CHEBYSHEV POLYNOMIALS

Chebyshev polynomials are used in many parts of nu-
merical analysis, and more generally, in applications
of mathematics. For an integer n > 0, define the
function

Th(x) = cos (n cos ! x) : —-1<z<1 (1)

This may not appear to be a polynomial, but we will
show it is a polynomial of degree n. To simplify the
manipulation of (1), we introduce

0 = cos L(z) or x = cos(h), 0<O< 7 (2)
Then
Th(x) = cos(nd) (3)
Example. n =0
To(x) = cos(0-60) =1
n=1
Ti(x) = cos(0) = x
n =2

Ts(z) = cos(20) = 2cos?() — 1 = 22° — 1
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The triple recursion relation. Recall the trigonomet-
ric addition formulas,

cos(a £ B) = cos(a) cos(3) F sin(a) sin(3)
Let n > 1, and apply these identities to get

Th+1(z) = cos[(n + 1)8] = cos(nb + 0)
= cos(nh) cos(0) — sin(nd)sin(H)
T,—1(x) = cos[(n — 1)0] = cos(nb — 0)
= cos(nf) cos(6) + sin(nd) sin(0)
Add these two equations, and then use (1) and (3) to
obtain

Thi1(x) + 71,1 = 2cos(nb) cos(8) = 2xTn(x)
T,i1(2) = 22Tn(z) — Ty 1(z),  n>1
(4)
This is called the triple recursion relation for the Cheby-

shev polynomials. It is often used in evaluating them,
rather than using the explicit formula (1).



Example. Recall
To(z) = 1, Ty(z) ==

Tpi1(e) = 20Tn(2) — Tyo1(z), n>1

Let n = 2. Then
T5(z) = 22To(x) — T1(x)
= 2z(22° — 1) — @
— 423 — 3z
Let n = 3. Then
Ty(z) = 22T3(x) — To(x)
= 2x(4x> — 3x) — (22° — 1)
— 8z% —82° +1



The minimum size property. Note that
To(z)| <1, —1<z<1 (5)
for all n > 0. Also, note that

Tn(z) = 2" 12™ + lower degree terms, n>1

(6)
This can be proven using the triple recursion relation
and mathematical induction.

Introduce a modified version of Ty (x),

~ 1
Tn(x) = 2n_1Tn(w) = x""+lower degree terms (7)
From (5) and (6),
~ 1
Lm@ﬂgg;? ~1<z<1, n>1 (8)
Example.

- 1 1
T4(x):§(8az4—8$2—|-1):x4—332-|—§



A polynomial whose highest degree term has a coeffi-
cient of 1 is called a monic polynomial. Formula (8)
says the monic polynomial Ty, (z) has size 1/2"1 on
—1 < x <1, and this becomes smaller as the degree
n increases. In comparison,
e, =1

Thus x™ is a monic polynomial whose size does not
change with increasing n.

Theorem. Let n > 1 be an integer, and consider all
possible monic polynomials of degree n. Then the
degree n monic polynomial with the smallest maxi-
mum on [—1, 1] is the modified Chebyshev polynomial
Tn(x), and its maximum value on [—1,1] is 1/2" 1,

This result is used in devising applications of Cheby-
shev polynomials. We apply it to obtain an improved
interpolation scheme.



