ITERATION METHODS

These are methods which compute a sequence of pro-
gressively accurate iterates to approximate the solu-
tion of Ax = b.

We need such methods for solving many large lin-
ear systems. Sometimes the matrix is too large to
be stored in the computer memory, making a direct
method too difficult to use.
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More importantly, the operations cost of %n
Gaussian elimination is too large for most large sys-
tems. With iteration methods, the cost can often be
reduced to something of cost O <n2) or less. Even
when a special form for A can be used to reduce the

cost of elimination, iteration will often be faster.

There are other, more subtle, reasons, which we do
not discuss here.



JACOBI'S ITERATION METHOD

We begin with an example. Consider the linear system

Or1 + ro —+ rx3 = by
2r1 + 10z + 3z3
3rv1 + 4xo + 1llxz = b3

In equation #k, solve for x:

I
S
N

z1 = g[b1 — zp — 3]
Ty = 1—10[1)2 — 2x1 — 3x3]
r3 = 17lb3 — 3w1 — 4y
T
Let 2(0) = a:go), :Ugo), ng)] be an initial guess to the

solution . Then define

xngrl) = 1 [bl _ xgk) _ mgk)]

mngrl) = 1—10 _b2 — 2:13(1k) — 3:ng)_

mngrl) — 1—11 :b3 — Sx(lk) — 4;ng):
fork=0,1,2,.... This_is called the Jacob_i iteration

method or the method of simultaneous replacements.



The solution is z = [1, 2, —1]%.

NUMERICAL EXAMPLE.
Let b = [10, 19, 0]%.

To measure the error, we use

Error = ||z — af;(k)H = max \z; — :E,Ek)‘
k a;gk) a;gk) a;gk) Error Ratio
00 0 0 2.00E+0
1 1.1111 1.9000 0 1.00E4+0 0.500
2 0.9000 1.6778 —0.9939 3.22E—1 0.322
3 1.0351 2.0182 —-0.8556 1.44E—-1 0.448
4 0.9819 1.9496 —1.0162 5.06E—2 0.349
5 1.0074 2.0085 —-0.9768 2.32E—2 0.462
6 0.9965 1.9915 —1.0051 8.45E—-3 0.364
7 1.0015 2.0022 —0.9960 4.03E—-3 0.477
8 0.9993 1.9985 —1.0012 1.51E—-3 0.375
9 1.0003 2.0005 —0.9993 7.40E—-4 0.489
10 0.9999 1.9997 —-1.0003 2.83E—4 0.382
30 1.0000 2.0000 —1.0000 3.01E—11 0.447
31 1.0000 2.0000 —1.0000 1.35E—11 0.447




GAUSS-SEIDEL ITERATION METHOD

Again consider the linear system

Oxr1 + ro —+ rx3 = by
2r1 + 10z + 3z3
3r1 + 4z + 11:133 — b3

and solve for x;. in equation #k:
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z1 = 3[b1 — 22 — 23]
Ty = %[bz — 221 — 3z3]
r3 = 17lbs — 3w1 — 4w

Now immediately use every new iterate:

k+1 k k
a:g_l_) — % bl—a:g)—a;g)]
wglﬁ—l) _ 1_10 b2—2a;§k+1) _3xgk)]
wgk—l—l) _ ﬁ by — 3a;§k+1) B 4xgk+1)]
for k = 0,1,2,.... This is called the Gauss-Seidel

iteration method or the method of successive replace-
ments.



NUMERICAL EXAMPLE.
Let b = [10, 19, 0]".
The solution is z = [1, 2, —1]1.
To measure the error, we use

Error = ||z — ZIZ(k)H = max \z; — azgk)‘
oo 2 ) Error  Ratio
0O O 0 0 2.00E+0
1 1.1111 1.6778 —-0.9131 3.22FE —1 0.161
2 1.0262 1.9687 —0.9958 3.13E —2 0.097
3 1.0030 1.9981 —1.0001 3.00E —3 0.096
4 1.0002 2.0000 —1.0001 2.24E —4 0.074
5 1.0000 2.0000 —1.0000 1.65E —5 0.074
6 1.0000 2.0000 —1.0000 2.58FE —6 0.155

The values of Ratio do not approach a limiting value

with larger values of the iteration index k.



A GENERAL SCHEMA

Rewrite Ax = b as
Nx =b+ Px (1)

with A = N — P a splitting of A. Choose N to be
nonsingular. Usually we want Nz = f to be easily

solvable for arbitray f. The iteration method is

NzFHD) —p 4 P20 b =0,1,2,..., (2)

EXAMPLE. Let N be the diagonal of A, and let P =
N — A. The iteration method is the Jacobi method:

mn
ai7i$§k+1) =b;, — Z ai’jxgk), 1 <1< n
J=1
JFi
for k=0,1,....



EXAMPLE. Let N be the lower triangular part of A,
including its diagonal, and let P = N — A. The
iteration method is the Gauss-Seidel method:

) n
Z ai,jxg-k—i_l) = bi — Z aijjx‘gk), 1 S ) S n
for k=0,1,....

EXAMPLE. Another method could be defined by let-
ting N be the tridiagonal matrix formed from the di-
agonal, super-diagonal, and sub-diagonal of A, with
P=N-—A:

i aii Q1.2 0 e 0
a1 a2 a3 :
N = 0 . 0
' Apn—1n—2 An—-1n—-1 4n-—-1n
0 .- 0 Ay n—1 ann

Solving Nz(k*t1) = p + Pz(k) yses the algorithm for
tridiagonal systems from §6.4.



CONVERGENCE

When does the iteration method (2) converge? Sub-
tract (2) from (1), obtaining

N (a; — x(k+1)) — P (a; — x(k))
r— ) — N-1p (a: — x(k))
ehtl) = pelk) M =N"1Pp (3)

with e(k) = 7 — z(¥)
Return now to the matrix and vector norms of §6.5.
Then

[0 < a9

: k>0
Thus the error e(k) converges to zero if |[M]| < 1,
with

O < 0], k2o



EXAMPLE. For the earlier example with the Jacobi

method,
k-+1 k k
az(l+) :%bl—xg)—azg)
azngrl) = 1—10 by — 2m§k) — 3xgk)
azngrl) — 1—11 bz — 3azgk) — 4x§k)
_ ) L -
0 -5 -3
_ 2 3
M = —15 0 —15
3 4
R i s A U

7.
|M]|| = — = 0.636
11

This is consistent with the earlier table of values, al-
though the actual convergence rate was better than
predicted by (3).



EXAMPLE. For the earlier example with the Gauss-
Seidel method,

k+1 k k
a:g_l_) — %bl—a:g)—a;g)]
wglﬁ—l) _ 1_10 b2—2a:gk+1)—3a;gk)]
wgk—l—l) _ % 53—39[;&“1)—49[;5“1)]
_ 4 —1 r _
9 0 O 0O —1 -1
M = 2 10 0 0O 0 -3
'3 4 11| |0 0 O]
- LT
0 -5 —3
_ 1 5
= |0 % 13
1 13
10 5 99
|M][ = 0.3

This too iIs consistent with the earlier numerical re-

sults.



DIAGONALLY DOMINANT MATRICES

Matrices A for which

n
> 2.
J=1
J7i
are called diagonally dominant. For the Jacobi itera-

tion method,

1=1,...,n

Y

@, @, j

0 412 e _%1n T
ai 1 ai 1
L1 _a@n
M = a2 a2
_On1 _ Onn-1 0
| an,n an,n i
With diagonally dominant matrices A,
NP
|[M]| = max —| <1 (4)
1§z§nj:1 a;
J#t

Thus the Jacobi iteration method for solving Ax = b

Is convergent.



GAUSS-SEIDEL ITERATION

Assuming A is diagonally dominant, we can show that
the Gauss-Seidel iteration will also converge. How-
ever, constructing M = N~1P is not reasonable for
this method and an alternative approach is needed.
Return to the error equation

Nelk+1) — p(k)

and write it in component form for the Gauss-Seidel
method:

(k1) _ .
Z a””a.] j Z a"l/)] j ’ 1 S t S n
7=1+1

1—1 a; ; n a; ;
e(k—l—l) _ Z _,]€§k+1) _ Z _,jegk) (5)

1



Introduce

1—1 n
a;,j @j,j -
o= : B; ) , 1<i<n
3 a. . . R a- .
J:]- 1,1 j:’[,—|—1 1,1

with a1 = 8,, = 0. Taking bounds in (5),

D < o [l 48, M), i=1,...m (6

Let ¢ be an index for which
(k+1)
g

= max el = (D)
1<i<n| *

Then using i = £ in (6),
5] < o HG‘M)H +8e |

) < 775 1€
o

Define

1 = max B
? 1—047;

Then
e+ < 0[]



For A diagonally dominant, it can be shown that
n < || M]] (7)

where ||[M|| is for the definition of M for the Jacobi
method, given earlier in (4) as

n Qi+

M| = max 3 |24
1<<n
7=1

JFt

Consequently, for A diagonally dominant, the Gauss-

— . . 1
12@'agxn (az * BZ) <

a; ;

Seidel method also converges and it does so more
rapidly than the Jacobi method in most cases.

Showing (7) follows by showing

Bi — (o + B8;) = 0, 1<:<mn
1l — oy

For our earlier example with A of order 3, we have

p = 0.375 This is not as good as computing ||M||
directly for the Gauss-Seidel method, but it does show
that the rate of convergence is better than for the
Jacobi method.



CONVERGENCE: AN ADDENDUM

Since
—1 —1
M| = [[N7"P[ <IN I P]],
| M|| < 1 is satisfied if N satisfies
—1
INTHHIPI <1
Using P = N — A, this can be rewritten as
1
INH]

We also want to choose N so that systems Nz = f
is ‘easily solvable’.

A= NJ| <

GENERAL CONVERGENCE THEOREM:
Nz —p 1 pe(k) k=012,
will converge, for all right sides b and all initial guesses
2(0) if and only if all eigenvalues \ of M = N-1p
satisfy
Al <1

This is the basis of deriving other splittings A = N—P
that lead to convergent iteration methods.



RESIDUAL CORRECTION METHODS

N be an invertible approximation of the matrix A; let
2(0) ~~ x for the solution of Az = b. Define

r(0) =y — 4z0)
Since Ax = b for the true solution z,

r0) — Az — 420
= Az — :1:(0)) — Ael0)

with e(0) = z — 2(0), Let &(0) be the solution of
N — - (0)
and then define
2D — (0 1 4(0)

Repeat this process inductively.



RESIDUAL CORRECTION

For Kk =0,1,..., define
r(kf) = p — Az(k)
pkH1) — (k) L a(h)

This is the general residual correction method.

To see how this fits into our earlier framework, proceed
as follows:

LD () 4 o(k) _ (B) 4 N—1,(R)
— z(F) 4 N_l(b — Ax(k))
Thus,
Nz — Ng(k) 4 Ag(R)
= b+ (N — A)zH)
— b+ Pz(k)

Sometimes the residual correction scheme is a prefer-
able way of approaching the development of an itera-
tive method.



