g_’p xiss € X, for every
S € [x]s,p. By the IH part (1) for the first premise, [k] o is defined. So the intersection of
all the sets [T2] 5 p[xss) Where S € [K]o p is a reducibility candidate, since each of those
sets is. By the semantics of V-types quantifying over types, this is sufficient.

Case:
I'FT:x Tx:THT 1%
FEwx:T.T %

Since [1x : T.T'] p is explicitly defined to be a subset of [T]s p, which is in %, by the
IH applied to the first premise. Since for any A C .Z, [A].g is in %, to show that [ix :
T.T']6,p is also in Z it suffices to show definedness of [T"] ¢ (r),p} (Which is used
in the predicate picking out the particular subset of [T]s p), for E € [T]s . For such E,
{(E) is defined and in E, so 6[x— {(E)] € [I',x: T]. So by the IH for the second premise,
[[T/]]G[XHC(E),[)] is defined.

Case:
I'FT:x Tx:THT :x
I'EAx:T.T :Tlx: T.x
By the semantics, [Ax: T.T']sp is (E € [T]op = [T']ofes¢(£),p)- We must show that
this (meta-level) function is in [ITx : T.k] s . By the semantics of kinds, the latter quantity,
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if defined, is (E € [T]op —cp [Klopoc(E),p)- [T]o,p is defined by the TH for the first
premise. So we must just show that for any E € [Tlops [T NopscE)p € [KlopoeE),p-
But this follows by the IH for the second premise.

Case:
I'Fx:0 TX:xFT':x'
IF'FAX T 1IX : k.x'

This case is an easier version of the previous one. It suffices to assume an arbitrary S €
[Klo,p and show [T']s pixiss) € [K'T6 p[xess)- But this follows by the IH applied to the
second premise. And we have definedness of k[ p by the IH part (1) for the first premise.

Case:
FET7:Mx:T'.x ThHe: T
CETt:t/x]k

By the IH for the first premise, [T]sp € [IIx : T7".K]sp. By the semantics of IT-kinds,
this means that [T p is a function which given any E € [T']s p, will produce a result in
[kl e(2),p- By the semantics of type applications, [T t]s p is equal to [T]s 5 ([07].p)-
This is defined, since [o7].g € [T'],p, by the IH part (3) for the second premise. So the
result of applying the function is indeed in [[r/x]k]s p. since by Lemma [I5] this equals
[Klopme (lo1).p)),p (the codomain of the function being applied).

Case:
I'-7:1X:x.x THT :x
THT T [T'/X]K

This case is similar to the previous one, so we skip the details.

Case:
r7:vx:T'.x Tke: T
CHT:[t/x]x
By the IH applied to the first premise, [T]s,p € [Vx:T". k]s,p. By the semantics of V-kinds,
this means that for any E € [T"]sp, [T]op is in [K]5[wot(£)],0- By the IH part (3) applied
to the second premise, we have [6t].5 € [T'] 5. So we obtain [T]s p € [K] o[t (o7, s)lp-
By Lemma. [[ [t/x]K]o.p equals [K] (v (o] .p)lp» S0 the case is complete.

Case:
rET:vX:x.x' THT :x
re71:[T"/X)x
This case is similar to the previous one, using instead the IH part (2) for the second premise,
and Lemmal[I8]

Case:
ILX:xkt:|L|x
T'E4pr:lift(L)
By the TH part (3) we have ot € [|L|x]s pjx—r and [|L|x]s p[x—g)> for all R € Z. By

repeated application of Lemma we can drop ¢ and p from this statement, leaving
only [X — R|. By Lemma @, we know that 67 ~~' 7 for some 7. It now suffices to prove
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that (#)§ € [lift(L)]oo (applying then Lemma (17| to return ¢ and p to the statement).
This follows from Lemma(8] where the required conditions are trivial to establish, because
FV(f)=0.
Case:

XetT

I'Hx:0O Ctorsy ® LX:x-O®:%

'+ [%/X]® T,X:x,0F[T/X]® IX:k,OFT:k

I'-vX:x|0.7T:x

The semantics defines [vX : k|©.T]s , to be g iff F(q) = g, where

q = mK‘,O‘,p{Fn(TK',O',p) |n S N}
F (S€lKlop = [Tlspxs)

LetV be [k |x O]s,p (see Figure. Applying the IH part (1) to the second premise and the
IH part (5) to the fifth premise (along with Lemmas[I8|and[23)), we see that the conditions of
the IH part (8) are satisfied, using also the third and fourth premises. So (V, Cxo.0 ﬂ,gc.p)
is a complete lattice.

We will first prove that ¢ is defined and in V. It suffices to prove that F" (T p) is
defined and in V, for each (meta-level) n € N, since then we will be applying the lattice
operation Ny, to a subset of V. We show that F"*([T]sp) is (defined and) in V, by an
inner induction on (meta-level) n € N. For the base case, since (V, Cx,o0,Nk,op5 T,cyg_yp) is
a complete lattice, we have Ty 5 € V. For the step case, assume that F"([T]sp) isin V,
and show F"'! ([T]s,p) is also. We can apply the outer IH to the seventh premise to con-
clude F(F"([T]s,)) € [K],p- The outer IH applies because by the inner IH, F"*([T]s,p) €
[k]6.,p. and [®] p(x s rn([r],,)- SO We can satisfy the conditions imposed by the typing
context I', X : k,® of the seventh premise, as well as the sixth. Then by the IH part (4)
applied to the sixth premise, we also have [0]; , (x,,pr+1([7],,))- SO F 1 ([T]sp) €V, as
required.

Next, let ¢’ = N p{F""(Txs,p)|n € N}. We can easily observe that ¢’ = g, since
q is nothing other than ¢’ Nk,op k00> and XN oo Tk op is always equal to x (in any
complete lattice). Now by definition of F, ¢’ is equal to

mK,O’,p{HT]]G,p[XHF"(TK,G.p)] |neN}

Since X €1 T, by the IH part (7aii) applied to the sixth premise (note that the set in question
is not empty), we obtain

mK,G,p{[[T]]G,p[XHF"(TK‘G_,p)] |n€ N} Ckop HTHG,p[XHq]

This reasoning gives us an inclusion in one direction: ¢’ Cy 5 F(q).
For the other, since g € V, we may apply the IH part (7ai), since X € T, to the seventh
premise, to show that for all n € N:

7] oplX=g Sxop [7] G PX—F"(Tikop)]

By the definition of N ¢ p, this implies

[[Tﬂo,p[XHq] Ck,0.0 mK,G,p{[[T]]G,p[XHF"(TK‘G_P)] | n e N}
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This is equivalent to F(g) Cx,6,p ¢'- Since we now have F(q) Cx.6.p ¢’ Ck,0,p F(q), and
g =¢', we can conclude F(q) = g by antisymmetry of Cy 5 p.

Proof of part (3)

For this part of the proof, we will often chain set-membership statements. So x € y € z
meansx €y Ayez.

Case:

I'tt:T" THToT THT: %
I'te: T

We have [ot].g € [T']c,p € Z by the TH applied to the first premise. By the IH part (2)
applied to the third premise, we have [T p defined. We can then apply the IH part (6) to
conclude that [T]s p = [T']s,p, which suffices.

Case:
(teT)el
I'ke:T
The required facts follow from the definition of [I'], which requires [0t].g € [T]opr € Z

for some ¢’ and p’ where 6 = 6’ Wo” and p = p’Wp” for some ¢” and p”. We may easily
show that [T] s o = [T]c.p in this case.

Case:
Ly T *f

ke T
By the IH applied to the first premise, we have [61'] g € [T]s,p € Z. Since 1>*1', we know
[ot].g = [o1']., which suffices.
Case:

I'Ft:T THTCT %
CkEe:T

By the IH applied to the first premise, we have [o7].g € [T'] 5 p. By the IH part (5) applied
to the second premise, we have [T]sp C [T']sp and [T']sp € Z. This is sufficient for
this case.

Case:
(x:T)eT
'Ex:T
This follows from the definition of [I].

Case:
FV(t) C dom(T)
I'Axt:%

We must show that [cAx.t].g € [Z].g. For this, it suffices to observe that cAx.t is closed,
since FV C dom(I") (and we can easily prove that dom(c) = dom(I)).
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Case:
I'tET:x Tox:TkH(Axt)x: T’
I'FAxt:IIx:T.T'

To show [cAx.t].g € [TIx: T.T'] p. it suffices to assume an arbitrary E € [T] s p, and show

[[8(E)/x]ot]ep € [T | ol (k) p- BY the IH, we have [(Ax.01) C(E)]ep € [T ol (k)] p-
But [(Ax.ot) C(E)].p = [o[x = C(E)]t].p = [[E(E)/x]ot]p, so this is sufficient.

Case:
I'te:1Ix:T1.T» rl—l/:Tl
Tket:[f /x5

By the IH applied to the first premise, [6].5 € [TLx: T1.T2]6,p € %. This means that there
exists a A-abstraction A.x.7 such that A.x.f = g o, by the definition of reducibility candidate.
Furthermore, the semantics of I1-types tells us that for any E € [Ti]sp. [[{(E)/x]f].p €
[%2]6vs¢(k)),p- By the IH applied to the second premise, [6'].5 € [T1]s,p, SO We can
instantiate the quantifier in the previous formula to obtain

[[([ot']ep) /Milep € [Bolloesc((or. g
By Lemmal|I3] this is equivalent to

[[E([ot']ep) /1]i]ep € [IF' /¥ Ta]lop
Since o (1 1') =, (Ax.f) o1’ =g [[{([01'].p) /x]f, this is sufficient.

Case:

LX:x+t:T

I'ke:VX:x.T
By the IH, [ot].g € [T]spxs)s for all S € [Kk]cp. This is sufficient to prove [o7].5 €
[VX : k.T]s,p, by the semantics of V-types.

Case:
FEe:VX:xT THT :x
Tke: [T'/X|T
By the semantics of V-types and the TH applied to the first premise, we have [o7]. €
[T]s pxess)> for all S € [k]o . Since [T']6,p € [K]o,p by the TH part (2) applied to the
second premise, we can derive [07].5 € [T]o p(x[77],,)- BY Lemma this is equivalent
to the required [ot].g € [[T'/X]T] s p-

Case:
ICe:T Thicfe/x]T
e T.T
By the IH, we have [ot].g € [T]s, and [ot].g € [[t/x]T']5p. By Lemma the latter
is equivalent to [o7].g € [T” ]]G[XHC([GI]Cﬁ)yp' These two facts about [67].g are sufficient, by
the semantics of 1-types, for the desired conclusion.

Case:

I'Ft:wx:T.T'
I'te: T
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The desired conclusion follows easily from the IH and the semantics of 1-types.

Case:
Lt wx: T.T
Tkt (t/x]T’
The desired conclusion follows easily from the IH, the semantics of 1-types, and Lemmal[T3]

Case:
I'T:x Tox:Tkt: T xgFV()
LkEt:Vx:T.T

By the IH applied to the second premise, we have [G[x +— C(E)t]cp € [T oposg(£),p5 fOT
any E € [T]s p. This is because [T]s,p € Z, by the IH part (2) applied to the first premise.
Since x € FV(t), we know [[c[x — {(E)]t].s = [0t].p. By the semantics of V-types, this
suffices to show the desired conclusion.

Case:
I'Fe:Vx:T.h, TH{: T
Tk /xT,

The result follows easily by the IH applied to the premises, the semantics of V-types, and
Lemma I3

Proof of parts (4) and (5)

These both follow directly from the semantics, using the IH part (2), for proving (4), and
the TH part (3), for proving (5).

Proof of part (6)

Case:
N=vX:k|®.T
THN>[N/X|T
By the definition of [N]s p, since this quantity is defined, we have
[[N]]G,p = [[Tﬂc,p[XH[N]]Grp]
By Lemma|I8] this is sufficient.

Case:

' Ax:T.T) te[t/x]T’
By the semantics, we have
[Ax:T.T") t]op = (E € [Tlop = [T oot (e))0) ([07]cp)

The right-hand side is equal to [7"] 5[ {([ot].5)),p> Which by Lemmais equal to [[t/x]T"]s,p,
as required.
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Case:

'-AX:x.T)T'>[T'/X]T
By the semantics, we have
[(AX:%.T) Top = (S € [K]op — [[Tﬂc,p[XHS])([[TI]]@P)
This is equal to [T ] p[x[7], ], Which by Lemmais equal to the desired [[77/X|T s p-

Case:
t ¥t
I'FTt>Tt
By the semantics, we have
[T tlop = [Tlop([ot]cp)
Since reduction of pure lambda-calculus terms cannot increase the set of free variables, we
know that FV(¢') C FV(t), and hence ot ~ ot'. So [ot].g = [01'] .5, and so we have

[T]o.p([0]cp) = [T]o.p([07]cp)
which again by the semantics equals the desired [T '] p.

Case:
CHe:T XEFV(T)
FrEYX:T.T'>T'

By the semantics,

IVX:T.T']6p = AT lopsc ey p | E € [Tlop}

By the IH part (3) applied to the first premise, we know [67]. € [T]s,p, and hence we can
deduce that [T p is non-empty. So by the definition of N, we have

AT Topsc ey p 1 E €1Tlop} = T Toposc)p | E € [Tlop}
Since x € FV(T’), we then have
m{[[TIHO'[xHC(E)],p | Ec [[Tﬂa,p} = ﬂ{ﬂTlﬂc,p | E e IIT]]U,p}
And the latter quantity is just equal to [7'] s p, as required.

Case:
X & FV(T)
'-vX:x.ToT
By the semantics, we have

[[VX: K. T]]G,P = m{IIT]]G,p[XHS] ‘ Se [[K]]G.,p}
Since X ¢ FV(T), we have

m{[[T]]G,p[X»—)S] |S€lklopt={[Tlop |S€[Klop}

By Lemma 20 the set whose intersection we are trying to take is nonempty (as [k]s p
always contains T 5 ). So the latter quantity is equal to the desired [T]s .
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Case:
IEFV(t) |L|=|%|
FFTZ—)L’)VX-(IX)DTL—)L’I

Let n = |L|. An easy inner induction shows that the value of [17_,;/ AX.(r X)] 5, equals

S1 € [lifi(L)]op — -+ — Su € [lift(Ln)]6,p — (nflt X)>>€'.’pv[le(Sl,Ll)’~«~)xn|—>(San)]
The desired result then follows from Lemma[24]

Case:
lifty p(t) =T
1, ()>T
Note that this conversion is only allowed when the call in the premise to liftif(f) is

defined. The desired result follows from Lemmal 6]

Case:
L =X = T|
T (Mo AR T (Tpopt) T)e o (AR (X)) T
This follows by a straightforward application of the semantics.

Proof of parts (7ai), (7b), (7ci), and (7d)

Mostly we will just consider the cases where X €™ T, since the others are dual. Note that
under the conditions of the lemma, Lemma [20| applies to show that ([k']s, p,, Sk’ .,.p,
Nk 6,0, 18 @ complete lattice. We will use this fact in the cases below.

Case:

(Y:x)ell

I'Y:x
If X =Y, then for (7ai) we obtain the required § Cx 5 p, S’ by applying Lemma (17| to
our assumption of § Cy 5, p, ', to add in the irrelevant 6, and p,. This case cannot arise
for (7b), since it is not the case that X €~ X. If X # Y, then [Y]; pixmss) = [Y]op =
[Y]s,ppxs]> and hence the subset relation holds by reflexivity.

Case:
'-u :x
(%] 6,p = [%]sp by the semantics of %, and the result follows by reflexivity of C, 5 p,.

Case:
I'FTi:x Tox:TTETp:x
Fl‘HX:Tl.TQ:*

‘We must show
HHX: Tl-TZHO',p - [[Hx :Th. T2]]6,p[X»—>S/]

So assume an arbitrary [Ax.t].g € [ILx: T1. T2] 5 p, and show [Ax.t] g € [TLx: T1. T2]l g p[xiss)-
For the latter, by the semantics of of T1-types, it suffices to assume arbitrary E € [Ti] 5 px.s s
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and show [[C(E) /x]t].g € [T2] slvst(£)] p[x—s)- Now by the IH part (7b), E € [T1] o pxiss/s
because X €~ T; by the definition of polarity for II-types. So by the semantics of II-types
again, and the assumption we made that [Ax.t] g € [ILx: T1. T2] 5 p, we have [[{(E) /x]t] g €

[[TZ]]G[)(»—)C(E)],p' Now we may apply the IH to conclude [[{ (E) /x]t].g € HTZ]]G[X»—)C(E)],p[XHS’] ,
as required.

Case:
I'ET:x Tox:ET:x
I'EVx:T\.Tp :

This case is very similar to the previous one, so we omit it.

Case:
I'bx:O0 IY:xkET:%
I'EVY : xT:%x

It suffices to assume arbitrary ¢ € [VY : k.T]s p, and an arbitrary B € [K]s p[xs], and
show ¢ € [T]s pyesBxss)- By the TH part (7d), which applies because [k]s p is define
by the IH part (1) applied to the first premise, we have B € [k]s . This gives us ¢ €
7] o.p[v—B) by the semantics of V-types and our assumption about 7. Then by the IH, we
have t € [T]s p[y—5x—s)> s required.

Case:
I'FT:x Tx:THT 1%
'Ewx:T.T : %

It suffices to assume an arbitrary E € [ix: T.T']s p, and show E € [ix: T.T'] p[xss-
By the semantics of i-types, we have E € [T]sp and E € [T'[ 5 (k)),p- By the IH
applied to the first premise, we have E € [T]s px.sg) Since [T]op € % by the IH part
(2) applied to the first premise, we may use the IH for the second premise to obtain

E € [T']51vs¢(8)) pixss7)» as Well. These facts suffice to show E € [1x: T.T[5 pixss1-
Case:
I'tT:%x Tx:THT :x
I'=Ax:T.T :Tlx: T.x

By the definition of Cryy.7.«,6,,p, and the semantics of type-level A-abstractions, it suffices
to assume an arbitrary E € [[T]] 01,017 and show HT/]]O'[XHC(E)],;) Q,QGI [k (E)].p1 [[T/]]O'[XHC(E)],[)[XHS/]‘

But this follows by the IH, instantiated with o} [x — {(E)] for o] (note that we can apply
Lemma 22|to get S Cy o, v (E),p1] S)-

Case:
I'eGx:0 TX:xk-T:x
F'FAX :x.T :TIX : k.x'

This case is very similar to the previous one, so we omit it.

Case:

I'ET:MIx:T'.x TFt: T
I'ETr:t/x]x
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We must show [T t]6.p Ct/xj.01.00 [T tlopix—s)- By the TH applied to the first premise,
and the definition of C for I1-kinds, we have

VE € [[T,]]Gl P1e [T]]G,p (E) QK,GI x—=C(E)],p1 [[T]]G,p[X'—)S’] (E)

By the IH applied to the second premise, we have [6t].g € [T p. Since [T']s, p, is de-
fined (since [ILx: 7.k, p, is), we can prove by a straightforward induction that [7"] s p =
[T']s,,p,- We can then instantiate the displayed formula above, with [o7] g for E. This
gives us

[T]o.p([07]eg) Sxo1fesg((orlepion [Tlopixiss)([07]cp)
By Lemma|[T3] and applying also the semantics for type-level applications, this is equiva-
lent to what we had to prove:

Ir tﬂc,p Clt/xx,01.01 [r tﬂG,p[X»—)S’]

Case:
-7:IX:x.x THET :x
=171 (T/X]x
This case is mostly similar to the previous one, so we omit the details. The one main

difference is that we must use the fact that, by the definition of X €* T T', we cannot have
X freein T'. So [T']6.p = [T 5 pix—s-

Case:
X :xkt:|Lx
I'=1pe:lift(L)
The type in question has no free type variables, so this case is trivial.
Case:
'-x:0 Ctorsy © ILY: xFO®:x%
T ([%/Y)® T)Y:x,0FT:x [,Y:k,OF[T/Y]® YetT
I'-vY: x|®.T: K

Let F = (81 € [K]op = [Tlopyessy)) and G = (S1 € [Klop = [Tlopxiss yossy))- It
suffices to show F" (T x.6,.p,) Ck,01.0; G"(T x,01,p, ) for all (meta-level) n € N; if this holds,
it will imply that [vY : x|©.T ], is a lower bound of {G" (T k.6,,p,) | » € N}, and hence
necessarily less than or equal to the great lower bound of that set, which is, by definition,
[vY :%[®.T]s px—s)|- We proceed by inner induction on n € N. For the base case, we have
Tko.01 Cr.o1p | k01,0 DY reflexivity. For the step case, assume F" (T x6,.0,) Ck.0,0,
G"(Tx,0,,p,)> and show F(F"(Ti.6,.p,)) Ck01,01 G(G"(Tk.6,,0,))- The latter formula is
equivalent to

[[T]]U7P[YHFn(TK,617p1)] ng"l P1 [[THO',[J[Y’—)G”(TK,GI o))
This now follows from the outer IH applied to the fifth premise, where for S Cy g, p, S,
we are using F"'(T x,6,.0,) Cx,01,00 G"(Tx,01,p,) (Which holds by our inner IH).
Case:

I'Ex:0O
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It suffices to note [x]6,p = [*]o.p[xiss)-

Case:
I'ET:x Tx:Tkx:O
I'FIIx:T.x:0

By the IH part (1) applied to the first premise, we can deduce that [Ilx : T. k][5, equals
(E € [Tlo,p — [Klopoe(z),p)- So given a function f from this set, it suffices to show
that f is also in (E € [T]spxss) = [Klopse(E),pix—s])- SO assume an arbitrary E €
[TTs pxss)- Since X €~ T by the definition of polarity for a I1-kind, by the TH applied to
the first premise, we have E € [T]s p. So f(E) € [K]sx¢(£)),p» DY Our assumption about
f- Then by the IH applied to the second premise, we obtain f(E) € [K]gpg(e) pfxiss)>
which is all we needed to show.

Case:
I'x:0 IX:xkkx':0O
'FIIX : k.x' : O

This case is similar to the previous one, so we omit it.

Proof of parts (7aii) and (7ci)

Let g be Ng 5, p,A (and recall that A is not empty, by assumption). As in the proof of part
(7ai) above, we will use the fact that ([k]e, p,, Ck.0,,0;,Nk,01,p,) IS @ complete lattice, by
Lemma [20] (we are implicitly assuming [K]s, p, is defined, by assuming A C [k]e, p,. In
particular, we will use the fact that g C 5, p, S forall § € A, which holds by basic properties
of complete lattices.

Case:
(Y:x)el
'Y :x
If X =Y then k = x’/, and Ni,01,01 {[[X]]c,p[XHS] ‘ Se A} =Nk, p A= [[X]]O',p[X»—)q]'
Case:
'-% %
N[ %op} = [L]ep = [% 6 p[x—sq)> Where the last step uses Lemma
Case:

I'-7:« «¥~x I'kFk:0O
I'tT:x

The proof for this case is very similar to the case for the proof of part (7ai) above, so we
omit it.

Case:
I'tTy:x Tox:TTETh: %
I'FIIx: 1.1 : %

We must show

ﬂ{[[Hx: TI'TQHG,[J[XHS] | S EA} - [[Hx: T1~T2]]0',p[XHq]
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So assume an arbitrary [Ax.t].g € N{[Tlx : T1. 2] 5 p[xiss) | S € A}, and show [Ax.f].g €
[TLx: T1.T2] 5 p[xsq)- For the latter, assume an arbitrary E € [T1] s p[xsq]> and show [[CE /x]t] g €
[2] 6 xs(E)) px—q)- Since X € Ty by the definition of polarity for I1-types, and since

q Ck.0,,p, STorall S € A, we may apply the IH part (7b) to deduce E € [[Tl]]a,p[XHS]’ for all

S € A. Combining this with our assumption that [Ax.f].g € N{[ILx: T1. 2] 5 pxss) | S €A},

we deduce, by the semantics of II-types, that [[CE /x]t].s € M{[T2]spe(e) pixms | S €

A}. Now we using the IH for the second premise, we obtain the required [[CE /x]t].5 €
[B2lotesgEypixsal-

Case:
I'ET:x Iix:ETh:%
I'EVx:T\.T» : %

This case is similar to the previous one, so we omit it.

Case:
I'bx:O IY: kBT :%
I'EVYY :: x.T:%

This case is also similar to the previous two, so we omit it.
Case:
I'T:x Tx:THT %
F'Fwx:T.T :

This case follows directly by the IH and the semantics of 1-types.
Case:
I'T:x Tx:THT :x
I'FAx:T.T :TIx: T.x

‘We must show

MIMx:T.x,01,01 {[Ax: T-T/Hcr?p[XHS] | SeA} CIeT.x.01.01 [Ax: T'T/]]GVP[X*W]

By the definition of Criy.7.x,0,,p,, it suffices to show the following, for an arbitrary £ €
[[T]] oL.p1

(Nrer.xo1.0 1A T.T |6 pixiss) | S € AN(E) Ceoy o (g)py (A% T-T g pixisg) ) (E)

By the definition of N for IT-kinds and the semantics of type-level A-abstractions, this is
equivalent to

mx‘.,cl =8 (E)],p1 {[[T/]]O'[)O—)C(E)],p[XHS] ‘ Se A} gk,ol x—=C(E)],p1 [[T/HG[XHC(E)],p[XHq]
This now follows by the IH applied to the second premise.

Case:
'-x:0 TX:xkFT':x
I'CAX:x.7T:1IX : k.

This case is similar to the previous one, so we omit it.
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Case:
F'-7:TIx:7T'.x Tk¢:T
Tt t/x]x

‘We must show

Niericonp T o pixss) S €AY Sipnronpn [T opixisg

By the IH applied to the first premise, we have

ﬂHxZT/.K,O'l 01 {[[T]]G,p[XHS] | Se A} grbc:T'.rc,a] P1 [[T]]c,p[x»—n]]

We have [o7].g € [T']s,p by the IH part (3) applied to the second premise. Since [7"], p,
is defined, we can argue by an easy separate induction that [T']g, p, = [T']s,p (similar
to Lemma . So [o1].g € [T']6,,p,- Then by the semantics of C and N for I1-kinds, we
obtain the following from the above displayed formula:

No1 = ([07]ep)lor LT loppxmss) ((0lep) | S € A} Sy g (orlp)lon [T 1o p1xq)([0F]cp)

Now by the semantics of type-level application, this is equivalent to

Mol (o)l LT o pixs) | €AY Cxost(ionpon [T lopixog
By Lemma|[I9] this is equivalent to what we had to show.

Case:
I'-7:1IX:x.x" THT :x
THT T [T'/X]K

This case is similar to the previous one, so we omit it.

Case:
X :xFt:|Lx
T'=Ape:lift(L)
The type in question has no free type variables, so this case is trivial.
Case:
I'-«:0 Ctorsy © IY: ¥ -0:%
= /Y|® TY: ¥, 0+-T: k¥ L,Y:K,0-[T/Y]®@ YetT
I'-vy:«'|@.T: K

Let FS = (S/ (S IIK/]] — [[T]] G,p[X—S8,YS ) Slmllarly, letG= (S/ S [[KJH — [[T]]Up [XHq,YHS’])'
We must show

mvc/,cl,pl {ﬂx’,c,p{F;(TK’p,p[XHS]) | ne N} | SGA} gx’,cl 01 OK/,G,p{Gn(TK'7G,p[X'—>L]]) | ne N}

Since [k']|5,,p, is defined, we may use Lemmato help reorganize the intersections. This
takes us to the following equivalent goal:

mK’,Gl,pl{mK/,G,p{F.S{l(TK',G,p[XHS]) | N GA} | ne N} gK’,Gl,pl mK’.,cr,p{Gn(—|—1<’.c7,p[)(’n—>q]) | ne N}

This may be proved by showing

mK’,G,p {F.S"I(TK/,G,p[XHS]) ‘ Se A} gK’,Gl,pl Gn(TK’,o,p[XHq])
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by inner induction on n € N. For the base case, Ty 5 p[xs) €quals Ty g, o, by Lemma
and in turn equals Ty s 5[x.q- For the step case, we just apply the outer IH to the fifth
premise of the kinding derivation, making use of the inner IH.
Case:

'Hx:0
We have m{[[*]]d,p[XHS] | SeA}=n{Z%}= [[*HG,p[X»—)q]'

Case:
I'cT:x I'x:TkHx:O
T'FIIx:T.x:0O

‘We must show
ﬂ{[[Hx: T'K]]G,p[XHS] ‘ Se A} C [[IIX: T'Kﬂc,p[XHq]

So assume an arbitrary S’ € N{[TLx: T.k[ 5 pxs) | S €A}, and show S € [TTx: T-K] 5 p[x g -
For the latter, it suffices to assume an arbitrary E € [T] 5 p[x4)> and show §'(E) € [K] s p[xisq)-
By the IH part (7ai), we also have E € [[T]]Gﬁp[xh,s], for all § € A, because g Cx 5, p, S
for all S € A. So E € N{[T]sp[xiss) | S € A} (recall that A # 0). This gives us §'(E) €
ﬁ[[KﬂG[ng(E)],p[XHS] ‘ Se A} Now by the IH, S/(E) € [[Kﬂo'[ng(E)],p[X»—)q]’ as required.
Case:

I'-x:0 ILX:xkx':0O

I-IX: k.« : 0O

The proof in this case is similar, so we omit it.

Proof of part (8)

It suffices to prove that if A C [k |x ®], then [®]; 5.+, , 4] holds, since by Lemma [20]
([x]o.p>Ck,0.0,Nk,0,p) is a complete lattice (so we already have N 5 pA € [K]sp). Let g
denote N 5 pA. By definition of ¢ and basic lattice properties, we have g C 5,p S, for all
S € A. If A is empty, then g = T by definition of Ny 5 p, and then we have [0]; p(xq]
by one of the assumptions for this part of the theorem. So for the rest of this part of the
proof, we assume A is not empty. To show [[@]}G,p[xﬁq], we proceed by inner induction on
the derivation of Ctorsy @. If ® is empty, then [®]; ;.4 holds trivially.

Case:
CtorTpy T Ctorsy @'
Ctorsy (t € T,0')
So @ = (1 € T,0'). The IH gives us [[@’]]G7p[XHq], so we must just prove that the con-
straint ¢ € T is satisfied. From our assumption that A C [k |x ®]s . we have [ot].g €
Neopi[T]opixss) | S €A} (since € T is one of the constraints in @). So it suffices to
prove

m*-,G,P{[[T]]G,p[XHS] ‘ N EA} - [[T]]O',p[)(n—n;]

Note that we can invert our derivation of I' - ® : % to obtain a smaller derivation of ' T : x.
We proceed now by a further inner induction on the derivation of CtorTpy 7.
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Case:
X et Ty CrorTpy T»
CtorTpy Ilx : T1.T>

So T is Ilx : T1.T,. By inversion on our derivation of I'+ T : %, we see it must be by
the corresponding IT-kinding rule. (This is because the kinding derivation is assumed
normalized, and hence cannot end in a conversion by * ~ x.) So we have smaller deriva-
tions of I'F Ty : x and [',x : T = T3 : . Assume now arbitrary [Ax.t].g € Ny o p{[[Lx:
T1. D)o pixss) | S € A}, and show [Ax.t].g € [[Lx : T1.T2] g p[xisq)- For the latter, it suf-
fices to assume arbitrary E € [T1] s p[x.sq)> and show [[E(E)/x]t]cp € [T2]opvc () plxisq)-
Since g Cy,5p S, for all § € A (as noted above), we may apply the IH part (7ai) to con-
clude that for all S € A, [Ti]s pxsqg € [T1]5px—s- Since A is nonempty, this implies
that [Ti] 6 pxsq € Neop{l[Ti]opx—s | S €A} So from our assumption that [Ax.f].g €
Neop{[Tx: T1. 2] 5 pxss) | S € A} and the semantics of I1-types, we can now deduce

[[E(E)/xtlep € Nuop {2l olse(E) pixms | S €AY

Now by our inner IH applied to the assumed derivation of CtorTpy 7>, we obtain [[{(E) /x]t].p €
(2] s ()] px—q]» @S TEquired.
Case:

HeadOnlyy T

CtorTpy T

We proceed by inner induction on the derivation of HeadOnlyy T to show that in this case,
with a structurally smaller derivation of I' = 7': &/, we have Ny 5 p {[T]5 pixiss) | SEA} =
[[T]]G,p[XHq]-

Case:

HeadOnly, X

We must have k = &’ in this case, and we then deduce Ny p{[X]spxss) | S €A} =
mK,G,P{S|S €EA}=q= IIXHG,p[XHq]'
Case:
X ¢ FV(T)
HeadOnlyy T
In this case, by Lemma N ool Tlopxss) | SE€AY =N opllTlop | SEA} =
[[T]]QP = [[THG,p[XHq]'
Case:
HeadOnlyy T X & FV(¢)
HeadOnlyy (T 1)

Inversion on our derivation of I' =T 7 : K’ gives us:
Case:
FET:1x:T'.x" The:T
CETt:[t/x]k”
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By our inner IH applied to the derivation of HeadOnlyy 7 and the first premise of the
above kinding inference, we have N7/« 6 p {[T]o pxss) | S € A} = [T]o p[xisq)- Since
A is nonempty, the definition of N7 5,p gives us:

(E € [[T/]]G,p = mK”,O‘[}ﬂ—)C(E)LP{[[T]]O',p[Xi—)S] <E> ‘ S EA}) = IIT]]G,p[XHq]

By the semantics, [T 1] p[xsq] = [T 1o p[xsq) ([07]cp). Using the above equation, we then
have

N ol (ot o LT Topixss ([07]ep) | S € A}) = [Tlo pxisg)([07]cp)
By the semantics, this is equivalent to
N et (olep)lp LT opixms) [ S €AY) = [T tlopixing

Lemma 21]tells us this is equivalent to the following, which is what we had to prove:
|f][t/x]rc”,c,p{[[T tﬂG,p[XHS] | S EA}) = [[T t]]c,p[Xn—n]]

Case:
I'-7:IX:x.x THT :x
=771 :[T/X]x
This case is similar to the previous one, so we omit it.
O
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