tutorial.nb

m A Mathematica Tutorial for Combinatorica Users

The functionbelowtakesa graphg anda vertexstartandperformsa breadtHfirst searctof g starting
at start. The function returnsthreelists (i) bfi, which containsbreadthfirst searchnumbers(ii) parent,which contains
parentpointersrepresentinghe breadthfirst searchtree,and(iii) Ivl, which containghe distance®f verticesfrom start.

In[2]:= BFS[g_Graph, start_Integer]: =
Modul e[{e = ToAdj acencylLists[g], bfi =Table[0, {V[g]}], cnt =1, queue = {start},
parent =Table[i, {i, V[g]l}], |vl =Table[Infinity, {V[g]l}]},
bfi [[start]] =cnt ++;
Ivl [[start]] =0;
Wi | e[queue # {},
{v, queue} = {First [queue], Rest [queue]};
Scan[ (I f [bfi [[#]] =0, bfi [[#]] =cnt ++;
parent [[#]] = V;
Ivl [[#11 =1Vl [[v]] +1;
AppendTo[queue, #]1]1) & e[[V]]
1
1
{bfi, parent, Ivl}]/; (L<start) & (start <V[g])

To showhowthe BFSfunctionworks,wedefineg asawheelwith 7 verticesandrun BFSonit.
In[3]:= g = Weel [7]

Qut[3]= Gaph[l2, 7, Undirected]

In[4]:= ShowGraph[g, VertexNunber » On]

4 S

Qut[4]= - G aphics -
In[5]:= BFS[g, 1]

aut[5]1= {{1, 2, 5, 7,6, 3, 4}, (1, 1, 2, 7, 6, 1, 1}, (O, 1, 2, 2, 2, 1, 1}}
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= Function Definition
A functiondefinitionthatdefinesafunctionF hasthe syntax
F[sequencef arguments]= body of function
Eachargumenin the sequencef argumentss a patternthatis matchedvhenthe functionis called. For example thefirst
input below definesa singleargumentunction F andthe secondnput callsit with argumentl0. TheargumentL0 in the

function call matchesc_ in the functiondefinition with theresultthatx acquireghevalue10 andthisis usedwhentheright
handsidex*2 is evaluated.

In[6]:= F[X_] := x"2
In[7]:= F[10]
Qut[7]= 100

Restrictionscanbe placedon whatmatchesa pattern therebyforcing argumentf only certaintypes(or forms)in thecall
to matchargumentsn the definition. Forexample,

In[8]:= G[y_Integer] :=y"2
In[9]:= G[10]
Qut[9]= 100

In[10]:= G[10. 1]

Qut[10]= G[10.1]

In[11]: = F[10. 1]

Qut[11]= 102.01

In this example ponly anintegerargumenin the functioncall to G canmatchy_Integer.Thisis thekind of patternmatching
usedin the definition of BFS.Only a graphobjectcanmatchthe first argumentandonly anintegercanmatchthe second
argumentHereareexamplesn which the matchingfails amdthefunctioncall fails to evaluateBFS.

In[12]:= BFS[10, 10]
Qut[12]= BFS[10, 10]
In[13]:= BFS[g, 10.1]

Qut[13]= BFS[Graph[12, 7, Undirected], 10.1]

Patternmatchingis an extremelyimportanttopic inMathematicaandnecansaya lot moreaboutit thanwhathasbeensaid
here.But,we’llnow moveon to the nextitemin the codethatis worth discussing.
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= Defining Local Variables

As the help string belowtells us,a Module is a way to definelocal variables.The first argumentof Moduleis a list of
variables(someof which may be accompaniedy initializations) and the secondargumentis the codeto which these
definitionsapply.

| useModulein BFSto definethevariables e, bfi, cnt, queue, parent, Ivl. | initialize all of thesevariablesas| define
them.

An alternativeto Moduleis Block. We will notdiscusghedistinctionbetweerthesetwo constructshere.

? Modul e
Modul e[{x, vy, ... }, expr] specifies that occurrences of the synmbols x, y, ... in expr should
be treated as local. Mddule[{x = x0, ... }, expr] defines initial values for x, .

As thefollowing exampleshows thevariables andj haveno existenceoutsideModule.

In[14]:= Moddule[{i, j}, i = 10; j = 20]
Qut[14]= 20
In[15]:= i
Qut[15] = i
In[16]:= |j
Qut[16]= j

m List Manipulation

In BFSthe variablebfi is initialized asbfi=Table[0,{V[g]}]. Herel useoneof the mostcommonMathematica constructs,
Table.

In[17]:= ?Table

Tabl e[expr, {inmax}] generates a list of imax copies of expr. Table]

expr, {i, imax}] generates a list of the values of expr when i runs from1l to
imax. Table[expr, {i, imn, imax}] starts with i = imn. Table[expr, {i, imn,
imax, di}] uses steps di. Table[expr, {i, imn, imax}, {j, jmn, jmax}, ... ]

gives a nested list. The list associated with i is outernost. Hel p Browser

As theabovehelpstringstells us, Tablecanbe usedto generatesingledimensionabr multiple dimensionatable(lists). For
example,

In[18]:= Table[l, {10}]
aut[igl= (1, 1, 1, 1, 1, 1, 1, 1, 1, 1}

In[19]:= Table[1l, {i, 10}]

Qut[19]= {1, 1,1, 1,11,1,1, 1, 1}
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In[20]:= Table[i, {i, 10}]

ut[20]= {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}

In[21]:= Table[i, {i, 3, 10}]

Qut[21]= {3, 4, 5, 6, 7, 8, 9, 10}

In[22]:= Table[i *j, {i, 10}, ¢, 10}]

ut[22]= {{1, 2, 3, 4, 5, 6, 7, 8 9, 10}, {2, 4, 6, 8, 10, 12, 14, 16, 18, 20},
(3, 6, 9, 12, 15, 18, 21, 24, 27, 30}, {4, 8, 12, 16, 20, 24, 28, 32, 36, 40},
(5, 10, 15, 20, 25, 30, 35, 40, 45, 50}, (6, 12, 18, 24, 30, 36, 42, 48, 54, 60}
(7, 14, 21, 28, 35, 42, 49, 56, 63, 70}, {8, 16, 24, 32, 40, 48, 56, 64, 72, 80},
(9, 18, 27, 36, 45, 54, 63, 72, 81, 90}, {10, 20, 30, 40, 50, 60, 70, 80, 90, 100} }

In[23]:= t =Table[i »j, {i, 10}, {j, 1, i}]

Qut[23]= {{1}, {2, 4}, {3, 6, 9}, {4, 8, 12, 16}, {5, 10, 15, 20, 25},
{6, 12, 18, 24, 30, 36}, {7, 14, 21, 28, 35, 42, 49}, {8, 16, 24, 32, 40, 48, 56, 64},
{9, 18, 27, 36, 45, 54, 63, 72, 81}, {10, 20, 30, 40, 50, 60, 70, 80, 90, 100}}

In[24]:= t // Col utmForm

Qut[24]= {1}
{2, 4}
(3, 6, 9)
(4, 8, 12, 16)
(5, 10, 15, 20, 25)
(6, 12, 18, 24, 30, 36}
(7, 14, 21, 28, 35, 42, 49)
(8, 16, 24, 32, 40, 48, 56, 64)
(9, 18, 27, 36, 45, 54, 63, 72, 81)
(10, 20, 30, 40, 50, 60, 70, 80, 90, 100}

ThoughtherearemanyotherMathematica constructghatcanbe usedasalternativego Table,theywill probablybe slower
andnotaselegant.

In BFSthevariablee is initialized to the adjacencyist representationf the graphg. Convertingthe graphinto its adjacency
list representatiobeforedoing anythingelseis commonfeaturein many Combinatoricgunctionsthatwork with graphs.
Below, | showwhatis assignedo e wheng is a 7-vertextVheel.

In[25]:= e = ToAdjacencylLists[g]

Qut[25]= {{2, 6, 7}, {1, 3, 7}, {2, 4, 7}, {3, 5, 7}, {4, 6, 7}, {1, 5, 7}, {1, 2, 3, 4, 5, 6}}

Thebodyof BFSstartsafterthe variablesaredefinedandthefirst statemenin the bodyis

bfi[[ start]] = cnt++;
Whenbfi is defined,it is initialized to alist of 0’s via the Tablefunction.In the abovestatementheslotin bfi indexedby
startis assignedhe valueof cnt. So[[..]] playsthe samerole of as[..] doesin languagesuchasC or C++. The second
statemenin BFSis avery similarinitialization

IvVI[[ start]] =0;
An arbitrarysubsebf the slotsin alist canbe assignedraluesusingonestatementasthe following exampleshows. After
thevariablel is assignedo {1, 2,...,10}, I[[ 21], I[[5]], andI[[6]] areassigned® newvaluesin onestatement.
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In[26]:= | = Range[10]

ut[26]= {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}

In[27]:= | [[{2, 5, 6}1] = {-1, -2, -3}
ut[27]= {-1, -2, -3}
In[28]:= |

out[28]= {1, -1, 3, 4, -2, -3, 7, 8, 9, 10}

In Mathematica the List objectis amazinglyversatile.Foexample,elementfsom a List canbe extractedusingany of the
following operations:Part,First,Last,Head,Extract, Take,Drop,Rest,Sele@gsas Under the heading'List Operations"
Mathematica aprovidesAppend,Prependinsert,Delete,DeleteCasefRReplacePart]oin,Union, IntersectionComplement
Sort, ReverseRotateLeft,RotateRight PadLeft,PadRight.Thereare many other operationsrelatedto Lists underthe
headingof "List Construction,™List Testing,"and"StructureManipulation."Most objectsin Combinatoricaarerepre
sentedaslists andthereforethe amazingarrayof list manipulationfunctionsthatMathematicaproviddeadsto compactand
elegantprograms.

= | oops

The nextconstructusedin BFSis the While constructAs the help string belowtells us, the While constructtakesin two
argumentsandthe semanticsaresimilar to thoseassociateavith while—loopsn C or C++.

In[29]:= ?Wile

Wi |l e[test, body] evaluates test, then body, repetitively, until test first fails to give True.

Hel p Browser

The examplebelowshowsthatunlike a functionlike Table,While doesnot produceany outputandthereforeits importance
is in the sideeffectsit causes.

In[38]:= sum = 0
Qut[38]= 0
In[39]:= 1 =0
Qut[39]= 0

In[40]:= While[i < 10, sum = sum+ 10; i ++]

In[41]:

sum

Qut[41]= 100

Otheriterationconstructsn Mathematica areprovidedby the Do—construcindthe For—construct.

In[42]:= ?Do
Do[expr, {imax}] evaluates expr inmax tinmes. Do[expr, {i, imax}] eval uates
expr with the variable i successively taking on the values 1 through imax (in
steps of 1). Do[expr, {i, imn, imax}] starts with i = imn. Do[expr, {i, imn,
imax, di}] uses steps di. Do[expr, {i, imn, imax}, {j, jmn, jnmax},

]
eval uat es expr |ooping over different values of j, etc. for each i. Hel p Browser
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In[43]:= ?For

For [start, test, incr, body] executes start, then repeatedly
eval uates body and incr until test fails to give True. Hel p Browser

Thefirst statemenin thebody of thewhile-loopn BFSis

{ v, queue} = { Firstjqueue], Rest[queue]};
andthisis yet anotherevidenceof the versatility of the List datastructurein Mathematica. Firstfqueuelevaluatego thefirst
(top) elementin the queue.Rest[queuegvaluatego a list obtainedby droppingthe first elementfrom queue.Thesetwo
guantitiesare simultaneoushassignedo v andqueuerespectivelyhavingthe effect of dequeuingan elementfrom queue
andassigningt tov.

|n[44]:: | = {1, 3, 8, -1, 11, 12}

Qit[44]= {1, 3, 8, -1, 11, 12}

In[45]:= {v, |} = {First[l], Rest[l]}

Qut[45]= {1, {3, 8, -1, 11, 12}}

In[52]:= {v, |}

aut[52]= {1, {3, 8, -1, 11, 12}}

m Functional Operations

The restof the while—loopin BFSis takenup by a call to the Scanfunction. Scan,alongwith relativessuchasMap and
Apply andextremelyimportantfunctionsin Mathematica. Theseare calledfunctional operations becauseghey work by
applyingfunctionsto elementf lists.

In[53]:= ?Scan

Scan[f, expr] evaluates f applied to each el enent of expr in turn. Scan([f, expr,
| evel spec] applies f to parts of expr specified by |evel spec. Hel p Browser

Scan like the While—functiorproduceso output.lt is usefulonly for the side—effect& producesin BFS, Scanproduces
side—effecten bvi, parentandivl.

In the following example,l definea singleargumentfunction Acc thatincreases quantitym by the given argument.
Scan[Acc|] evaluate#cc by providingit with eachelementof | in turn. This resultsin eachelementin | beingaddedto m.
If mis initializedto 0 andthenScan[Acc/] is calledthenm endsup beingthe sumof the valuesin I. NotethatScan[Acc,
[] producesio outputandthethisfunctioncall is usefulonly in the effectit hasonm.

In[84]:= AcC[X_] := m=m+ X

In[85]:= |

aut[85]= {3, 8, -1, 11, 12}

In[86]:= m= 0

ut[86]= 0

In[87]:= Scan[Acc, |]
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In[88]:= m

out[88]= 33

In the aboveexample Acc wasexplicitly named Mathematica providesa way of specifyingfunctionswithout explicitly
namingthem.This mechanismgdemonstratetdelowis calleda "purefunction.” In the examplebelow,we do notuseAcc;
insteadwithin thecall to Scanwe specifyanequivalenturefunction

Function[x, m =m+x]
thattakesa singleformal argument andaddsit to the quantitym.

In[89]:= m=0

ut[89]= O

In[90]: = Scan[Function[x, m= m+ X], |]
In[91]:= m

Qut[91]= 33

In[92]:= ?Function

Function[body] or body& is a pure function. The formal paraneters are # (or #1), #2, etc.
Function[x, body] is a pure function with a single formal paraneter x. Function[{x1,
X2, ... }, body] is a pure function with a list of formal paraneters. HeIpBrovvser

The help string for Functionabovetells us thatthereis a shortformwe canusefor purefunctionsin which the formal
argumentsarealsonot explicitly named.The examplebelowshowsthis. In this example,

(m=m+#&
is usedto specifya purefunctionwith a singleargumentspecifiedby #.

In[105]:= m= 0

Qut[105]= O

I n[106] :

Scan[(m=m+ #) & |]

In[107]:= m

Qut[107]= 33

Below is yetanotherexampleof Scanandpurefunctions.Thepurefunction
If [ PrimeQ[#], s++]&

incrementss if the argumentprovidedto the functionis a prime. Using this, the following examplediscovershatthe
numberof primesno greatethan1000is 168.

In[108]:= | = Range[10007];

In[109]:= ?Pri meQ
PrimeQexpr] yields True if expr is a prime nunber, and yields Fal se otherw se. Hel p Browser
In[110]:= s = O

Qut[110]= O

In[111]:= Scan[lf [Pri meQ[#], s++] & |]
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In[112]:= s

Qut[112]= 168

As afinal exampleof Scan,considerthefunctioncall to Scanin BFS.The appropriatecodefragmentis reproducedelow.

The secondargumento this functioncallis e[[ v ]], whichis thelist of all neighborsf v. So Scanprocessesachneighbor,
sayu, of v in turn, checkingto seethe bfi-valueof uis 0. If bfi[[ u]] isthenit meanghatu hasnotyetbeenvisitedandthe
valuesof bfi[[u]], parent[[u]], andIVI[[ u]] areall appropriatelyupdated.

Scan[(If[bfi[[#]]==0,bfi[[#]]=cnt++;
parent[[#]]=v;

IVI[[#]=IVI[[V]]+1;
AppendTo[queue #]])&, e[[V]]
]

Map is a Mathematicgunctionthatis closelyrelatedto Scanandis probablymore usefulthan Scan.The big difference
betweenScanandMap is that Map returnsoutputandthereforecanbe usedasan argumento otherfunctions.Anything
Scancando, Map canalsodo. But calling Map whenScansuffices,asin the BFSexampleeadsto inefficientcode.

In[113]:= ?Map

Map [f, expr] or f /@ expr applies f to each elenent on the first level in expr. Map(f,
expr, levelspec] applies f to parts of expr specified by |evel spec. Hel p Br owser

In[114]:= | = {1, 2, 10, 4}
out[114]= {1, 2, 10, 4}
In[115]:= Map[#"2& |]

Qut[115]= {1, 4, 100, 16}

In[116]:

Map[f, {1, 3, 4}]

Qut [ 116] {(f (11, f[3], f (4]}

Map is importantenoughthatMathematica containsseveralvariants:MapAll, MapAt, MapindexedandMapThread.

m Final Words

After theendof thedefinition of BFS,thereademwill notice
/; (1< start) && (start < V[q])
As thefollowing helpstringtells us,thisis abooleanconditionthathasto evaluateo Truefor thefunction
definition to help. Sothis conditionensureghatunlessstartis a valid vertex(anintegerin the rangel throughthe number
of vertices)BFSwill notbedefined.

In[117]:= ?/;

patt /; test is a pattern which matches only if the evaluation of test yields True. lhs :>
rhs /; test represents a rule which applies only if the evaluation of test yields True.
Ihs :=rhs /; test is a definition to be used only if test yields True. Hel p Browser



