
THE SECANT METHOD

Newton’s method was based on using the line tangent

to the curve of y = f(x), with the point of tangency

(x0, f(x0)). When x0 ≈ α, the graph of the tangent

line is approximately the same as the graph of y =

f(x) around x = α. We then used the root of the

tangent line to approximate α.

Consider using an approximating line based on ‘inter-

polation’. We assume we have two estimates of the
root α, say x0 and x1. Then we produce a linear

function

q(x) = a0 + a1x

with

q(x0) = f(x0), q(x1) = f(x1) (*)

This line is sometimes called a secant line. Its equa-

tion is given by

q(x) =
(x1 − x) f(x0) + (x− x0) f(x1)

x1 − x0
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q(x) =
(x1 − x) f(x0) + (x− x0) f(x1)

x1 − x0

This is linear in x; and by direction evaluation, it satis-

fies the interpolation conditions of (*). We now solve

the equation q(x) = 0, denoting the root by x2. This

yields

x2 = x1 − f(x1)÷
f(x1)− f(x0)

x1 − x0

We can now repeat the process. Use x1 and x2 to

produce another secant line, and then uses its root

to approximate α. This yields the general iteration

formula

xn+1 = xn−f(xn)÷f(xn)− f(xn−1)
xn − xn−1

, n = 1, 2, 3...

This is called the secant method for solving f(x) = 0.



Example We solve the equation

f(x) ≡ x6 − x− 1 = 0
which was used previously as an example for both the

bisection and Newton methods. The quantity xn −
xn−1 is used as an estimate of α−xn−1. The iterate
x8 equals α rounded to nine significant digits. As with

Newton’s method for this equation, the initial iterates

do not converge rapidly. But as the iterates become

closer to α, the speed of convergence increases.

n xn f(xn) xn − xn−1 α− xn−1
0 2.0 61.0

1 1.0 −1.0 −1.0
2 1.01612903 −9.15E− 1 1.61E− 2 1.35E− 1
3 1.19057777 6.57E− 1 1.74E− 1 1.19E− 1
4 1.11765583 −1.68E− 1 −7.29E− 2 −5.59E− 2
5 1.13253155 −2.24E− 2 1.49E− 2 1.71E− 2
6 1.13481681 9.54E− 4 2.29E− 3 2.19E− 3
7 1.13472365 −5.07E− 6 −9.32E− 5 −9.27E− 5
8 1.13472414 −1.13E− 9 4.92E− 7 4.92E− 7



It is clear from the numerical results that the se-

cant method requires more iterates than the New-

ton method. But note that the secant method does

not require a knowledge of f 0(x), whereas Newton’s
method requires both f(x) and f 0(x).

Note also that the secant method can be considered

an approximation of the Newton method

xn+1 = xn − f(xn)

f 0(xn)
by using the approximation

f 0(xn) ≈ f(xn)− f(xn−1)
xn − xn−1



CONVERGENCE ANALYSIS

With a combination of algebraic manipulation and the

mean-value theorem from calculus, we can show

α− xn+1 = (α− xn) (α− xn−1)
"−f 00(ξn)
2f 0(ζn)

#
, (**)

with ξn and ζn unknown points. The point ξn is lo-

cated between the minimum and maximum of xn−1, xn,
and α; and ζn is located between the minimum and

maximum of xn−1 and xn. Recall for Newton’s method
that the Newton iterates satisfied

α− xn+1 = (α− xn)
2

"−f 00(ξn)
2f 0(xn)

#
which closely resembles (**) above.



Using (**), it can be shown that xn converges to α,

and moreover,

lim
n→∞

|α− xn+1|
|α− xn|r =

¯̄̄̄
¯ f 00(α)2f 0(α)

¯̄̄̄
¯
r−1

≡ c

where 12 (1 + sqrt(5))
.
= 1.62. This assumes that x0

and x1 are chosen sufficiently close to α; and how

close this is will vary with the function f . In addition,

the above result assumes f(x) has two continuous

derivatives for all x in some interval about α.

The above says that when we are close to α, that

|α− xn+1| ≈ c |α− xn|r

This looks very much like the Newton result

α− xn+1 ≈M (α− xn)
2 , M =

−f 00(α)
2f 0(α)

and c = |M |r−1. Both the secant and Newton meth-
ods converge at faster than a linear rate, and they are

called superlinear methods.



The secant method converge slower than Newton’s

method; but it is still quite rapid. It is rapid enough

that we can prove

lim
n→∞

|xn+1 − xn|
|α− xn| = 1

and therefore,

|α− xn| ≈ |xn+1 − xn|
is a good error estimator.

A note of warning: Do not combine the secant for-

mula and write it in the form

xn+1 =
f(xn)xn−1 − f(xn−1)xn

f(xn)− f(xn−1)
This has enormous loss of significance errors as com-

pared with the earlier formulation.



COSTS OF SECANT & NEWTON METHODS

The Newton method

xn+1 = xn − f(xn)

f 0(xn)
, n = 0, 1, 2, ...

requires two function evaluations per iteration, that

of f(xn) and f 0(xn). The secant method

xn+1 = xn−f(xn)÷f(xn)− f(xn−1)
xn − xn−1

, n = 1, 2, 3...

requires 1 function evaluation per iteration, following

the initial step.

For this reason, the secant method is often faster in

time, even though more iterates are needed with it

than with Newton’s method to attain a similar accu-

racy.



ADVANTAGES & DISADVANTAGES

Advantages of secant method: 1. It converges at

faster than a linear rate, so that it is more rapidly

convergent than the bisection method.

2. It does not require use of the derivative of the

function, something that is not available in a number

of applications.

3. It requires only one function evaluation per iter-

ation, as compared with Newton’s method which re-

quires two.

Disadvantages of secant method:

1. It may not converge.

2. There is no guaranteed error bound for the com-

puted iterates.

3. It is likely to have difficulty if f 0(α) = 0. This

means the x-axis is tangent to the graph of y = f(x)

at x = α.

4. Newton’s method generalizes more easily to new

methods for solving simultaneous systems of nonlinear

equations.



BRENT’S METHOD

Richard Brent devised a method combining the advan-

tages of the bisection method and the secant method.

1. It is guaranteed to converge.

2. It has an error bound which will converge to zero

in practice.

3. For most problems f(x) = 0, with f(x) differen-

tiable about the root α, the method behaves like the

secant method.

4. In the worst case, it is not too much worse in its

convergence than the bisection method.

In Matlab, it is implemented as fzero; and it is present

in most Fortran numerical analysis libraries.


