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m Johnson—Trotter Permutations

The following loads the Combinatoricapackage.The Combinatoricapackageis in a single file called "New-
Combinatorica.mWhichis in theworking directory.

<< NewConbi nat ori ca. m

In the nextexample we generatehe setof 4—permutations lexicographicorderby calling the Mathematicaunction
Permutations.

Permut ati ons[4]

{{1, 2, 3, 43, {1, 2, 4, 3}, {1, 3, 2, 4}, {1, 3, 4, 2}, {1, 4, 2, 3}, {1, 4, 3, 2},
{2, 1, 3, 43}, {2, 1, 4, 3}, {2, 3, 1, 4}, {2, 3, 4, 1}, {2, 4, 1, 3}, {2, 4, 3, 1},
{3, 1, 2, 43}, {3, 1, 4, 2}, {3, 2, 1, 4}, {3, 2, 4, 1}, {3, 4, 1, 2}, {3, 4, 2, 1},
{4, 1, 2, 3}, {4, 1, 3, 2}, {4, 2, 1, 3}, {4, 2, 3, 1}, {4, 3, 1, 2}, {4, 3, 2, 1}}

Graphicsandtext canboth be partof a notebookasthe following exampleshows.l useCombinatoricdunctionsRandom
GraphandShowGraplto construcianddisplaya 10—vertexandomgraph.

ShowGr aph [RandontGr aph[10, .5]]

- Graphics -

m Attempt 1: A recursivefunction

Let usnow startwriting codeto generaten—permutationis Johnson-Trott@rder. Theideais thatwe first generatall (n—1)-
permutationsn Johnson-Trott@rderandstorethisin avariable,sayJTL. We theninsertn into eachpermutatiorin JTL in
eachof the possiblen slots.Specifically,n startsasthe lastelementin JTL[[1]] andmovesto theleft, oneswapatatime.
Whenwe reachthe beginningof JTL[1], we startwith n asthefirst elementin JTL[[2]] andmoven to theright oneswapat
atimeandsoon until n movesacrossJTL[[(n—1)!]].
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JTPermutations[1] = { {1} }

JTPermutationsF n_Inte g ]
Modu e[{JT'I:_I JTPermutatlons[n 1]},
a

te Table[lf[Eve[ll_QH | JTLI ) .
{TgblgllﬂgggJTLHH ﬂj ﬂ H 2],’]’ 1, -1}

Herearethethingsto noteabouttheabovecode.

1. Theassignmenbperator';.=" standgor delayedevaluationandthis is what shouldbe usedfor function definition. The
helpmessagéor ":=" clearlyexplainsthis matter.

?.=

lhs :=rhs assigns rhs to be the delayed value of lhs . rhs is maintained in an
unevaluated form . When lhs appears , it is replaced by rhs, evaluated afresh each time .

2. JTPermutationgs the nameof the functionandit takesoneintegerargumentOneway to think about'n_Integer"is that
it standsfor the formal parameten. The" " is a patternobjectto which anythingcanmatch.The"_Integer"standsfor a
patternobjectto which any integercan match.We can preventmatcheswith anythingthatis not positive, by using
"_Integer?Positive" The helpmessagéor "_" explainsthis alittle bit. Look up "Pattern”in the Mathematica helpbrowser
for moreinformation.Patternmatchingis an extremelyimportanttechniquein Mathematica programming.

?

or Blank [ ] is a pattern object that can stand for any Mathematica
expression . _h or Blank [h] can stand for any expression with head h.

3. Module[{ local variables},body of function]is the structurethatmostnon-trivialprogramshave.The usagemessagéor
Moduleis givenbelow. Thereis a Mathematica constructcalled"Block" thatis usedsometimessanalternativeto Module.
The differencebetweerModule andBlock is notimportantat this time andyou canignoreBlock for now.

4. The Mathematica function Tableis usedin the codeasa looping constructMathematica hasmany manylooping
constructsFor peoplewho wantproceduraprogramminghereis While, For,andDo. Forfunctionalprogrammersthereis
Map, Apply, Tableetc. Theusagemessagéor Table,givenbelow, is quite clear.Notethat Tablegenerates list andsince
we havenestedcallsto Tablein our code,we get lists of lists of permutationsTheresultingnestedists areflattenedout by
a call to the Flattenfunction. Note thatthe secondargumento Flattenis 1, indicatingthatonly the outermosiparentheses
needto beflattened.Look atthe examplebelow.

? Tabl e

Table [expr, {imax }] generates a list of imax copies of expr. Table [expr, {i, imax}] generates a
list of the values of expr when i runs from 1 to imax. Table [expr, {i, imin, imax}] starts
with i = imin . Table [expr, {i, imin, imax, di }] uses steps di. Table [expr, {i, imin
imax }, {j, jmin, jmax}, .. ] gives a nested list . The list associated with i is outermost .
Flatten[{ {1, 2, {3, 4}, {5 {{6}}}}}]

{1, 2, 3, 4, 5, 6}

Flatten[{ {1, 2, {3, 4}, {5, {{6}}}}} 1]
{1, 2, {3, 4}, {5, {{6}}}}
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5. Thelf functionin Mathematicehas2 or 3 argumentsThe 2 argumentversioncorrespondso the if-thenandthe 3
argumentversioncorrespondso the if-then—elsén the examplebelow,the booleanexpression"i < 10" evaluatedo false
andsothe secondarguments skippedandthethird argumenis executedThereis alsoa "Switch" functionin Mathematica
thatcorrespondso the Switchstatemenin C.

i =12

12

If[i <10, i +1, i +2]

14

6. The Insertfunctionis an exampleof the manylist manipulationfunctionsMathematica provides.Someof the other
functionsareDelete, Take,Drop, Append,Prepend,Join, etc.Look under'List Construction'in the helpbrowserto seethe
completdist.

?lnsert

Insert [list , elem, n] inserts elem at position nin list . If n
is negative , the position is counted from the end. Insert [expr, elem, {i,
i, .. }] inserts elem at position {i, j, «. )} in expr. Insert [expr, elem,
(g1, 2, ... 3}, {2, j2, .. '}, .. }] inserts elem at several positions

? Modul e
Module [{x, vy, .. }, expr ] specifies that occurrences of the symbols x, y, .. in expr should
be treated as local . Module [{x = x0, ... }, expr ] defines initial values for x, .. .

JTPermutations[1] := { {1}}

JTPernmutations[n_Integer ] := Module[ {l}, | = JTPernutations[n-1];
Flatten[Tabl e[ | f [EvenQ[i ], Table[lnsert [l [[i]], n, j1, {j, n}I,
Table[lnsert [l [[i1], n, jI1, {., n, 1, -1}11, {i, (n-1)13}1, 111
JTPernut ati ons[1]

{{1}

JTPer nut ati ons[2]

{{1, 2}, {2, 1}}

JTPer nut ati ons[3]

{{1, 2, 33}, {1, 3, 2}, {3, 1, 2}, {3, 2, 1}, {2, 3, 1}, {2, 1, 3}}

JTPernut ati ons[4]

{{1, 2, 3, 43}, {1, 2, 4, 3}, {1, 4, 2, 3}, {4, 1, 2, 3}, {4, 1, 3, 2}, {1, 4, 3, 2},
{1, 3, 4, 23}, {1, 3, 2, 4}, {3, 1, 2, 4}, {3, 1, 4, 2}, {3, 4, 1, 2}, {4, 3, 1, 2},
{4, 3, 2, 1}, {3, 4, 2, 1}, {3, 2, 4, 1}, {3, 2, 1, 4}, {2, 3, 1, 4}, {2, 3, 4, 1},
{2, 4, 3, 1}, {4, 2, 3, 1}, {4, 2, 1, 3}, {2, 4, 1, 3}, {2, 1, 4, 3}, {2, 1, 3, 4}}
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m Attempt 2: An iterativefunction

Hereis secondattemptat generatingpermutationsn Johnson-Trotterder.We avoid recursionthis time andthe resulting
codeis notaselegantor compactbutit illustratesa few Mathematica&unctionsthat programmersn proceduralanguages
will prefer.

The mainideais thatwe startwith theidentity permutatiorandsuccesivehygeneratesubsequenpermutationoneatatime.
Theloop thatdoesthisis the Table[..]function,whose bodyis executedn!-1)times.To helpusin finding the successoof
a permutationwe keepa"direction" vector d whoseentriescanbe—1or +1. d[[i]] is +1if andonly if we wantto movei to
theright. d is initialized to all —1’sbecausave wantto moveall elementgo theleft, initially. We wantto find the largest
elementin [n] thatcanbe moved.The While[..] functionis responsibldor this task.A variablei is initialized to n andis
decrementedepeatedlyuntil we getto a valueof i thatcanbe movedin the directiondesiredby d[[i]]. After the While
loop, we havefoundani thatcanbe movedandwe usethelf[..] functionto examined[[i]] anddetermindf theelementsto
be movedleft or to be movedright.

NewJTPermutatlons[nJ = ]
Mo uIe[{p = Range[n], d = Table[-1, {n}], i , pos},
e'I?at;jle[(*Produce the next permutation from p and assign it to p*)
Whlle[(*pos ? FFaQ[%enr[Tlg’%vs?t?cl)%*p, i]] [l]]; ]
lor U W s s oo

]f[d[l[]g pos]], 1'p pos+1 = {p[[pos+1 p[[pos]},

thost  Bltbesalf = fateosh  Bitbedl
Eﬂ—l}

ahgem]

Herearesomenoteson thecode.
1. Range[njgeneratetheset{1, 2, ...,n}. Herearesomeexamplef how Range][..Jcanbeused.
Range[10, 12]
{10, 11, 12}
Range[-5, +5]
{-5, -4, -3, -2, -1, 0, 1, 2, 3, 4, 5}
Range[10]
{1, 2, 3, 4, 5, 6, 7, 8, 9, 10}

? Range

Range [imax ] generates the list {1, 2, ... , imax}. Range[imin , imax ]
generates  the list {imin , .. , imax}. Range[imin , imax, di ] uses step di.
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2. Prepend]..Js afunctionthatprependsan elementto a list. Thereare otherrelatedlist manipulationfunctionssuchas
Append,Join,Insert,Deleteetc.thatyou shouldbe familiar with. In theabovefunction,the call to Table[..]generategn!-1)
permutationsandthe Prepend][..functionis usedto prependheidentity permutatiorto thelist.

? Prepend

Prepend [expr , elem] gives expr with elem prepended .
Prepend[{a, b, c}, 10]

{10, a, b, c}

3. The While[..] function hasthe syntaxWhile[booleanexpressionbody]. While[..] is oneof thoseuncommorMathemat-

ica functionsthatreturnsnothing.It hassideeffects,butit returnsnothing.Hereis anexample Notethatthereis no output
correspondingo thefollowing code.

i =10, =1; Wile[i >0, j++ i--]

11

Hereis anotherexampleof a While][..] function.Herel wantto showhow the booleanexpressiorthatis the first argument

of theWhile[..] functioncanbe at the endof a sequencef statementseparatedy commasThe valueof the sequencés
thevaluethatthelaststatemengthe booleanexpressionin this case)evaluatego.

i =10, j =1; Wiile[j++ i >0, i--]

i

12
4. The Position[..]functionis a very useful"search'function thatcansearchor patterngn expressionsSoit cando much
morethansearcHor individual elementsn lists. Notethe "extra" parentheseis whatPosition][..Jreturns.

?Position

Position [expr, pattern ] gives a list of the positions at which
objects matching pattern appear in expr. Position [expr, pattern

, levspec ]
finds only objects that appear on levels specified by levspec . Position [
expr , pattern , levspec , n] gives the positions of the first n objects found .

Position[a”2 + 5abc + 11a”"3, aj

{{1, 1}, {2, 2, 1}, {3, 2}}

Position[{{10, 1, 3}, {1, 11, 103}, 10]
({1, 1}, {2, 3}}
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Position[{1, 2, 3, 4}, 3]
{{3}}

NewJTPermut ati ons[n_] : = Modul e[ {p = Range[n], d = Table[-1, {n}], i, pos},
Prepend[Tabl e[ (xProduce the next pernutation fromp and assign it to px)i =n;
Wil e[(xi is not novabl ex)pos = Flatten[Position[p, i ]]1[[1]1];
(((pos ==1) || (p[[pos-1]]>p[[pos]])) &&d[[i]]===-1) ]| _ )
(((pos ==n) || (pP[[pos +1]]1 >p[[pos]])) &&d[[i]1] =+1), d[[i]]=-1%d[[i]]; i--1;
If[d[[i1] =1, {p[[pos]], p[[pos+1]11} ={p[[pos+1]], p[[pos]il},
{p[[posl]l, p[[pos-1]1} = {p[[pos-111, p[[pos]]}]; p, {n!-1}], Range[n]]]

Newd TPer mut ati ons[4]

({1, 2, 3, 4y, {1, 2, 4, 3}, {1, 4, 2, 3}, {4, 1, 2, 3}, {4, 1, 3, 2}, {1, 4, 3, 2},
{1, 3, 4, 23}, {1, 3, 2, 4y, {3, 1, 2, 4}, {3, 1, 4, 2}, {3, 4, 1, 2}, {4, 3, 1, 2},
{4, 3, 2, 13}, {3, 4, 2, 13}, {3, 2, 4, 1}, {38, 2, 1, 4}, {2, 3, 1, 4}, {2, 3, 4, 1},
{2, 4, 3, 1}, {4, 2, 3, 1}, {4, 2, 1, 3}, {2, 4, 1, 33}, {2, 1, 4, 3}, {2, 1, 3, 4}}
JTPer mut ati ons[4]

({1, 2, 3, 4y, {1, 2, 4, 3}, {1, 4, 2, 3}, {4, 1, 2, 3}, {4, 1, 3, 2}, {1, 4, 3, 2},
{1, 3, 4, 23}, {1, 3, 2, 4y, {3, 1, 2, 4y, {3, 1, 4, 2}, {3, 4, 1, 2}, {4, 3, 1, 2},
{4, 3, 2, 13}, {3, 4, 2, 13}, {3, 2, 4, 1}, {38, 2, 1, 4}, {2, 3, 1, 4}, {2, 3, 4, 1},
{2, 4, 3, 13}, {4, 2, 3, 13}, {4, 2, 1, 3}, {2, 4, 1, 3}, {2, 1, 4, 3}, {2, 1, 3, 4}}

NewJTPer mut ati ons[5] == JTPernutati ons[5]

True

Timing functionsin Mathematica and plotting timings of functionsis very easy.Thereis a functioncalledTiming|..] that
helpsin this.

Tim ng[JTPermut ati ons[6]; ]

{0.01 Second, Null }

Tabl e[ Tim ng[JTPernutations[i1;1, {i, 8}]

{{0. Second, Null }, {0. Second, Null }, {0. Second, Null }, {0. Second, Null },
{0. Second, Null }, {0.01 Second, Null }, {0.16 Second, Null }, {27.08 Second, Null }}

I =%

{{0. Second, Null }, {0. Second, Null }, {0. Second, Null }, {0. Second, Null 3},
{0. Second, Null }, {0.01 Second, Null }, {0.16 Second, Null }, {27.08 Second, Null }}



JTPermutations.nb

Li st Pl ot [Map[#[[1, 111 & |], PlotJoined- True]
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