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Symbols

Reminder: In the symbol list and in the chapters, function spaces are defined with
respect to various integrability conditions. For a function f on a space X, abso-
lute integrability refers to | f|, i.e., to the absolute value of f, and to a prescribed
(standard) measure on X. This measure on X is often implicitly understood, as is its
o-algebra of measurable sets. Examples: If the space X is R?, the measure will be
the standard d-dimensional Lebesgue measure; for the one-torus T (i.e., the circle
group), it will be normalized Haar measure, and similarly for the d-torus T¢; for
X = Z, the measure will simply be counting measure; and for X3 (the middle-third
Cantor set), the measure will be the corresponding Hausdorff measure /5 of fractal
dimension s = log;(2). In each case, we introduce Hilbert spaces of L2-functions,
and the measure will be understood to be the standard one. Same convention for the
other LP-spaces!

A(iy,...,iy) : the cylinder set

{weQ|w =iy,..

i.e., the set of infinite strings

o = (w1, ...) specified by

w) =11, ..
43,47, 85

'960}1:1}’1

2 : the C*-algebra of the canonical
anticommutation relations

139, 140, 141, 154

A, : family of algebras increasing in
the index n, { f € C (Q)

| f(w) = f(or,w,..
44,45, 139

. wn)}

o 0p =1n},

B (H) : bounded linear operators on a

Hilbert space H
183,218

B : Borel o-algebra
6,40, 53,204

Bq : Borel g-algebra on Q
115

C (Q) : continuous functions on Q
7,27, 44,46

CAR : canonical anticommutation
relations
138-140, 154



252 Symbols

C : the complex numbers
25,43, 46,48-52, 57, 61, 140, 184,
210,214,220

Ck : k-dimensional complex vector
space
31

C3, C4 : Cantor sets
195, 197-199

D : maximal abelian subalgebra
154

Dy : smallest o-algebra with respect
to which Y is measurable
XXiv

D, : closed linear span
209,217

e, (t) = e?™M ¢ (z) = zX : Fourier
basis functions
61,71-79, 130, 192, 198

() () iy ) .
Ewaf’ ewaf’ ¢ (l’ ‘])’ eil ~~~~~ i3 J1smes Jn

special matrix element generators
135,139, 183

F : o-algebra
37
Fu : system of o-algebras
37
GMRA : generalized multiresolution
analysis
114

h : special (harmonic) function, a
Perron—Frobenius eigenfunction
for Ry, a measurable function on
X such that Ryh =h

xxxiv, 11, 19, 49, 55, 92, 101, 105,
116

hmin, hp : minimal eigenfunction for
Rw

100-102, 105-107

h3 : minimal eigenfunction corre-
sponding to the scale-3 stretched
Haar wavelet

107

hs . Hausdorff measure
14, 17

‘H : some (complex) Hilbert space
14, 17, 114-117, 131, 136, 140,
169-170, 180184, 189, 190,
196,210, 218-219

1 : identity operator or identity matrix
(see also 14y)

115, 131, 135, 136, 139-141, 184,
211,214-219

I : index set
172, 186, 189-190

1 : multiindex
165-168

IFS : iterated function system
xxxv, xliv, 5, 14, 15, 34, 35, 67, 70,
80, 84,99, 152, 182

ind lim 2,
n—o00
ascending family of algebras

139

. inductive limit of an

IC : some Hilbert space
161, 169, 170, 172, 189

¢! : all absolutely summable sequences
66



€2 (N), £2 (Np) : all square-summable
sequences indexed by N, or by Ny

31, 140, 162, 182, 190, 193, 197
% (Z) all square-summable
sequences indexed by Z
30, 32, 117, 136, 143, 191, 193,
200-202,213,219

€% (X), €% : all square-summable
sequences indexed by a set X or
other index set
31, 66, 143, 160, 161, 168, 170,
172, 184, 189

L' (R) : all absolutely integrable
functions on R

130

L* (R) : all square-integrable functions
onR
xxxii, 4, 5, 10, 12-16, 29, 33, 65,
71, 87,91, 103-105, 109, 112,
114, 129, 130, 158, 162-163, 165,
181, 190-194, 198

L% (RY) : all square-integrable
functions on RY
4,22,97,109, 142, 229, 230

L*(T) : all square-integrable functions
onT
66, 132, 136, 162, 167, 182, 190,
192, 193, 196, 197, 210, 213, 214,
219

L? () : all square-integrable functions
on some specified set with its
standard measure

14,17,72,77,79, 112, 132, 136,
191, 196-198

Symbols 253

L* (X, B, 1), L* (u) : all square-
integrable functions on the
o -finite measure space (X, B, u)
31,72

L (T) : all essentially bounded and
measurable functions on T
95, 163, 190, 191

L (X) : all essentially bounded and
measurable functions on X with
respect to the standard measure
and o -algebra of measurable
subsets

9,43,44,49, 115

MRA : multiresolution analysis
6,181,194, 198

m : function on T representing a digital
filter
4,10,114

m; : multiband filter functions
123,126, 190, 191, 194, 211

mo, | mo
111, 124-129

. low-pass filter

my,|my | : high-pass filter

111, 124-129

M : multiplication operator

213
M, = M, (C) : n x n complex
matrices
139
My =My ®--- Q@ M,
139



254 Symbols

N : the positive integers or natural
numbers
6,11, 135

Ny :={0,1,2,...} ={0}JUN
5, 11, 59, 66, 85, 116, 117, 159,
160, 164, 166, 182, 186, 188

ONB : orthonormal basis in a Hilbert
space
13, 15, 16, 56, 71, 72, 76, 77, 103,
104, 140-198 passim

Oy, On, Oy . Cuntz algebra
131, 136, 139-152, 154, 158,
161-164, 167, 170, 176, 179-184,
189, 190, 192, 194, 196, 203, 205,
211, 214,218,219

Py : transition probability initialized
at x; measure on Q such that
Pe[f1= P{" [f]forall f e,

5-11, 19, 26, 37,43, 44, 62, 100

Py (-|-) : conditional probability
initialized at x
51

Py (Np) : path-space measure of the
natural numbers N as subset of Q

= > Py ({w(k)}), where
kENO

Py ({?f K =
H1W (Tw,, T, (x)) .

P= o0
. Hl w (16" Ton "+ Tay (x))

m=
11, 18, 60, 71, 78, 86, 88-91, 100,
102,116

Px (Z) : path-space measure of the
integers 7Z as subset of Q
11,18, 60, 64, 71,90, 116

P [f] : transition probability
initialized at x and conditioned by
n coordinates
n

= 2 W (tw, T &) -

(1,...,0) p=1
’ a)n) ’ f € an

WA,
21,44, 45, 63,64, 116, 122

Pos (H) : operator with spectrum
contained in [0, co)
114,115,117

Ry, R : Perron—Frobenius—Ruelle
transfer operator
RwHxX)= 2 W) fB)
o(y)=x
xxxiv, 9, 11, 19, 26, 43, 45, 49,

51-57, 61, 64, 66, 76, 86, 91, 95,
100, 101, 105, 115, 116, 200

R : the real numbers
33, 10, 14, 195, 199

R : envelope of a fractal
195-199

s : Hausdorff dimension
14,17,71,72,77

S := F* : adjoint operator
67
Si, S', Ti, T : the operators (isome-

tries) and their adjoints (with
stars) in a representation of the
Cuntz relations (i.e., of the Cuntz
algebra)

131, 132, 135, 161, 181, 182, 184,
201,211,213, 214,219

T:={zeC|l|z|=1}:
circle group, or one-torus
=R/Z=]0,1)
25,32, 60, 61, 190, 204



U, : dyadic scaling operator
200

V' . cocycle, i.e., a measurable function
on X x Q such that

V (twlx; (n, w3, .. )) =V (x;w)
43,49, 92
Vo, V1, Vi : resolution subspaces

22,33,104, 111, 123-128

Vi : representation of Cuntz algebra
180—-197 passim

W : ameasurable function
X - [0,1]

xxxiv, 7-12, 17-21, 36, 41-45, 48,
49, 51-57, 61-66, 69, 71, 76, 77,
84-91, 101, 104, 105, 112-115,
117, 140, 141, 162

W, W,fi) . detail subspaces
33, 123-128

X : afractal
110

X : ameasurable space
Xxxiv, 6, 7, 39,47, 115, 117

X, X3, X4, X4 : Cantor sets
14,21, 71-80, 176

Xj (w) = wg : coordinate functions on
a probability space
50
(X, B) : aset X with a o-algebra

B of measurable subsets
6,40,84, 114,115

2t

z:=¢e . Fourier variable

32

Symbols 255

Zy (x,w) :
50, 51

canonical martingale

Z : the integers
5,19,22,59, 66

Zp = {0, 1}
27

. cyclic group of order 2

Zy : cyclic group of order N
=7Z,/NZ={0,1,...,N —1}
41,43, 44, 49, 52, 60, 86, 88, 116,
211,214-219

o : Kronecker delta function
15,46,47,104, 116, 131, 139, 163,
164, 183,192,211, 216, 219

dyp : Diracmassatx =0
102, 105

A : Fourier frequency
71-78, 112, 198

A : index set for a Fourier orthonormal
basis
71-79, 198

4 the Haar measure, or other measure
specified in the text

14,41, 43,61, 72,77,79, 136-139,
167, 168, 195, 198

# : multiplicity function
114, 117

uoo~! : isthe measure given by

(too™)(B):=u(c71(B))
52,72

v : Perron—Frobenius—Ruelle measure,
or other measure specified in the
text

xxxiv, 52-54, 101, 105



256 Symbols

p . representation or state
47,48, 139141, 154

o : one-sided shift, an onto map
(actually endomorphism) X — X
such that #o ! ({x}) is constant

xxxiv, 6-8, 12, 17, 41, 45, 47,
51-54, 62, 64, 71, 74-76, 84,
89-91, 101, 114, 115, 159, 160,
170-172, 184, 186, 188

o : shifton Q
47, 51,52

o1 (B) : pre-image under the map-
pingo :={x e X |o(x) € B}
6,41,72,52, 84

(a Q) - pre-image under the mapping
e
52

70,..., TN—] . branches ofa_l,maps
X — Xsuchthato o 7; =idy
7,41,47,52,72,89, 115, 159

£ . branches of (O‘Q)_l

47,48, 52

¢ : scaling function
3,10, 12,13, 15,23, 102, 103, 114,
134

®0, 1, P2, ... : wavelet packet system
112,113, 118-122, 168, 191

x : characteristic function
14, 16,47

w : wavelet function
13, 16, 23, 102, 103, 134

. wavelets
15

Yn,k

w (k) : representation in Q of

k € No: If b =

o1 + N + -+ + w, N1

is the Euclid N-adic representa-

tion, w (k) :=

(wi, ..., wy, 0, 0,0, ...)
NI

oo string of zeroes
11,18, 77,79, 92, 101, 122, 130,
135, 137, 138, 140

Q : probability space
=1{0,1,...,N - )N
=[]{0,1,...,N =1}

N

= all functions:

N {0,1,....,N—1)
= {(w1, w2, ...)
lw €{0,1,...,N —1}}
5,7,11,18,20-37, 43, 46,47, 49,
69, 85,135

(Q, B,v) : probability space
56,203

0 : one-sided infinite string of zeroes
=(0,0,0,...)eQ

00 string of zeroes

12, 85, 116, 130

{0} : the set with the one element 0
12, 85,116

I : identity operator (see
also /)
114,115, 117, 122, 160, 161, 181,
182, 184

1 : constant function equal to |
46, 61, 64, 136

x-algebra, s«-isomorphism
221

x-automorphism
211



<>

<

. lattice operation applied to closed
subspaces in a Hilbert space: the
lim sup lattice operation

169, 181

. lattice operation applied to closed
subspaces in a Hilbert space: the
lim inf lattice operation

169, 181

: empty set
171,172, 185,

. closure of a set £
44,172

. Fourier transform (of the scaling
function ¢)
10, 114, 111

. relatively absolutely continuous
(relation between measures)
50, 53

. up-sampling
124, 132,213,214

: down-sampling
124-128, 132, 133,212,213, 215

. direct (orthogonal) sum
112,172,218

Symbols 257

® : tensor product
139, 158, 161-163, 165, 170-172,
180183, 189, 190, 193, 194, 197

© : relative orthogonal complement
169

x : Cartesian product
11,43,49, 52, 88, 117, 130, 164,
166, 185, 188,218

# : counting function
6,41, 72,101, 159, 184, 196

(-]-) : inner product
16,75,77,79, 104, 114, 140

|-) : Dirac vector
160-163, 171, 182, 184, 185, 189,
193, 194

[-, ) : interval closed to the left and
open to the right
41, 61, 63, 65, 136-138, 165, 166,
167,192

[-,-) : segment of Ny
165-167, 186, 188

[-, -] : interval closed at both ends
7,11, 13, 16-18, 47, 62-66, 71, 77,
84, 89-92, 102, 105, 112, 125,
130, 135-139, 195






Index

Comments on the use of the index: Some terms in the index may appear in the
text in a slight variant, or variation of the actual index-term itself. For example, we
will have terms in the index referring to “theorem so and so.” But when we use the
Stone—Weierstral} theorem, | just say Stone—WeierstraB3. The word “theorem” will be
suppressed. It is implicitly understood.

Similarly, I often just say, “by domination” (or some variant thereof), when I mean,
“by an application of the dominated convergence theorem,” or more fully: “By
Lebesgue’s dominated convergence theorem.” It will be the same theorem whether
the name is abbreviated or not.

For Fubini, the word “theorem” may be implicitly understood. Guido Weiss has made
a verb out of it: “Fubinate” means “to exchange the order of two integrals.”

Similarly, the name Fatou often is used to mean “Fatou’s lemma” (the one about
lim inf). For some reason poor Fatou only got credit for a lemma. But I do not mind
upgrading him to a theorem, although “Fatou’s theorem” usually refers to the one
about existence a.e. of boundary values of bounded harmonic functions. I usually
call that one “the Fatou-Primalov theorem.”

A-random variable, see random variable, A- — iterated function system, 5, 14, 15, 25,

abelian, see algebra, abelian; group, abelian; 67, 70-72, 80, 81

maximal abelian subalgebra — iteration, 21
— map, xxiii, 1, 3, 5, 81, 195
self-— tiling, see tiling, self-affine

absolutely continuous, see measure,

absolutely continuous

.. . .. .. — wavelet frame, see frame, affine
adjoint, see matrix, adjoint; operator, adjoint

wavelet
a.C. convergence, see convergence, a.c. algebra xvil. xx. 1. 3. 27. 43. 44. 47. 54
affine 140, 176, 251, 252
— fractal, xxiii, 3, 5, 15, 22, 26, 70-72, abelian, 110, 138, 139

77, 80, 180, 194, 198 C*-, see C*-algebra
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algebra........ ...

CAR-, see CAR-algebra
Cuntz, see Cuntz algebra

Cuntz—KTrieger, see Cuntz—Krieger algebra

dense sub-, 46
fermion, see fermion algebra
matrix, 139, 210
maximal abelian sub-, see maximal
abelian subalgebra
non-abelian, xxviii, 138, 139, 155, 218
operator, see operator algebra
o-, see o-algebra
x-, 221
sub-, 44, 139, 154, 155
algebraic structures
representations of, see representation of
algebraic structure
algorithm, xvi, Xix, XX, XXV, XXVi, XxXiii,
xxxiv, xxxvi, xliii, 3, 4, 10, 33, 35,
124, 125, 128, 147, 148, 164, 206,
210, 211, 215, 223-226, 230, 231
cascade, see cascade
Euclid’s, xx, 11, 40, 63, 69, 85, 92, 164,
166
Gram—Schmidt, xv, xxvi
matrix, Xxvi, xxviii, xxxii, 142, 147,
157, 226, 230, see also matrix step in
algorithm
pyramid, vi, XX, Xxxiv, xxxv, xlv, 33,
111-113, 122, 123, 125, 128, 129,
134, 148, 157-159, 182, 225, 227, see
also pyramid
recursive, Xxvii, Xxxxii, Xxxxiv, xxxv, xlv, 6,
109, 147, 157, 226
subdivision, xxix, xxxi, Xxxii, xxxv, 124,
142, 227
wavelet, xiii, Xvi, XiX, XXVii—XXxiX,
xxxi—xxxiii, 25, 33, 110, 123, 125,
133, 142, 147, 148, 151, 152, 156,
206, 210, 215, 226, 227, 230
N-adic, 125, 126
wavelet-like, xxv
wavelet packet, xxxiv, xxxv, 3, 34, 123,
125, 126
alias, 229, 230
ambient

— Euclidean space, see space, Euclidean,
ambient
— function space, see space, function,
ambient
— Hausdorff measure, see measure,
Hausdorff, ambient
— Hilbert space, see space, Hilbert,
ambient
analysis
data, xxv
(engineering), xvi, xxii, xxvi, 124, 132,
148, 205207, 214, 227, see also
frequency band; perfect reconstruc-
tion; synthesis; signal analysis; signal
processing
Fourier, see Fourier analysis
fractal, see fractal analysis
harmonic, see harmonic analysis
(mathematics), xvii, XXvii—xxxi, xxxiii,
xliv, 3, 6, 9, 22, 26, 33-35, 37, 39,
59, 80, 81, 84, 87, 98, 206, see also
Fourier analysis; harmonic analysis;
spectral analysis
multiresolution, see multiresolution
analysis
numerical, xxvii, xxxii, 229
spectral, see spectral analysis
stochastic, 35
wavelet, see wavelet analysis
approximation, xxvi, 4, 6, 79, 90, 107, 109,
158, 226
cascade, see cascade approximation
— theory, xxix
atomic, see measure, atomic
attractor, 34, 187
automorphism
x-, 211

B-measurable, see measurable, 13-

B-measure, see measure, 13-

band-limited wavelet, see wavelet,
band-limited

base-point representation, see representation,
base-point

bases, see basis



basis, xv, xvi, XX, XXVvi, Xxxi, xxxvi, xliv, 2,
5,9, 22, 30, 59, 67, 70, 71, 87, 111,
143, 146, 148, 157, 162, 179, 182,
184, 228, 229
bi-orthogonal, 143
canonical, 143, 160, 202
dual, 143, 144
Fourier, xvi, 67, 144, 158, 168, 193, 252,
255
fractal, 21, 26, 70-72, 79
frame, 28, 29, 143, 229
— function, xv, xxxvi, 104, 106, 112, 113,
129, 166
localized, 67, 80, 157, 158, see also
localization property of wavelet bases
orthogonal, xxvi, 36, 69, 70, 87
orthonormal, xxxi, 13, 15, 16, 22, 26, 28,
29, 32, 36, 55, 56, 65, 71, 72, 74, 76,
77,79, 99, 103—-106, 130, 139, 140,
143, 144, 149, 150, 162, 163, 165,
166, 168, 177, 182, 184, 185, 189,
190, 192-194, 197, 198, 228, 229,
254, 255
Parseval, 103
permutation of, 182
recursive, 179
— transformation, 166
wavelet, xvi, xix, xxvi, xxxiii, xliii, xliv,
13, 15, 22, 23, 67, 72, 80, 87, 99, 103,
142, 176, 179, 180, 187-189, 208,
229, see also localization
dyadic, 99, 202
fractal, 180
wavelet-like, 109
Bernoulli product measure, see measure,
p-Bernoulli-product
Bethe lattice, see lattice, Bethe
bi-orthogonal, see basis, bi-orthogonal
black box, xx, xxi
Borel
— cross section, 183
— measure, see measure, Borel
— o -algebra, see o -algebra, Borel
— subsets, 135, 167, 199
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.................................. Carleson

M. Born, 176, 205, 236
boundary
— for harmonic function, see harmonic
function, boundary for
— representation, 19, 48
— value, 21, 43, 48
branch mapping, 256
measurable, 41
n-fold, 184, 185, 188, 189
2-fold, 186, 187
branching, 5, 158, 161, see also random
walk on branches
dyadic — system, 160
— system, 159, 171
C. Brislawn, xxxiii, xliv, 22, 234
Brownian motion, xxvi, xxvii, 56, 57
fractal, xxiii
fractional, xxvii, 57
s-fractal, xxiii

C*-algebra, xxix, 5, 6, 131, 138-140, 142,
151, 154, 155, 183, 211, 251
canonical anticommutation relations,
5, 138-140, 154, 251, see also
CAR-algebra
canonical basis vector, see basis, canonical
Cantor, 1, 69, 179
— construction, 69, 70, 74
— group, see group, Cantor
— measure, see measure, Cantor
—’s example, see measure, Cantor
— scaling identity, see scaling identity,
Cantor
—set, 2, 5, 15, 71-73, 252, 255
conjugate, 73, 75-77
duality for —s, 69
middle-third, 2, 5, 14, 15, 21, 25, 27,
69-71, 73, 74, 80, 176, 189, 195, 251
quarter, 5, 26, 72-77, 79, 198
scale-4, see Cantor set, quarter
CAR-algebra, 5, 138, 139, 154, 155
representations of, see representation of
CAR-algebra
L. Carleson, 32
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cascade. ... ..

cascade, 9, 130, see also closed subspaces,
nested family of
— approximant, 134
— approximation, 4
Cauchy product, 87, 206
closed linear span, 15, 169, 200, 207, 209,
252
closed subspaces
nested family of, xviii—xx, xxii, Xxix, 9,
33
cocycle, 43, 48-52, 91, 92, 255
— identity, 19, 20
— property, 49
coefficient, 168
autocorrelation, 104
filter, 4
Fourier, xvi, xxii, 87, 97
masking, 4, 10, 16, 23, 87, 91, 114, 123,
130, 131, 135, 227
matrix, 131
operator, 114
response, 10
wavelet, xxvi, 23, 25, 202, 225, 227, 230
wavepacket, 168
A. Cohen, xxxii, xxxiii, 33, 87
co-isometry, 162, 216
combinatorial
— probability theory, 5, 154
—tree, 6, 111, 129
commute, 94, 135, 234, 235, see also
non-commutative setting
compact, 1, 8, 14, 25, 27, 35, 43, 69, 71, 83,
92, 98, 149, 195, 204
— abelian group, see group, abelian,
compact
— Hausdorff space, see space, compact
Hausdorff
— operator, see operator, compact
— support, see wavelet, compactly
supported
conditional expectation, 10, 57
conjugate Cantor set, see Cantor set,
conjugate
conjugation, 150

............................... decision tree

consistency, xx, 80, 122, see also
Kolmogorov consistency
continued fractions, 41
convergence, Xxviii, xxx, 4, 6, 9, 10, 18, 80
a.e., 32, 50, 56, 92, 95, 96
dominated, 78, 89
dominated — theorem, see theorem,
dominated convergence
martingale — theorem, see theorem,
martingale convergence
— of infinite product, 5, 8, 11, 17-19, 21,
60, 85
pointwise, 4, 5, 17-19
countable family of o-algebras, see
o -algebras, countable family of
J. Cuntz, xxii, 183
Cuntz
— algebra, xxix, 3, 6, 22, 131, 136, 152,
154, 155, 158, 161, 162, 179-183,
187, 196, 205, 208, 210, 222, 254,
253, see also representation of Cuntz
algebra
——Krieger algebra, xxix
— relations, xxii, 6, 132, 155, 160, 161,
174, 179-182, 201, 203, 211, 214,
216, 219, 221, 222,227, 231, 254, see
also representation of Cuntz algebra
— representation, see representation of
Cuntz algebra
— system, 208, 221
cycle, 26, 87
cyclic group, see group, cyclic
cylinder set, 43, 47, 78, 85, 115, 139, 251

data mining, xvii, xix, xxiv, XXv, xxviii, 107,
224
I. Daubechies, xxxii, xxxiii, 10, 33, 87
Daubechies
— scaling function, see scaling function,
Daubechies
— wavelet, see wavelet, Daubechies
decision tree, XXxv



decomposition..............ciiiiiiiii.,

decomposition, 166
Karhunen—Lo¢ve, see theorem,
Karhunen—Lo¢ve
orthogonal, 172
Schmidt’s, see theorem, Schmidt’s
wavelet, xxxii, 190
Wold, 169
derivative
Radon—Nikodym, 50, 53
detail space, see space, detail
differentiability, 6
differentiable, xxxii—xxxiv, 14, 135
dimension, 4, 33, 117, 154, 210
fractal, 14, 195, 251
Hausdorft, xxiii, 2, 71, 72, 74, 77, 176,
195, 251, 254
scaling, 72
Dini regularity, see regularity, Dini
G. Dirac, 235
P.AM. Dirac, 58, 234, 235
Dirac
— mass, 26, 102, 255
— notation, 55, 58, 182, 186, 257
discrete wavelet transform, see wavelet
transform, discrete
distribution, xxiii, 130, 142, 168, 204
Gaussian, 56, 203, see also random
variable, Gaussian
D. Donoho, xxxiii
J. Doob, xxiv, Xxvi
down-sampling, see sampling, down-
dual
— basis, see basis, dual
— filter, see filter, dual
Fourier, see Fourier dual
— high-pass filter, see filter, dual
high-pass
— lattice, see lattice, dual
— low-pass filter, see filter, dual low-pass
— variable, xxi, 206, 212
— wavelet, see wavelet, dual
duality, 69, 205, 207, 212
— for Cantor sets, see Cantor set, duality
for
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................................. expansion

Fourier, 35, 60, 81, 207, 209, 210
particle-wave, 131
time-frequency, 207, 212
D. Dutkay, xliii, 57, 72, 87, 97, 194
dyadic
— branching system, see branching,
dyadic — system
— fractional subinterval, 166—168
— Haar wavelet, see wavelet, Haar,
dyadic
— pyramid, see pyramid, dyadic
— rationals, 66, 90, 167
— representation, 166
— scaling, see scaling, dyadic
— subdivision, see subdivision, dyadic
— tiles, see tiling, dyadic
— wavelet, see wavelet, dyadic
— wavelet packet, see wavelet packet,
dyadic
dynamics, xXix, XXX, Xxxvi, xliv, 9, 34, 37,
42, 168
complex, 25, 34
symbolic, xxxv, 34, 182

eigenfunction, 19
minimal, 15, 19, 99-102, 105, 252
Perron—Frobenius, 26, 97, 252
eigenspace, 19
Perron—Frobenius, 107
eigenvalue, 9, 11, 19, 77, 100, 107, 116
endomorphism, xxxiv, 4, 52, 91, 101, 184,
256
engineering, Xiii, Xxviii, xxxi, xxxii,
xxxiv—xxxvi, xliv, 17, 87, 88, 124,
204,210, 212, 215, 227, 228, 230
equivalence
—class, 172, 183
— relation, 172
ergodic theory, xliv, 84
ergodicity, 155
Euclidean algorithm, see algorithm, Euclid’s
Euclid’s algorithm, see algorithm, Euclid’s
expansion, xxxi, 168
Fourier, see Fourier expansion
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EXPANSION . . oot et

N-adic, 11
orthogonal, xxix
wavelet, 23, 25
extension
unitary matrix, 107
unitary — principle, see unitary extension
principle

factorization, 34
matrix, 210
— of unitary operators, 158, 180
operator, 216
Schmidt’s, see theorem, Schmidt’s
tensor, 168, 170, 181, 186, 190, 194, 198
Farey tree, 41, 42
father function, see function, father
Fatou
——Primalov theorem, see theorem,
Fatou—Primalov
—’s lemma, see theorem, “Fatou’s
lemma”
— set, 25
fermion, 139, 154
— algebra, 154
filter, xxxiii, 4, 87, 124, 133, 205, 206, 210,
213, 215, 227, 231, 253
dual, 124, 205
dual high-pass, 124, 132
dual low-pass, 124, 132
high-pass, 23, 87, 111, 124, 125, 132, 154,
205, 253
low-pass, xxxiv, 4, 23, 37, 87, 104, 111,
124, 125, 132, 154, 204, 205, 253
— orthogonality, see orthogonality, filter
quadrature-mirror, 3, 4, 10, 23, 40, 87,
135, 168, 186, 205, 212, 217, 227, 228
subband, xxix, xxxiv, 23, 26, 87, 123, 124,
126, 205, 210, 211, 213, 215, 228
wavelet, see wavelet filter
fixed-point problem, 10
four-tap, vi, 22, 134, 135, 146, 147, 202, 228
Jean Baptiste Joseph Fourier, xxxi
Fourier
— analysis, xv, xxviii, 2, 30, 225, 226

................................. frequency

— basis, see basis, Fourier
— coefficient, see coefficient, Fourier
— correspondence, 67
— dual, xxi, xxx, 35, 60, 81, 198, 207,
209, 210
— pair, xxi, 36
— equivalence, 110
— expansion, xxii, 61, 157, 158
— frequency, 21, 26, 69, 70, 110, 255
Mock — series, 80
— series, Xxi, xxii, Xxxvii, xxxi, 10, 32, 59,
67, 69, 80, 145, 163, 206
— transform, xxi, 4, 10, 35, 102, 105,
111, 114, 191, 208, 257
inverse, xxii
— variable, 255, see also dual variable
fractal, xxviii, xxix, xxxvi, 7, 15, 21, 22, 34,
35,37,67,72,74,77, 80,97, 152, 182,
194, 198, 210, 211, 227, 231, 254, 255
affine, see affine fractal
— analysis, xxxv, xliv, 6, 36, 60, 98, 210
— dimension, see dimension, fractal
— Hilbert space, see space, Hilbert,
fractal
— measure, see measure, fractal
— theory, xxix, 25
— wavelet, see wavelet, fractal
fractions
N-adic, 90, 92
2-adic, 89, 138
frame, xliii, 104, 126, 143, 176, 228-230
affine wavelet, 230
— bound, 29, 143, 207, 228
— constant, see frame bound
normalized tight, 16, 99, 104, 106, 176,
see also frame, Parseval
— operator, 207
Parseval, 13, 16, 99, 104—-106, 162, 228
super-, 230
tight, 162, 228
— wavelet, 100, 229
frequency, xxxi, xxxv, 23, 123, 125, 131,
204, 206, 207, 212, 213, 228
— band, xx, 87, 124, 177, 181, 210



frequency

— domain, 4, 87
—-localized wavelet, see wavelet,
frequency-localized

—response, 4, 17, 87, 131, 204, 206, 207,

210, 227
— subband, 123

Frobenius, xliii, see also eigenfunction, Per-

ron—Frobenius; eigenspace, Perron—
Frobenius; matrix, Perron—Frobenius;
operator, Perron—Frobenius—Ruelle;
Perron—Frobenius—Ruelle theory;
theorem, Perron—Frobenius
Fubini’s theorem, see theorem, Fubini’s
function

basis, see basis function

bounded continuous, 14, 195

bounded measurable, 43, 47, 49, 51, 53,
61, 115,219,253

constant, 15, 46, 61, 91, 136, 256

continuous, 7, 43, 105, 251

eigen, see eigenfunction

father, xxx, 13, 102, 123-125, 128, 134,
135

filter, 4, 87, 104, 114, 123, 132, 192, 196,
207, 227, 253

filter response, 87

frequency response, see frequency
response

generating, 206

harmonic, see harmonic function

indicator, 14, 52

iterated — system, see iterated function
system

L2-,13, 14, 111, 190, 210, 251

limit, 50, 54

Lipschitz, see Lipschitz function

matrix, 4,22, 112, 117, 140, 141, 214, 215

unitary, 227
measurable, xxxiv, 7, 47, 54, 60-62, 65,
70, 84, 87, 115, 199, 252, 255
mother, xxx, 13, 102, 123-125, 128, 134,
135
multiplicity, see multiplicity function
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1-periodic, 18, 60-62, 66, 95-97, 104,
132, 174, 175, 217

operator, 114, 116, 117

unitary, xxix

periodic, 4, 69, 87, 204, 208, see also
function, 1-periodic

positive definite, 57, 203, 204

rational, 34

refinable, 107

scaling, 3, see scaling function

— space, see space, function

square-integrable, 210, 253

step, Xxxi

— theory, xxviii, xliv, 46

time-localized, xxx, 177

vector-valued, 131, 210

W-, xxxiv, 7, 10, 19, 36, 37, 54, 101, 112

wavelet, see wavelet function

zeta, 34

D. Gabor, xxxi
gap-filling, 14, see also wavelet, gap-filling
generalized multiresolution, xxv, 22, 110,
180, 181, 252

— analysis, 109, 114
GMRA, see generalized multiresolution
grayscale, xviii, 22, 147, 148, 152, 207, 227
A. Grossman, Xxxii
group, 1, 5, 28, 36, 70, 109, 110, 205, 210,

211,214, 221
abelian, 27, 69
compact, 27

Cantor, 28

circle, 251, 254

cyclic, 60, 174, 255

infinite-dimensional unitary, 155

Lie, 220

non-abelian, xxvi

renormalization, Xxix

sub-, 230

torus, 204

transformation, 211
R. Gundy, xxxiii, xliii, 6, 33, 87

A. Haar, xvi, xxvi, xxxi, 131, 223



Haar
dyadic — wavelet, see wavelet, Haar,
dyadic
— measure, see measure, Haar
— wavelet, see wavelet, Haar
harmonic
— analysis, Xix, xxviii—xxx, xliii, 2, 5, 19,
22,25, 26, 33, 60, 80, 87, 182, 229
discrete, 35
— of iterated function systems, xxx, 14,
67, 80
— function, 9, 18, 21, 22, 43, 48-52, 55,
76, 86, 91, 92, 95, 100, 252
boundary for, 21, 43, 48, 50
bounded, 43, 48-50
closed expression for, 15, 102, 105
construction of, 100
integral formula for, 50
minimal, 11, 22, 105
Px-, 100
R-, xxxiv, 43, 50, 79, 91
Hausdorff
— dimension, see dimension, Hausdorff
— measure, see measure, Hausdorff
O. Heaviside, xvi, 157, 223, 235
W. Heisenberg, 58, 131, 176, 179, 235, 236
hermitian operator, see operator, hermitian
high-pass filter, see filter, high-pass
D. Hilbert, xxxi, 205
Hilbert space, see space, Hilbert
Hutchinson measure, see measure,
Hutchinson

image processing, vi—viii, Xv, Xix, XX, Xxii,
XXVi, XXViii, Xxxxii—xxxvii, xliv, 6, 10,
23, 33, 40, 87, 142, 147, 148, 151,
152, 189, 206, 223-227, 230, 233,
235, see also signal processing

infinite-dimensional unitary group, see
group, infinite-dimensional unitary

infinite product, xxviii—xxx, 4, 5, 7, 8,
10-12, 17-19, 21, 27, 33-35, 60, 67,
83-85, 96, 97, 116, 138, 154, see also

............................... Kolmogorov

measure, infinite-product; Tychonoff
infinite-product topology
convergence of, see convergence of
infinite product
matrix, 4, 22
random, 22, 34
tensor, 139, 148, 149, 158
integers, 5, 21, 22, 37, 60, 71, 166, 254, 255
integral translates, 18, 104, 181
intermediate differences, 147, 148
intertwining, 169, 200, 202, 209
interval, unit, see unit interval
invariant, 51, 52, 66
— measure, see measure, invariant
R-,53
shift-, 51, 52, 92
-, 52,53
— subspace, 109, 110, 146, 202, 209, 221
translation-, 129
C.T. Ionescu Tulcea, 57
irreducible representation, see representa-
tion, irreducible
isometry, xix, 32, 67, 93-95, 174, 176,
182-185, 200, 201, 208, 216, 221,
222,229, 254
partial, 94, 150, 173
isomorphism, 47, 193, 194, 221
C*-algebraic, 139
isometric, 30, 112, 149, 207
order-, 51
*-, 221
unitary, 162, 169, 191, 193, 194
iterated function system, xxx, xxxv, xliv, 34,
35,47, 57, 67,70, 84, 99, 152, 182,
252, see also affine iterated function
system

JPEG 2000, xxxiii

Karhunen—Loeve decomposition theorem,
see theorem, Karhunen—Loéve

A.N. Kolmogorov, xxvi, xxxi, 7, 8, 39, 43,
46, 59, 84, 168, 170, 203, 204, 235
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Kolmogorov
— consistency, xxxi, 7, 45, 46, 48, 49,
141, 203
— extension, xxix, 21, 46, 48, 57, 97, 136,
139, 151
—’s lemma, see theorem, “Kolmogorov’s
lemma”
—’s 0—1 law, xxxiii, 37
Krieger
Cuntz—— algebra, see Cuntz—Krieger
algebra

Ll-normalization, 12
L2-n0rma1izati0n, 12
fz-sequence, 140
lacunary trigonometric series, 84
lattice, 4, 154
Bethe, 98
dual, 28, 36, 69
— operation, 169, 181, 257
— system, see statistical mechanics,
quantum
W. Lawton, xxxiii, xliii, xliv, 21, 33, 57, 87
Lebesgue
— measure, see measure, Lebesgue
—’s dominated convergence theorem, see
theorem, dominated convergence
limit, 20, 21, 50, 75, 76, 92, 154, 212
exchange of —s, 89, 101
— function, see function, limit
inductive, 139, 140, 252
martingale, 49
non-tangential, 50
Szego’s — theorem, see theorem, Szego’s
limit
Lipschitz
— continuous, 77
— function, xxxiv, 57, 191
— regularity, see regularity, Lipschitz
localization, 22, 158, see also basis,
localized; function, time-localized;
wavelet, frequency-localized
— of Mock Fourier series, 80
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— property of wavelet bases, 80, 87, 157,
225,226
low-pass
— filter, see filter, low-pass
low-pass
— condition, 17, 228
— property, 125, 130

S. Mallat, xxxii, 33, 168
Mallat subdivision, xxxi
Markov
— chain, 50
— process, 21
— transition measure, see measure,
transition
martingale, xxix, xxx, xxxiii, 10, 21, 35, 36,
50, 51, 57, 91, 168, 255
— convergence theorem, see theorem,
martingale convergence
— limit, see limit, martingale
masking coefficient, see coefficient, masking
Mathematica, 35
graphics produced using, xxxiv, xliii, 2,
123, 125, 129, 152
matrix, 129, 139, 141, 182, 183, 190, 191,
210, 215, 216, 230, 252, 253
adjoint, 147, 210, 214
— algebra, see algebra, matrix
— algorithm, see algorithm, matrix
— coefficient, see coefficient, matrix
diagonal, 140
— diagonal, 141
— element, 140, 154
— entry, 219
— factorization, see factorization, matrix
function, see function, matrix
identity, 183, 252
infinite, xxvii, 142, 231
infinite — product, see infinite product,
matrix
integral, 3
— multiplication, 25, 128, 142, 143, 202,
210, 216, 230
— operation, 124
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matrix

operator, 210, 214, 215, 218
Perron—Frobenius, 34
polyphase, 205, 210, 215, 218
positive, 34
positive definite, 203
positive semidefinite, 4
— product, xxvi, 25, 218, 219, see also
infinite product, matrix
propagator, 34
— representation, see representation,
matrix
slanted, 23-25, 142, 143, 145, 146, 202,
206, 225, 230, 231
sparse, 23, 206
— step in algorithm, xxxv, 206, 207, 210
sub-, 139
— theory, 34
Toeplitz, 23, 146
— unit, 135
unitary, 109, 129, 174, 182, 191, 201,
205, 210, 211, 214, 216-218, 220,
221, 227, see also extension, unitary
matrix; function, matrix, unitary
—-valued
function, see function, matrix
measure, see measure, matrix-valued
wavelet filter, see wavelet filter,
matrix-valued
wavelet, 206, 225
maximal abelian subalgebra, 154, 252

measurable, xxiv, xxxiv, 5, 6, 40, 41, 47,

115, 199, 252, 255
B-, 41,53
branch, see branch mapping, measurable
— space, XXXiv

measure, Xxiv, xxvii, 1, 5, 26, 32, 36, 39, 72,

78, 85, 101, 136, 139-141, 154, 166,
168, 204, 251, 253-255, 257
absolutely continuous, 50, 136, 154, 257
atomic, 100
B-, 53
Bernoulli-product, see measure,
p-Bernoulli-product
Borel, xxxiv, 9, 46, 80, 141, 149, 154

.................................. measure

Cantor, 12, 14, 74, 198
determinantal, 5, 138, 154, 155
Dirac, see Dirac mass
equivalent, 154
— extension, 18, 21, 91, 116, 139, 141,
167, see also Kolmogorov extension
Feynman, 34
fractal, xxiii, 2, 3, 14, 70, 74, 77
full, 5, 22, 71, 79
Haar, xxvi, 28, 61, 66, 70, 93, 175, 212,
251, 255
Hausdorft, xxviii, 2, 14, 17, 72, 74, 97,
176, 196, 198, 199, 251, 252
ambient, 72
Hutchinson, 48
infinite-product, 149, 154
invariant, 52, 53, 70
Lebesgue, xxviii, 1, 3, 14, 15, 22, 32, 36,
55, 94, 106, 136, 137, 175, 251
matrix-valued, 111
non-atomic, 41, 91
operator-valued, 114, 115, 117
orthogonal, 167
p-Bernoulli-product, 27
path-space, xxviii, xxx, xxxi, 1, 4-9, 11,
18, 19, 21, 26, 34, 35, 37, 43, 45, 51,
57,59, 60, 65, 70, 71, 77, 79, 84, 91,
98, 100, 111, 115, 122, 130, 254
Perron—Frobenius, see measure,
Perron—Frobenius—Ruelle
Perron—Frobenius—Ruelle, 26, 255
Poisson, 50
positive, xxxiv, 4, 36, 44, 46, 51, 115, 141
probability, xviii, xxxiv, 14, 37, 41, 44,
46, 53, 54, 59, 70, 80, 86, 94, 100,
115,117, 122, 149, 167, 195, 204
Borel, see measure, Borel
Radon, see measure, Radon
s-fractal, xxiii
product, xxvii, 91, 149, 157
projection-valued, 112, 135, 136, 142,
166, 167
Radon, 43, 44, 46, 49, 85, 86, 115-117,
122
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Ruelle, see measure, Perron—Frobenius—
Ruelle
o-additive, 115, 167
— space, 6, 40, 84, 94, 115, 139, 149
o -finite, 31, 253
spectral, 112
— theory, viii, 5, 6, 20, 22, 70, 195, 204
transition, xxxiv, 21, 90
W-, xxxiv, 9, 26
Y. Meyer, xxxii, 33, 176
middle-third Cantor set, see Cantor set,
middle-third
minimal, 11, 171, 172
— eigenfunction, see eigenfunction,
minimal
mirror, 33, 212, 228
quadrature, see filter, quadrature-mirror
monotonicity, 92, 155
J. Morlet, xxxii
mother function, see function, mother
MRA, see multiresolution analysis
multiindex, 165-167, 252
multiplicity, 111
— function, 114, 117
multiplicity function, 255
multiresolution, Xviii—Xx, XXvi, XXxi,
xxxii, 9, 10, 35, 36, 59, 110, 114, 153,
168-171, 179, 187, 189, 198, 222, 223,
see also generalized multiresolution;
wavelet, multiresolution
— analysis, 6, 16, 36, 109, 181, 194, 198,
252,253
orthogonal, 172
— wavelet, see wavelet, multiresolution
multiwavelet, 5, 7, 111, 114, 116, 153

N-adic, 126
— map, 90
— rationals, 92
— subinterval, 47
n-fold branch mapping, see branch mapping,
n-fold
natural numbers, xviii, 5, 21, 40, 52, 66, 71,
85,167,254
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Nikodym
Radon—— derivative, see derivative,
Radon—Nikodym
non-abelian, see algebra, non-abelian; group,
non-abelian
non-atomic, see measure, non-atomic
non-commutative setting, Xv, XXvi, XXix,
5,7, 37, 358, 115, 139, 151, 177,
234, see also canonical anticom-
mutation relations; probability,
non-commutative
non-overlapping, 187, 199
— partition, see partition, non-overlapping
norm, xviii, 12, 14, 17, 31, 44, 48, 139, 168,
173, 181, 204, 210, 228
normalization, 12, 14, 15, 37, 53, 54, 61, 64,
70, 101, 114, 125, 127, 135
normalized solution, 12, 14
notational convention, 17, 204

ONB, see basis, orthonormal
one-torus, 60, 251, 254
operator, 132, 140, 141, 158, 160, 162, 172,
192, 196, 210-212, 215, 216, 219, 254
adjoint, 93, 144, 145, 147, 157, 160, 165,
185, 200, 209, 210, 212-214, 216,
217,254
— algebra, xxviii—xxx, xxxvi, 6, 22, 37,
138, 154, 155, 205, 210, 211, 216, 218
bounded, 218
bounded linear, 218, 251
— coefficient, see coefficient, operator
compact, 55, 58
composition of —s, 210, 216
conjugation, see conjugation
— factorization, see factorization,
operator
filter, 135
subband-, 213
frame, see frame operator
— function, see function, operator
hermitian, 209
Hilbert space, see space, Hilbert, operators
in
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operator

identity, 131, 136, 174, 182, 209, 252, 256
linear, 140
— matriX, see matrix, operator
— monomial, 165
multi-, 165
multiplication, 94, 95, 110, 142, 147, 198,
209, 210, 213, 217, 221, 253
non-commuting, see non-commutative
setting
Perron—Frobenius—Ruelle, xxxiv, xliv, 4,
8,9, 19,21, 26,33,43,48, 49, 57, 61,
86, 87, 95, 97, 107, 155, 200, 254
positive, 117, 254
positive semidefinite, 114
— process, 116
— product, 115, 218
projection, see projection
row, 210
scaling, xx, 2, 3, 10, 109, 162, 180, 181,
187, 188, 190, 200, 207209, 255
unitary, 163, 168, 194, 196
selfadjoint, 138
semidefinite, 114
shift, 213, 256
— theory, xix, xxvi, xxix, 10, 37, 58, 109,
138, 142, 154, 170, 180, 181, 186,
210-212, 216, 221, 222, 229, 230
transfer, xxxiii, xliii, xliv, 4, 19, 26, 33-35,
57, 87, 115, 254, see also operator,
Perron—Frobenius—Ruelle
wavelet, xxxiii, 33, 105, 107
transition, xxxiv, 8, 9, 21, see also
operator, Perron—Frobenius—Ruelle
wavelet, xxxiv, 21
unitary, xix, 158, 161, 169, 179—-183, 186,
188-190, 210, 211, 218, 219, 221, see
also factorization of unitary operators;
function, operator, unitary
—-valued measure, see measure,
operator-valued
zero-kernel, 116

Perron—Frobenius—Ruelle theory

— complement, 190, 257
— decomposition, see decomposition,
orthogonal
— expansion, see expansion, orthogonal
— function theory, 155
— measure, see measure, orthogonal
— multiresolution, see multiresolution,
orthogonal
— projection, see projection, orthogonal
— sum, 210, 257
— vectors, 181, 190
— wavelet, see wavelet, orthogonal
orthogonality, 17, 129, 197
filter, 87
— relations, 13, 57
wavelet, xxxii—xxxiv, 5
orthonormal basis, see basis, orthonormal

p-Bernoulli product measure, see measure,
p-Bernoulli product
p-subinterval, 166
Parseval
— basis, see basis, Parseval
— frame, see frame, Parseval
— identity, 13, 32, 66, 99, 103, 104, 137,
162, 168, 191, 193, 210, 228
— system, 13
— wavelet, see wavelet, Parseval
partial isometry, see isometry, partial
partition, 166
non-overlapping, 165, 186
path, 7, 87, 123, 124, 127, 129
— space, see space, path
perfect reconstruction, 87, 124, 132, 205
periodic function, see function, periodic
permutation of bases, see basis, permutation
of
permutative representation, see representa-
tion, permutative
Perron, xliii

Perron—Frobenius—Ruelle theory, 99, see
also eigenfunction, Perron—Frobenius;
eigenspace, Perron—Frobenius;
matrix, Perron—Frobenius; operator,

ordering, 51, 209
orthogonal, 198
— basis, see basis, orthogonal
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Perron—Frobenius—Ruelle; theorem,
Perron—Frobenius
phase modulation, 198
phase transition, 33, 34, 87
physics, xxviii, xxxi, xxxiii, xxxv, 33, 154,
see also quantum physics
mathematical, 6
pixel, 33
Plancherel formula, 164
pointwise convergence, see convergence,
pointwise
Poisson
— integral, 50
— measure, see measure, Poisson
polar decomposition, 150, 201
positional number system, xx, 33, 40, 69
Powers—Stormer, 138, 154
probability, xxviii—xxxi, xxxiii, xliv, 6, 17,
18, 33-37, 84, 87, 88, 108, 125, 168
combinatorial — theory, see combinatorial
probability theory
conditional, 45, 254
— distribution, Gaussian, see distribution,
Gaussian
free, 177
— measure, see measure, probability
non-commutative, 37, 177
— space, see space, probability
transition, see transition probability
process, xxviii, xxx, 48, 49, 86
branching, 5, see also branching
Markov, see Markov process
operator-valued, see operator process
processing, see signal processing; image
processing
product, 76, 114, 115, 207, see also infinite
product
Cartesian, 43, 257
Cauchy, see Cauchy product
infinite, see infinite product
infinite-— measure, see measure,
infinite-product
inner, 9, 75, 114, 193, 212, 257
matrix, see matrix product

— measure, see measure, product
operator, see operator product
random, 34, 84
Riesz, see Riesz product
tensor, xxvii, 6, 56, 58, 109, 142, 147149,
151, 152, 158, 165, 168, 179, 180, 186,
189, 257, see also infinite product,
tensor
projection, 10, 55, 94, 112, 117, 173, 216,
228
final, 173
initial, 173
orthogonal, 10, 135, 141, 167, 216
—-valued measure, see measure,
projection-valued
pure, 169
pyramid, 125, 127, 158, 159, 173, 188, 226
— algorithm, see algorithm, pyramid
dyadic, 159
singly generated, 159

quadrature, xxix, 131, 227, 228
— mirror, see filter, quadrature-mirror
quantization, xxxi, 224-226
quantum
— field theory, xxix, 154
—-mechanical state, see state, quantum-
mechanical
— particle, 154
— physics, xxix, xxxii, 37
— statistical mechanics, see statistical
mechanics, quantum
— theory, 131
quarter
— Cantor set, see Cantor set, quarter
— division, 21
quasi-free state, see state, quasi-free

R-harmonic function, see harmonic function,
R-
R-invariant, see invariant, R-
Radon
— measure, see measure, Radon
——Nikodym derivative, see derivative,
Radon—Nikodym
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random, 18, 59, 83
— process, 36, 55, 204
— product, see product, random
— variable, xviii, 55-57
A-, xxiv
Gaussian, 56, 57
— walk, vi, Xviii, XXiv, XXVili—XxX, XXXiV,
xliii, 4-7, 16, 21, 34, 39, 40, 42,
48, 57, 77, 83, 84, 87, 100, see also
process
— model, viii, 2, 8, 9, 12, 21, 26, 40, 41,
83,98, 136
— on branches, xxviii, xxx, 70
— on fractal, 21
range subspace, 117, 162
reconstruction, see perfect reconstruction
recursive, 129, 131
— algorithm, see algorithm, recursive
— system, 197
redundancy, 228, 229
refinement, 4
— equation, 111
regularity, xxxiv, 5, 80, 87, 107
Dini, 4
Lipschitz, 4
renormalization group, see group,
renormalization
renormalize, Xxix
representation, xxix, 124, 140, 165, 172,
190, 197, 214, 254-256
base-point, 219
boundary, see boundary representation
irreducible, 183
matrix, 140, 218
N-adic, 90, 101, 256
— of algebraic structure, xxix, 37
— of CAR algebra, 138
— of Cuntz algebra, 5, 22, 131, 136, 139,
152, 154, 155, 158, 161-164, 167,
168, 170, 174, 179, 180, 182, 183,
187, 192, 196, 205, 211, 214, 218,
219,227
— of Z by translation, 111

.................................... scaling

permutative, 6, 180, 184, 185, 189, 190,
194
spectral, 112
subband, 219
— theory, 154, 155, 180
unitary equivalence of, 184
wavelet, 102, 182
reproduction formula, 144
resolution, Xix, Xxii, XXvi, XXix, xxx, 9, 10,
22,33, 111, 147, 148, 181, 225, 230,
see also multiresolution
— subspace, xxvi, 23, 109, 110, 123, 126,
152, 180, 207, 255
multiply generated, 114
visual, xvi, xviii, Xx, xxii, 40, 225
Riesz
— product, 84, 97
—’s theorem, see theorem, Riesz’s
row-contraction, 217, 222
D. Ruelle, xliii, 33, 34, 87, 155
Ruelle, see also eigenfunction, Perron—
Frobenius; eigenspace, Perron—
Frobenius; matrix, Perron—Frobenius;
operator, Perron—Frobenius—Ruelle;
Perron—Frobenius—Ruelle theory;
theorem, Perron—Frobenius
— measure, see measure, Ruelle
— operator, see operator, Perron—Frobe-
nius—Ruelle
—’s theorem, see theorem, Ruelle’s

sampling, 17, 18, 21, 36, 37, 213, 215
down-, 87, 124, 128, 132, 133, 205, 206,
212,213,257
Shannon, xxxi, 18
— theory, 5, 18
up-, 87, 124, 132, 205, 206, 212, 213, 257
scale-N
— wavelet, see wavelet, scale-N
scale number, 19, 40, 70, 147, 190, see also
scaling number
scaling, xxii, xxiii, 3, 22, 23, 25, 69, 80, 99,
100, 110, 111, 123, 142, 181, 186,
188, 195, 198, 208
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— dimension, see dimension, scaling
dyadic, 2, 3, 110, 162, 181, 192, 200, 208,
209, 255
— equation
wavelet, 25
— function, xx, xxx, 3, 4, 12-14, 16, 23,
25,64, 111, 134, 207, 256
Daubechies, xxxv, 12, 13, 125
Haar, xxxv, 13, 14, 103
stretched Haar, 12, 13, 103
— identity, xx, 3, 10, 14, 15, 17, 25, 30,
91, 102, 103, 109, 111, 123, 130, 131,
134, 199, 209
Cantor, 14
— in the large, 14
— number, 143, 146, 147, 188, 208
— operator, see operator, scaling
— relation, 3, 75
—-similarity, 9, 33, 180
— transformation, 9, 66, 79, 80
fixed, 3, 9, 10, 22, 66, 188
Schmidt
Gram-—, see algorithm, Gram—Schmidt
—’s decomposition theorem, see theorem,
Schmidt’s
segment, 165, 166, 186, 257
self-similarity, xxix, xxxv, 9, 48
separation of variables, 158, 179
C.E. Shannon, xxxi, 18
Shannon sampling, see sampling, Shannon
shift-invariant, see invariant, shift-
o -additive, see measure, o -additive
o -algebra, xviii, xxiv, 27, 28, 37, 40, 47, 94,
149, 204, 251-253, 255
Borel, xxiv, 43, 251
—s, countable family of, 37
sub-, xxiv, 37
tail-, 37
o -invariant, see invariant, o -
signal analysis, xvi, xxvi, 40, 223
signal processing, vi—viii, Xv, Xvi, Xix—xxil,
XXVi, XXviii, xxxi—xxxvii, xliv, 4, 6, 10,
18, 23, 25, 26, 33, 37, 39, 87, 123125,
130, 131, 135, 155, 181, 187, 189,
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205, 206, 210212, 215, 216, 218,
219, 223, 224, 227-229, 231, see also
image processing; speech signal
singly generated, xxx, 159, 160, 173
six-tap, 22, 146
slanted, see matrix, slanted
space
compact Hausdorft, 101
detail, 33, 123, 255
Euclidean, 22
ambient, 81
function, xxii, xxvi, 9, 22, 59, 109, 130,
142, 146, 147, 157, 158, 179, 190,
207,210, 228, 251
ambient, 3
Hilbert, xviii—xxi, xxiii, xxvii, Xxxxvi, 3, 5,
6, 10, 14, 15, 22, 28-31, 33, 36, 37,
58, 71,79, 87, 93,97, 109, 110, 114,
136, 139, 140, 142—144, 147-152,
157, 158, 161, 162, 165, 169, 170,
172, 174, 176, 180—184, 186, 188,
189, 196199, 204, 207, 210, 212,
213, 217, 218, 221, 222, 228-230,
251, 252, 254, 257
ambient, 25, 26, 142, 152, 188, 207, 229
complex, 58, 114, 143, 144, 173,
182—184, 203, 252
dilated, 229, 230
fractal, 14, 17, 72, 97, 110, 158, 196,
198
— geometry, xxvi, 109, 142, 148, 179,
198, 207, 221, 230
operators in, xxxii, 6, 37, 131, 138, 142,
143, 161, 177, 180, 183, 209-211,
216, 218, 221, 251
symbolic, 110
path, xxix, 5, 6, 34, see also measure,
path-space
probability, xviii, xxiv, 5, 7, 9, 21, 22, 37,
47, 50, 55, 56, 60, 70, 114, 135, 203,
233, 255,256
sparse matrix, see matrix, sparse
spectral
— analysis, 158, 181
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joint — radius, xxxiii
— measure, see measure, spectral
— pair, 36, 71, 74
— representation, see representation,
spectral
— theorem, see theorem, spectral
— theory, xliv, 37, 57
— transform, 110
spectrum, 34, 138, 254
peripheral, 57
speech signal, xxxi, 124, 205, 227
state, xviii, xxiii, 6, 26, 37, 139-141, 151,
154, 157, 256
equilibrium, 154
multi-, 139
— on graph configuration, 35
quantum-mechanical, xviii, xxxii, 154
quasi-equivalent, 154
quasi-free, 138, 139, 154
statistical mechanics, 33, 34, 42, 87, 154
quantum, 34, 154
statistics, xxxi, xxxiii, 154
Stone—Weierstral3 theorem, see theorem,
Stone—Weierstrall
stretched Haar wavelet, see wavelet, Haar,
stretched
R. Strichartz, 26, 76, 80, 87
subband, 23, 124, 205, 215, 227
— coding, xxxi, 123
— filter, see filter, subband
frequency, see frequency subband
— representation, see representation,
subband
subdivision, xxxii, Xxxxv, 4, 123, 124, 195
— algorithm, see algorithm, subdivision
dyadic, xxxv
Mallat, see Mallat subdivision
subinterval, 167
dyadic fractional, see dyadic fractional
subinterval
N-adic, see N-adic subinterval
p-, see p-subinterval
subspace
invariant, see invariant subspace

transfer operator

resolution, see resolution subspace
substitution, iterated, 34
symbolic dynamics, see dynamics, symbolic
synthesis, 124, 132, 205, 206, 227, see also
analysis (engineering)

tap number, 147, see also two-tap; four-tap;
six-tap
tensor, 140, 148, 150, 162
— factorization, see factorization, tensor
— product, see product, tensor
theorem
dominated convergence, 65, 79
Fatou—Primalov, 48, 50
“Fatou’s lemma”, 101
Fubini’s, 191
Karhunen—Loe¢ve, 55, 58, 148, 204
Kolmogorov’s, 204
“Kolmogorov’s lemma”, 48, 149
martingale convergence, 21, 48, 51, 92
Perron—Frobenius, 34, see also Perron—
Frobenius—Ruelle theory
Riesz’s, 37, 45, 46, 141
Ruelle’s, xxxiv, see also Perron—
Frobenius—Ruelle theory
Schmidt’s, 58, 148, 150
“Schwarz’s inequality”, 31
spectral, 39, 55, 58, 110, 112, 150, 201
Stone—Weierstral3, 27, 39, 43-46, 79
Szego’s limit, 154
uniqueness, 86
“Zorn’s lemma”, 172
tiling, 87, 124, 165, 166, 182, 185-189
dyadic, 187
self-affine, 100
time-localized function, see function,
time-localized
torus, 25, 204, 251, see also one-torus
trace
— formula, 34
normalized, 184
traditional wavelet setup, xxx, 4, 6, 10, 25,
26,71, 110, 112
transfer operator, see operator, transfer
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transformation
— group, see group, transformation
— rule, 165, 166, see also basis
transformation
transition
— measure, see measure, transition
— operator, see operator, transition
— probability, xxxiv, 5, 9, 12, 17, 19, 21,
34, 37, 3941, 48, 50, 59, 62, 63, 70,
254
translation, 110, 111, 198
integer, 126, see also integral translates
—-invariant, see invariant, translation-
tree, xxxiv, 5, 42, 87, 124, see also com-
binatorial tree; decision tree; Farey
tree
two-cycle, 160
2-fold branch mapping, see branch mapping,
2-fold
two-tap, 146
Tychonoff infinite-product topology, 7, 43

uniqueness theorem, see theorem,
uniqueness
unit interval, 62, 90, 137, 139, 166
unitarity, 132, 174, 175, 183, 191, 220
unitary, xix
— equivalence, 151, 163, 169, 184
— extension principle, 107, 222
infinite-dimensional — group, see group,
infinite-dimensional unitary
— isomorphism, see isomorphism,
unitary
— matrix, see matrix, unitary
— operator, see operator, unitary
— scaling operator, see operator, scaling,
unitary
up-sampling, see sampling, up-

variable
dual, see dual variable
Fourier-dual, see Fourier dual
random, see random variable
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................................... wavelet

walk, 6, 41, 128, see also transition; random
walk
wavelet, vi, vii, Xv—Xvil, XiX, XX, XXV—XXX,
xxxii—xxxvi, xliii, xliv, 1-7, 9, 14, 16,
17, 22, 23, 25, 33-37, 39, 40, 57, 58,
64, 71, 79-81, 83, 87, 91, 99, 100,
104, 105, 107, 109, 111, 122, 130,
131, 142, 151, 152, 155, 158, 179,
182, 189, 190, 211, 222-230, 235,
256, see also traditional wavelet setup
— algorithm, see algorithm, wavelet
— analysis, XV, XX, XXViii, XXX, XXXil,
xxxiii, xliii, 4, 6, 10, 34, 57, 60, 84, 98,
99, 109, 181, 188, 208, 210, 225, 226
band-limited, 4
— basis, see basis, wavelet
— coefficient, see coefficient, wavelet
compactly supported, xxx, 14
— construction, XixX, XXiX—Xxxxi, xxxiii, 1,
4,5,7-9, 13, 14, 36, 57, 83, 97, 119,
121-124, 130, 131, 136, 157, 179,
180, 192, 198
Daubechies, 5, 14, 121, 122, 124, 127,
128, 134-136, 228
— decomposition, see decomposition,
wavelet
dual, xxxii
dyadic, 15, 39, 99, 123-125, 146
— expansion, 230
— filter, xxxii, xxxiii, 5, 23, 33, 37, 83,
87,112, 122, 130, 136, 227, 230
matrix-valued, 22
fractal, 15, 71, 180
frame, see frame wavelet
frequency-localized, xxx, 7
— function, vi, Xvi, XX, Xxvii, xxx, 1, 16,
102, 103, 123, 134, 256
Daubechies, 110
Haar, 103
gap-filling, 22, 72
Haar, xvi, xxxi, 5, 12—-14, 99, 102, 103,
106, 119, 124, 127, 128, 131, 148,
192, 229
dyadic, 136, 137
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wavelet. ...

stretched, 12, 13, 15, 16, 99, 100, 104,
106, 252
— matrix, see matrix, wavelet
multi-, see multiwavelet
multiresolution, xxx, 10, 16, 97, 110, 142,
181, 190
N-adic, 64, 123
orthogonal, 124
— orthogonality, see orthogonality,
wavelet
— packet, vi, xxxiv, xxxv, 4, 6, 22, 35,
110, 117, 122-126, 129-131, 136,
142, 153, 159, 176, 180, 187-189, 256
algorithm, see algorithm, wavelet packet
dyadic, 127, 158, 159
Parseval, 13, 16, 103, 105
— representation, see representation,
wavelet
scale-N, 64, 65, 190, 252
— theory, xxix, 9, 33, 87, 110, 168, 177,
222-224
time-frequency, xxxi

.............................. Zorn’s lemma

time-scale, xxxi
traditional — setup, see traditional
wavelet setup
— transfer operator, see operator, transfer,
wavelet
— transform, 142, 186
discrete, 142, 180, 202
— transition operator, see operator,
transition, wavelet
wavepacket coefficient, see coefficient,
wavepacket
Weierstrall
Stone——— theorem, see theorem,
Stone—Weierstrall
weight function, see function, ¥ -
M.V. Wickerhauser, 117, 176, 177
N. Wiener, 34
Wold decomposition, see decomposition,
Wold

zeta function, see function, zeta
Zorn’s lemma, see theorem, “Zorn’s lemma”



